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Abstract

In the characterization of multivariate extreme indices of multivariate stationary processes,
multivariate maxima of moving maxima processes, or M4 processes for short, have been intro-
duced by Smith and Weissman. Central to the introduction of M4 processes is that the extreme
observations of multivariate stationary processes may be characterized in terms of a limiting
max-stable process under quite general conditions and a max-stable process can be arbitrarily
closely approximated by a M4 process. In this paper, we derive some additional basic proba-
bilistic properties for a finite class of M4 processes of which each contains finite range clustered
moving patterns, called signature patterns, when extreme events occur. We use these properties
to construct statistical estimation schemes for model parameters.

Keywords: multivariate extremes, extreme value theory, max-stable process, multivariate ex-
tremal index.



1 Introduction

Univariate extreme value theory studies the limiting distribution of the maxima or the minima of a
sequence of random variables. In many circumstances, extreme observations appear to be clustered
in time. For example, large price movements in stock market, large insurance claims after a disaster
event, heavy rainfalls etc., are lasting a time period. Although the extreme events are short relative
to the duration of the whole time series, they do potentially cover several time points, so we need a
model for this type of clustering. However, neither univariate nor multivariate extreme value theory
is adequate to describe this kind of clustering of extreme events in a time series.

Max-stable processes, introduced by de Haan (1984), are an infinite-dimensional generalization
of extreme value theory which does have the potential to describe clustering behavior. The limiting
distributions of univariate and multivariate extreme value theory are max-stable, as shown by Lead-
better, Lindgren and Rootzén (1983) in the univariate case and Resnick (1987) in the multivariate
case. One of the most important features of max-stable processes is that it does not only model
the cross-sectional dependence, but also models the dependence across time. Parametric models for
max-stable processes have been considered since the 1980s. Deheuvels (1983) defines the moving
minimum process. Pickands’ (1981) representation theorem is for multivariate extreme value distri-
bution with unit exponential margins, but is translatable to multivariate extreme value distribution
with unit Fréchet margins by the reciprocal transformation g(z) = 1/z, = > 0. Similarly, a moving
minimum process can easily be translated into a moving maximum process, and vice versa. For this
reason, a moving minimum process or a moving maximum process can simply be regarded as an
MM process. Davis and Resnick (1989) study what they call the max-autoregressive moving average
(MARMA) process of a stationary process. For prediction, see also Davis and Resnick (1993).

In the study of characterization and estimation of the multivariate extremal index introduced
by Nandagopalan (1990), Smith and Weissman (1996) extend Deheuvels’ definition to the so called
multivariate maxima of moving maxima (henceforth M4) process. Smith and Weissman (1996) argue
that under quite general conditions, the extreme values of a multivariate stationary time series may
be characterized in terms of a limiting max-stable process. They also show that a very large class of
max-stable processes may be approximated by M4 processes mainly because those processes have the
same multivariate extremal indexes as the M4 processes have (Theorem 2.3 in Smith and Weissman
1996).

Since an M4 process involves many parameters, and models cross-sectional dependence and time
dependence simultaneously, it is very important to have a good understanding of the behavior and
probabilistic properties of M4 processes when we apply M4 processes to real data modeling. The
paper aims to provide some insightful understanding for a class of finite M4 processes.

The paper is organized as follows. In Section 2, we re-define M4 process introduced by Smith
and Weissman (1996). The main results for deriving an explicit extremal index are quoted. The
finite M4 process is defined and some basic distribution properties are illustrated. In Section 3,
we study clustered events, especially those large observed values of the process. The meaning of
signature patterns is defined and illustrated in an example graphically. Probabilistic properties of
those clustered events are proved. Finally, concluding remarks will be given in Section 4.



2 The model and some basic distributional properties

The definition of an M4 process is
Y.q = mlax mkaxal,k,le,i_k, d=1,....,D, —0c0 < i < 00, (2.1)

where {Z};,1 > 1,—00 < i < oo} are an array of independent unit Fréchet random variables with
distribution function F(z) = e~ /%, 0 < z < co. The constants {ar a1l >1,—00 <k <o00,1 <d<
D} are nonnegative constants satisfying

i i ajpqg=1ford=1,...,D. (2.2)

=1 k=—0c0
For this process, we have
Pr{Yiqg < yia, 1 <i<r,1<d<D}
=Pr{Z;_; < af”:d fori>1,—-c0o<k<oo,1<i<r,1<d<D}

=Pr{Z, < min min Y7hd 1> 100 < m < 00} (2.3)
' 1-m<k<r—m 1<d<D %k.d

[e’e] [oe} ay k.d
= X — max max ———|.
P | = 221 2im=—oo 1—m<k<r—m 1§ngym+k’d}

Hence
Pr{Yig < nyig, 1 <i<r,1<d<D}=Pr{YVig<wig,1 <i<r,1<d<D}.

A process satisfying these conditions for all » > 1 is called max-stable (de Haan 1984). The main
result of Smith and Weissman (1996) was to characterize the conditions under which the multivariate
extremal index — introduced by Nandagopalan (1990) — for a general stationary process could be
approximated by one from an M4 process. First, they proved that under suitable mixing conditions,
the multivariate extremal index from a stationary time series could be calculated from that of a max-
stable process with the same limiting distributions for any finite-dimensional multivariate extremes.
Second, they argued that any max-stable process in D dimensions could be approximated with
arbitrary accuracy by one of M4 form. The latter result is a direct generalization to multivariate
processes of a result due to Deheuvels (1983), whose own representation is the D = 1 case of (2.1). If
we further simplify the process by omitting the ‘max;’ part of the definition, we get the even simpler
representation
Y, = max axZi—k,

with {Z;} independent unit Fréchet, a process known as a ‘moving maxima’ (MM) process. Thus
the M4 process may be considered a generalization of the MM process to a fully multivariate setting.

Since in practice estimating an infinite number of parameters will generally be too ambitious a
task, usually we content ourselves with concentrating attentiononl! =1,...,Land —K; < k < K> for
some finite numbers L, K1 and K5. Here L corresponds to the maximum number of different observed
moving patterns when extreme events happen. Those moving patterns are known as signature
patterns. We give an example to show what they are after we define our finite M4 processes. The
constants K7 and Ks characterize the range of the sequential dependence. A finite dimensional M4
process can be written as follows:

Yd = Imax max aj k le i—k d=1,...,D 2.4
7 1KISL — Ky <h<K, % A=k ) s ( )



where Zlel Zfile ajpqg=1ford=1,...,D.

Under model (2.4), it is possible that a big value of Zj; dominates all other Z values within a
certain period of length K3 + K7 + 1 and creates a moving pattern, i.e. Yjq = a;;— 42 for ¢ close
to k. A moving pattern is known as a signature pattern. Figure 1 shows two different signature
patterns in a simulated M4 process.
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Figure 1: A demonstration of an M4 process. Plot (a) is a simulated 365 days data set. Plots (b) and
(¢) are partial pictures drawn from the whole simulated data showing two different moving patterns,
called signature patterns, in certain time periods when extremal events occur.

A single value of [ corresponds just to a single signature pattern, but it seems unrealistic in a
real data generating process to assume that a single signature pattern would be sufficient to describe
the shape of the process every time it exceeds some high threshold. For example, stock market
variation resulting from an internal or external big market price movement will last a certain period
and form certain moving patterns, such as increasing pattern, decreasing pattern, or up and down
pattern, etc. By allowing many values of [, we accommodate the feature that a real process may
have different types of signature behavior. On the other hand, there are cross-sectional dependencies
among different variables under study. For example, a portfolio contains many financial assets,
and they are correlated. Motivated by these and other examples in insurance and finance as well
as environmental engineering, it would be fair enough to say M4 process is very useful to model
extremal cross-sectional dependencies and serial temporal dependencies.

The above analysis suggests that there are strong dependencies and moving patterns among those
large observed values during corresponding time periods. Actually, this kind of phenomenon occurs
an infinite number of times if our observed sequence is from i = —oco to ¢ = co. These phenomena
will be shown theoretically and illustrated using examples in Section 3.

Under model (2.4), it is easy to obtain the finite distribution of {Y4, 1 <i<r, 1<d < D}. It



follows immediately from (2.3) that

Pr(Yiy<y) = eil/y, (2.5)
L K2 a a
Lm,d Qlm+1,d
Pr(Yia < Yida, Yit1,d < Yiv1,4) = €xp [— E E max { — , —te }}, (2.6)
=1 me—Fe1—1 Yid  Yit+ld
1
L& ay aim,d
I 7d M i /
Pr(Yig < yig,Yie <) = exp [— E E max { —7%, —T }}7 (2.7)
=1 me—K, Yid

where a; k41,4 =0, @ — k1,4 =0, @ ko410 =0, a;—, 1,4 = 0.

The results show that the marginal distribution function contains no information about the time
series dependence of the process, but the bivariate distributions of {Yi4, Yit1,4, 1 <d < D} depend
on all the parameters of the process and therefore it is reasonable to try to estimate the parameters
from these joint distributions.

3 Events of clustered observations and their probabilistic proper-
ties
3.1 The case of L =1 (single pattern)

Consider now a simplified model,

Y= max apgZi—p, d=1,...,D, —00 < i < 00, 3.1
id Ky <h<Ko kd4i—k> ) s ( )

which is corresponding to the case of L = 1 (single pattern).

For any fixed d, define the event Ay at time ¢ by

Age = {a Z = max apqZ, _pfors=—-Ky,... Kg} 3.2
d,t sdZt+ K, i kdZt+ K +s—k 3o (3.2)
The event of Ay is equivalent to Y4 x—14s5d = @saZi+Kk, for s = —Kq,..., Ky. These equations can

be put into one equation, i.e.

(Yia, Yitr,as - Yirki+Kod) = (@—Kydy O—Fy41,d -5 OKyd) X ZiyK; -

We can immediately see that the values of (a_x,d, a—K,4+1,d, ---, GK,q4) completely determine
the values of (Y4, Yit1.4ds ---5 Yitk +Kod) When an extreme event Ay, occurs. The values of
(a—Kyds O—K,+1,d> ---, GK,d) then determine the moving pattern (up or down) of the process. The
moving pattern formed by (a_k,4, a—K,+1.d, ---, GK,d) is called a signature pattern.

It is clear that Pr(Ag4;) > 0,t > 1. The following probability can be calculated directly though
the calculation is not short — see detail in Zhang (2002).

1
PI‘(Ad,t) =

RiTKs (3.3)

. a_ g i—1.d . QKo —i+41,d
1+ > (min 250 4 min o2 ))2
j=1 1<i<y AKg—j+id 1<4<j =K1+j—i.d

For Pr{Aq+Adt+m}, it is clear that Pr{Ag;Aqtim} = [P(Ad7t)}2 it m > K; + Ko.
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Suppose 1 < m < Kj + Ko, then from the definition of Ay, we get

a— Ky +mdZt+ Ky = 0—Kidt+m+ Ky s (3.4)

but from the event Ag;ip,, we get

Ky dZttm+ Ky = O Ky +m,d 2t+ K, - (3.5)

The equations (3.4) and (3.5) imply a_r, 4m dZi+ K, = 0—K,dZt+m+K, Which is true with probability
0, thus

Pr{AqstAdqtim} =

{ [P(Ag)]® it m> Ky + Ko, (3.6)

ifl1<m<K;+ Ks.

Recall that a sequence of events {B,,} is said to occur infinitely often (i.o.) or infinitely many times
if Pr(limsup,, B,) = 1. The mnemonic notation is {By,4.0.}. The following lemma tells that Ag¢
occurs infinitely often.

Lemma 3.1 Under model (3.1), for each d and its entire process we have Pr{Aq¢, i.0. } =1, or
equivalently

Pr{Yia = a_r,aZi1k,, Yie1,d = 0—K141,d %44+ K1 s - - > Vit Kot Ko d = QKod itk 1.0} =1,

which implies

Y’ter d .
Pr{ : =a_g d m=0,..., K1+ Ko, z.o.}zl. 3.7

Yia+Yir1a+ - +YiikotrKd v (3.7)
Proof. Let {t1,ta,...,} be a subsequence of {¢ > 1} such that ¢;41 —t; > Kj + Ks,7 > 1, then
{Aq4y,} is an independent sequence of events. Since Pr(Agy,) > 0, by the Borel-Cantelli lemma for
independent events, we get

Pr{ g i0} = Pr{ (YU dan} = Pr{ (VU Ar} = 1.

t=1n=t i=1n=i
and this completes the proof. O

This lemma shows that there are an infinite number of time periods within which the process is
driven by a single extreme jump. For example, a real-world interpretation might be that a flood in a
certain region and a certain time period is caused by a specific hurricane. The strengths of different
hurricanes are different and the costs are different. Or, we say they follow different patterns.

Lemma 3.1 also shows that the values of all coefficients can be obtained by observing certain
proportions among the observed processes.

The following two theorems show how those proportions give the exact value of all coefficients.

Theorem 3.2 Under the model in (3.1), for each d and its entire process, if

Pr{ Yiim.d = g io}:l
Yia + Yir1da+ -+ Yiekorkra

form =0,..., K1 + K, then ¢pg = a—g,+m,d, and those {Yiq,...,Yii Kk +Kod} define the events
Age if Yeyma/(Yea +Yigr,a + -+ Yir ko1 K,,d) = Cmd for allm =0, ..., K1 + K».



Remark 1 The theorem says, for example when m = 0, there is only one constant cog = a_x,q such
that (3.7) is true. On the other hand, if Yiyma/(Yia + Yis1.a+ -+ Yit Kot Ki,d) = Cma 1S true for
one m, it is true for all m.

Proof. We only prove the case of m = 0. The proofs for other values of m are similar.
Define random variables
Tta = sI(,y=a, ., a2s)>
where I(.) is an indicator function. Notice that t — Ky < s <t 4+ K and T4 is uniquely defined for
each t and hence for all ¢ because Z; has an absolutely continuous distribution. The event Ag; gives

Tig=Ti41,a=""=Ti4K 1 +Krd = t + K1.

Suppose that
Yid
=DPd (3.8

Yia+Yirra+ -+ Yiikorkid )
occurs infinitely many times for py # a_k,q4, and pq € (0,1). Then Tiq, Tii1,ds - - -, Tey Ky 4+ Ko,d MUSE
follow one of the following two cases.
(1) Tha=Tiv1,a =" = Ti+ K +Ko,d = t + K, for some K € {—Ky,—Ky+1,...,K; — 1},
(2) Tia, Tit1.dy - - - » T+ K1+ K4 contain at least two different values.
For case (1), we have Y;qg = a_gaZi1 i, Yit1,d = 01-K,dZi4K> - - - Vit K14+ Ko,d = QK+ Ko—K,dZt4K = 0
since K1 + Ko — K > Ko, but ag,+1,d = ax,4+2,4 = --- = 0. This is a contradiction to Y;4 > 0 for all

t.
For case (2), define

S1=1{J: Tya=Tivja j=1,...., K1 + Ko}, So={j: Tiq # Tiyja, j=1,..., K1 + Ka}.

Then (3.8) can be written as

(1= pa)Yea— Y paYerja= Y PaYitja (3.9)
JEST JES2

Then the random variables on both side are independent and continuous. Consequently, the proba-
bility of observing (3.9) is zero.

Both cases have shown contradictions when p; # ak,. So cpg = a_k,q and those {Yiq4,...,
Yit K1+ Ko,d) define events Ay, therefore the proof is completed. O

Remark 2 The equation (3.8) cannot be true even for two different t values — say t1 and to. Suppose
it can be true for t1 and to. Then we will have the following equation:

Pr{ Yiia _ Yioa
Yia+Yoria+ -+ Yutkorkd  Yied + Yiot1d+ 0 + Yot koK d

= pd} >0 (3.10)

which in turn implies (3.8) will occur infinitely many times — a contradiction to the results in Theorem
3.2.



The following theorem tells that the range cannot be over Ky + K7 + 1 numbers in order to get
infinitely many ratios which are equal to a constant.

Theorem 3.3 Under the model (3.1), for each d and its entire process

Yid _ : B
Pr =cq, 1.0 =0
Yia+Yir1a+ -+ Ykt 414

for any constant cg.

Proof. Because Y4 and Y; i, 4+ K,+1,4 cannot be written as functions of just one Z;, the ratio
Yia/ Yia + Yig1a+ -+ Yit ko4 K, +1,4) is a function of at least two different Z;’s. The proof then
follows by the same arguments as in Theorem 3.2. O

Remark 3 Suppose a data set is generated from an M4 process without knowing the moving range
parameters Ky and Ko. If too few summands are considered, we will observe more than L dotted
lines in the plot of the ratios. The idea is to start from denominator including two summands,
three summands, until there are no horizontal dotted lines are observed. The maximal number of
summands which give dotted lines are the number of signature patterns.

Theorems 3.2 and 3.3 and remarks tell that in order to estimate the parameter a_g, ., we only
need to observe two equal values of

Y;fl—i—m,d n2+m,d
M
Yt1d +oot Y;f1+K1+K2,d Y;f2d + Y;f2+K1+K27d

at time t; and to, where to —t1 > K7 + Ko, because these two points must be from those dotted lines
which are related to parameter values. We now turn to some examples to demonstrate applications
of the theorems.

Example 3.1 . For the following process
Yiq = max (a1qZ4—1, a0aZt, a—142141) -

We have Pr(Agq:) > 0 for each d and its entire process. Figure 2 demonstrates the behavior of the
process. Notice that the right figure contains an almost dark and solid horizontal line which is formed
by those points defined by Aq. The value of a_y1 q can be read from the right figure. The interception
of the dark dotted line to the vertical axis is the value of a_y 4.

Example 3.1 has shown how to get the moving coefficients in each individual process, but we
are mainly interested in multivariate processes. In other words, we need to know how to distinguish
different processes. For example, we have two bivariate processes

Yii = s max(Z1,i-1, Z1,), (3.11)
Yie = %maX<Z1,i—17 2y Z1i41)s
and
V) = gmax(Zi1, Z1,), (3.12)
= smax(Z1i, Z1iv1, Z1it2)-
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150 observations of an M4 process Ratios within moving range of an M4 process
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Figure 2: Left figure 14s a time series plot of 150 observations of process Yz =
max(a14Z¢—1,00d %, a—1471+1) for some d. Right figure is o time series plot of ratios
Yia/(Yia + Yig1.a + Yeyo,d) of 3000 observations. The value of a_y 4 can be read from the right figure.
The interception of the dark dotted line to the vertical axis is the value of a_y 4.

Obviously, the joint distribution of {Yje,i = 41,142,...,i;} is the same as the joint distributions of
{Yh,i=t+i,t+1a,...,t+ip, —00 <t < oo}. But the joint distributions of the bivariate sequence
defined in (3.11) are different from the joint distributions of the bivariate sequence defined in (3.12).
For any given data set generated from either (3.11) or (3.12), when we plot ratios for each sequence
and observe the dotted lines, we can obtain values 1/2 and 1/3. But the plots do not tell that
data was generated from which of (3.11) and (3.12). This problem can be solved by comparing the
appearing locations of those dots between two horizontal dotted lines since there will be a location
shift if the data was not generated from (3.11).

However, if we consider ratio Y;_11/Y;2, under model (3.11), this takes the value 3/2 with
positive probability. Under model (3.12), there is no such degeneracy. Similarly, if we consider ratio
Yi1/Yit1,2, under model (3.12), this takes the value 3/2 with positive probability. Under model
(3.11), there is no such degeneracy. So the model can be identified. Some other comparisons also
can be done in order to distinguish the models.

3.2 The case of L > 1 (multiple patterns)
Now consider the case of L > 1 and the model which is defined by (2.4). Define

Ay = {al,s,de,t+K1 = 7K{%%§K2al,k,dzl,t+lﬁ+s—k for s = —Kiy,..., Kz} (3.13)
for each [ of the model in (2.4).

Remark 4 We can define such events for all I simultaneously, but we don’t need them here.

Notice that Pr(A4;4;) > 0 for each d and its entire process, so by Theorem 3.2, for each m =
0,1,..., K1 + Ko, we have

Pr{ th+7n,d — al,—K1+m,d ZO} = 1 (314)

Yia+Yit1,a++Yir kgt k5 ay,—Kq,d+al,— Ky +1,d+ - +aL Ky ,d’

8



We expect to have L horizontal dotted lines when plotting Yy q/(Yia + Yis1,da + - + Vit Kot K15 ).
Those lines give estimates of a; g\ 4m.a/ (a1, —K\,d + -k +1.d+ -+ @Ko d), 1 <1< L. Figure 3
shows three different signature patterns (points fall onto 3 horizontal lines) which correspond to the
case of L = 3. As we have already seen, the plots give accurate estimates of the ratios. When L =1,

150 observations of an M4 process Ratios within moving range of an M4 process
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Figure 3: A demo of multiple signature patterns. Left figure is a time series plot of 150 observations
of process Yiq = maxi<j<3max(ajqdZii—1,a0d 2, al,—1,d214+1) for some d. Right figure is a time
series plot of ratios Yiq/(Yia + Yig1,4 + Yeyo,d) of 3000 observations.

we can exactly get all the values of agq. But for L > 1, we cannot. What we get are the ratios
al,— K +md/(A,—K,.d + -k, +1,d + - - + a1 K,.d), not the parameters themselves. Rewrite the model
as
Y.g = max max  apg.dlii—
id ax  max o dkdZli-k
= maxb max  Clg.dlii— 3.15
(DA% O I8 | CLkd ik ( )
where b4 is the weight of I’s signature pattern such that ), b;q = 1 for each d, and >, ¢; 1,4 = 1 for
each [ and d.

Under the model (3.15), all ¢ 1,4 can be estimated by looking into

}/t-l—md .
Pr{ ’ — ¢ Kiimd, 0. } —1 3.16
Yia+Yipra+ -+ Yigkotk d e (3.16)

for each d and the observed process, therefore we only need to estimate b;q.

It is obvious that
£ /
max(a0,421i, ar 0,d21,:) = (1,0, + ar0.a) 215, L# 1,
L . N .
where = means equal in distribution, and

Pr(ai0,aZ1; > ay 0.aZy;) = ar0.4/(a0d + aro0.d)

and
Pr(ai 0,421 > ay o.aZy ;| max(ay0,4 214, a0 042y i) > w) = ai0.4/ (01,04 + aro.d),



where u is any large threshold value. Using these properties to the model (3.15), we can count the
frequency of different signature patterns from the observed sequence and get the estimates of by and
eventually a; i 4.

4 Concluding remarks

In this paper, we have studied the behavior of the M4 processes. All the coefficients can be obtained
by looking at the ratios of observed values when the data are from an M4 process. Those ratios also
tell the numbers of signature patterns and the order of moving range. These results provide guidance
to real data modeling. For example, when data nearly follow an M4 process we may be able to apply
an M4 process modeling. The coefficients are obtained by looking into the ratios of observed values.

The results of this paper are to some extent pathological, because in practice we would not expect
to see repeated identities of the form of (3.14). We view the results as clarifying the role of signature
patterns in M4 processes, while serving as a warning against the over-literal interpretation of these
processes. For example, if an M4 process was observed with a small amount of added noise, the
relationships of the form of (3.14) would no longer hold, but it nevertheless still makes sense to
think of an M4 process as a possible approximation to the true multivariate extremal behavior of the
process. In a forthcoming paper (Zhang and Smith 2003), we develop practical estimation techniques
in more detail.

The use of M4 processes is a new approach to modeling the extremal behavior of multivariate time
series. There are clearly many other issues of such M4 processes that need to be studied. For example,
it can be used to study the cross-sectional tail dependencies of multiple time series. Zhang (2003) uses
(2.4) to construct a characterization and Gamma test of the asymptotic tail dependencies between
two random variables. The Gamma test has effectively detected the asymptotic independencies and
dependencies of all models using simulated examples.
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