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1 Introduction

1.1 General introduction

Examples of variables moving together are too many. For instance, the co-movements of
prices of hundreds of stocks in any particular trading day in a financial market, and the co-
movements of wind speeds, wave heights, water levels in a very broad sea area in any time
period are typical examples of those variables. One main purpose of developing multivariate
time series models is to explore the cross-sectional and serial dependence structures among
the variables of interest.

In multivariate extreme value context, the main interests have been in constructing multi-
variate extreme value distributions. Theoretical probability treatments can be seen in Pickands
(1981), Resnick (1987), etc. Joe (1997) is an excellent source of multivariate dependence
models. Mari and Kotz (2001) deal with dependence concepts and measures. For serial de-
pendence, Deheuvels (1983) defines the moving minimum (MM) process; Davis and Resnick
(1989) study what they call the max-autoregressive moving average (MARMA) process of
a stationary process; Hall, Peng, and Yao (2002) discuss moving maximum models. How-
ever, little efforts have been put on constructing models for cross-sectional and serial extreme
dependencies.

Smith and Weissman (1996) extend Deheuvels’ definition to the so called multivariate
maxima of moving maxima (henceforth M4) process:

Yig = mlaX ml?x Qgdlii-k, d=1,...,D, —oo <1< 00, (1.1)

for nonnegative constants {a; 4,0 > 1, —00 < k < oo} satisfying >, > 2
d=1,...,D, and {Z,l > 1,—00 < k < oo} being an array of independent unit Fréchet

Qrk.d = 1 for

random variables which have distribution form exp(—1/z), z > 0.

In an autoregressive and moving average time series model, the random error is sometimes
called the innovation variable or shock variable. It would be convenient to call Z;; as unit
Fréchet max-shock variable, and hence we can have different kinds of max-shock variables.

The additional properties of this M4 class of processes and their financial applications
and environmental applications are studied by Zhang (2002, 2003), Zhang and Smith (2004a,
b), etc. This M4 class of processes is very flexible for data with asymptotic dependence,
also regarded as extreme dependence or tail dependence. However all variables in these M4
models are asymptotically dependent. There are many examples among which data are not
asymptotically dependent. They are nearly independent, positive dependent, asymptotically
independent as witnessed by Ledford and Tawn (1996, 1997), Heffernan and Tawn (2004),
Draisma, Drees, Ferreira, and de Haan (2004), Peng(1999), and many others. These new
observed phenomena require new developments in the multivariate extreme value context. The
motivation of this paper came from the need of building models for asymptotically independent
variables, the further study of the flexible M4 model structure, and the need of computing
two tail dependence measures (the asymptotic dependence index and the coefficient of tail
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dependence) between variables in practice. These two dependence measures and the extremal
index are reviewed next.

1.2 The concept of asymptotic (in)dependence

Sibuya (1960) introduces asymptotic independence between two random variables with iden-
tical marginal distribution. De Haan and Resnick (1977) extend it to the case of multivariate
random variables. The definition is given below.

Definition 1 A bivariate random variable (X1, Xs) is called asymptotically independent if

A= lim P(Xy > z|X; > z) =0, (1.2)
I*)IF
where X1 and Xy are identically distributed with x,, = sup{x € R: P(X; <x) < 1}; X is also
called the bivariate asymptotic dependence index which quantifies the amount of dependence
of the bivariate upper tails. If A > 0, then (X1, X3) is called asymptotically dependent.

If the joint distribution between X; and X5 is known, we may be able to derive an explicit
formula for A\. For example, when X and Y are normally distributed with correlation p €
[—1,1) then, A = 0. When X; and X, have a standard bivariate t-distribution with v degrees
of freedom and correlation p > —1 then, A = 2t, 1 (v + 1/1 — p/\/1 + p), where ¢, is the
tail of standard ¢ distribution. Heffernan (2000), Embrechts, McNeil, and Straumann (2002)
give additional cases where the joint distributions are known.

Remark 1 While the asymptotic dependence index is defined for identically distributed ran-
dom wvariables and the same threshold x, it can easily be extended to cases of non-identically
distributed random wvariables by transformation of variables to a common distribution. See
Lemma 14 (in Appendiz section) for a sufficient condition.

Ledford and Tawn (2003), Zhang (2003a), Zhang and Huang (2006) extend the definition
of asymptotic dependence between two random variables to lag-k asymptotic dependence of
sequences of random variables with identical marginal distribution. The definition of lag-k
asymptotic dependence for sequences of random variables is given below.

Definition 2 Suppose {X14, Xoa, ..., Xna, d =1,..., D} is a D-dimensional multivariate
time series with identical marginal distribution. If

)\dld;c+1 = lim P(Xk+1,d’ > .I"de > .T) > O,
13->.TF
. . (1.3)
lim P(Xk+j,d’ > JZ|X1d > {L‘) =0, j>1,
CC—>£UF
where x, = sup{x € R: P(Xyy < x) < 1}, we call the dth series is mazximal lag-k tail
dependent on the d'th series. Adldgﬂ is called the lag-i tail dependence index of the dth series
on the d'th series. When d = d’, )\dld;H 15 the lag-i tail dependence index within the dth series.

When 1 = 0, )‘dld§+1 18 the tail dependence index between X145 and X14. Here i =0,... k.



1.3 Coefficient of tail dependence

For a broad range of joint distributions, Ledford and Tawn (1996, 1997) consider the following

model: )

P(X; > x)

where L is a slowly varying function, i.e. L(tz)/L(z) — 1 as  — oo for any fixed ¢ > 0,

P(Xy >, Xo>z)~ L( )P(Xl > x)l/" as T — T, (1.4)

and n € (0,1] is a constant. Using their terminology, the n value effectively determines the
decay rate of the joint bivariate survival function evaluated at the same large x, and 7 is
termed as the coefficient of tail dependence. Two marginal variables are called positively
associated when 1/2 < n < 1; nearly independent when n = 1/2; and negatively associated
when 0 < 1 < 1/2. Many coefficients of tail dependence for different joint distributions have
been calculated and presented in Heffernan (2000).

Equation (1.4) can be expressed as

1

P(X, > z|X; > ~L<—
(X >alXa > 2) ~ L5527

)P(Xl > )t/ as r — x,, (1.5)

which shows how A changes with 7. It is easy to see that the two variables X; and X, are
asymptotically dependent when n = 1 and L(z) - 0 as z — oo, and are asymptotically
independent otherwise.

1.4 The extremal index

Notice that both previous two concepts are used to measure the extremal dependence between
two random variables. In reality, extreme events often tend to occur in clusters, and hence a
different quantity is needed to measure clustered extremal dependence.

Suppose now {X;,i = 1,2,...,} is a stationary sequence with a continuous marginal
distribution function F(z) and {X;,i =1,2,...,} is the so-called associated sequence of i.i.d.
random variables with the same marginal distribution function F. The maximum is defined
by M, = max{Xy,---,X,}, while ]\/4\n = max{)Afl, e ,)?n} The limiting distribution of M,
can be related to the limiting distribution of Z/W\n via a quantity 6 defined below.

If for every 7 > 0 there exists a sequence of thresholds {u,} such that
P{]\/J\n <u,}—e", asn— oo (1.6)
and under long range dependence conditions D(u,), D'(u,) of Leadbetter (1983),
P{M, < u,} — e, as n — oo, (1.7)

then 6 is called the extremal index of the sequence { X, }.

The value of 1/6 is interpreted as the mean number of exceedances of a threshold per
independent cluster as the threshold tends to the upper endpoint of this distribution. When
0 = 0, it corresponds to a strong dependence (infinite cluster sizes) but not so strong that all
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the values can be the same. While § = 1 is a form of asymptotic independence of extremes,
it does not mean that the original sequence is independent.

If (1.7) holds for some 7 and corresponding {u,}, then it holds for all 7 (equal or not
equal to 7) and its corresponding {u!,}. Estimators of the extremal index have been proposed
by Leadbetter, Weissman, de Haan, and Rootzén (1989), Nandagopalan (1990), Hsing (1993).
Smith and Weissman (1994) gave a review of estimating the extremal index and proposed two
estimating methods, i.e., blocks method and runs method. Other references include Chapter
8 in Embrechts et al. (1997). Ferro and Segers (2003), and Laurini and Tawn (2003) are more
recent references concerning the estimation of the extremal index, among others.

Suppose now {X; = (X1, -+, X;p),i = 1,2,...} is a D-dimensional stationary stochastic
processes with distribution function F' and marginals F,, and {X;} satisfies some long range
dependence conditions such as the mixing condition A(u,(7)) of Nandagopalan (1994), where
TeT=(0,1)P\{1},1=(1,...,1) € RP, or a slightly weaker condition D(u,) of Hsing
(1989). Also let {X;} be the associated sequence of i.i.d. random vectors having the same
distribution function F. M,, and R/I\n are both pointwise maxima of {X;, i = 1,...,n} and
{)A(i, i=1,...,n} respectively. Suppose

lim P{M,1 < up1,...,Mup <up,p}=H(T)

n—00 P - ~ 1.8
lim P{M,;s < up1,...,Mup < up,p}=H(T) (1.8)

n—oo

both exist and are nonzero. The multivariate extremal index is defined by

H(r) = H(r)"™ (1.9)
where 0(7) satisfies
(i) 0<6(r) <1forall T,
(ii) 0(0,...,0,74,0,...,0) = b4 for 74 > 0, where 0, is the extremal index of the d"* component

process.

(iii) O(cT) =0(7) for all ¢ > 0 (Theorem 1.1 of Nandagopalan 1994).

Estimators of the multivariate extremal index have been proposed by Nandagopalan (1994),
Weissman (1994), and Smith and Weissman (1996), Martins and Ferreira (2005), among
others.

1.5 About the paper

Throughout the rest of the paper, for notational convenience, we denote:

1. Aaar (naar) as the asymptotic dependence index (the coefficient of tail dependence) be-
tween the dth component variable and the d'th component variable,



2. Ag, as the lag k asymptotic dependence index within the dth sequence,

3. and Ag4q as the lag k asymptotic dependence index cross the dth sequence and the d'th
sequence.

In Section 2, we study M4 processes with max-shock variables which have generalized extreme
value (GEV) distribution. The processes are asymptotically dependent. In Section 3, we
introduce a generalization of M4 class which are asymptotically independent. Simulation
examples are presented in Section 4. Discussions are addressed in Section 5. Section 6 are
detailed proofs of the main results in Sections 2 and 3.

2 M4 processes with max-shock variables being GEV

2.1 A generalization of M4

In this section, we replace Z;; in (1.1) by independent GEV shock variables. We have
Yig = max max alfk{dWl,i,k, d=1,...,D, —o0 < i< o0, (2.1)

for {ajrq > 0,1 > 1,—00 < k < oo}, and {Wy,l > 1,—00 < k < oo} being an array of
independent GEV shock variables which have a unified distribution form

H(z;p,0,8) = exp { -1+ w]l/é} (2.2)

where 1 +¢&(z —p)/o >0, 0 > 0 and p, £ arbitrary. The case £ = 0 is interpreted as the limit
¢ — 0, that is

H(x;u,a,O):exp{—exp[— (x_'u)]}, (2.3)

o
which is known as Type I (Gumbel type) extreme value distribution. Type II (Fréchet type)
and Type IIT (Weibull type) correspond to £ > 0 and £ < 0 respectively.

Remark 2 It is easy to see that the case of £ = 1, p =0, 0 = 1, and >, alikl’d = 1,
d=1,...,D in Model (2.1) is Smith and Weissman’s M4 model.

In the extreme value literature, models are often specified for the case of y =0 and o0 =1
due to the fact that a linear transformation of random variable gives the same type of the
extreme value distribution. In this paper, we also use this formulation. We discuss different
cases in the following sections. Some basic marginal distribution, or joint distributions are
shown next.



2.2 Some distributional properties

The marginal distribution of Y, is

P(Yiq < y) = exp { -S> Y a+ gal,k,dy);l/f}, (2.4)

=1 k=—0o0
where (2)4 equals 2 when €2 > 0; equals 0 otherwise. The multivariate joint distribution of
{Yig, i=1,...,r,d=1,...,D} is
=P{Wiik <appayiaforl >1,—co <k <o0,1<i<r1<d<D}

=P{W,,, < min min a [ >1,—00<m< oo 2.5
{Wim < Lmin - min agg Yk, D21 } (2.5)

00 00 . . ,1/5}
=ex — 1 min min a
p{ Doim1 Do ool 51_m§k§r_m i LedYmtled) 1

for appropriate y;4 values. Particularly for bivariate random variables, we have

P{Ys <y, Yo <y} = exp{ - Z Z (1 + & min(ay kg, @z,k,d’)y]jrl/{}, (2.6)
=1 k=—0c0
and
PYig <y, Yy <y} = eXP{ - Z Z [1 + {min(ap,g, al,k+r—17d)y]4_rl/§}- (2.7)
=1 k=—00

Notice that both parameters (the asymptotic dependence index, the coefficient of tail
dependence) are invariant under marginal transformation as long as both original random
variables are identically distributed. If two random variables are not identically distributed,
special care needs to be taken. In the case of the tail probabilities of two random variables
being asymptotically equal, the asymptotic dependence index is invariant under marginal
transformation; see Lemma 14 (in Appendix section).

In the following sections, we derive expressions for the asymptotic dependence index, the
coefficient of tail dependence and the extremal index for the usual three cases & > 0, £ = 0,
and £ < 0.

One of the following two conditions in deriving asymptotic dependence indexes are needed
in order to apply Lemma 14.

C1 Suppose all moving coefficients a; 1, 4 satisfy
SN it =>"3 gl <oo, foralld =2,...,D. (2.8)
=1 k=—o00 =1 k=—o00

C2 Suppose there are numbers a* > 0 and n* such that

o] o oo oo
> D g <00, ¢ =minminageg, 0= Y Ly —a, foralld=1,....D,
=1 k=-o0 =1 k=—00

(2.9)

where 1 is an indicator function.



Condition C1 is particularly for the case of & > 0, while Condition C2 is for both cases of
¢ =0and ¢ < 0. We will show in the subsequent sections that under each of these conditions,
the tail probabilities of two random variables Y;; and Y,y are asymptotically equal.

23 Caseé>0

With the established notations, the asymptotic dependence indexes of case £ > 0 are presented
in the following equations.

Result 3 Under (2.1) and the condition C1, we have

22 Z ap 1/6 Z Z min(a; ka4, agtra)” 1/
=1k=—c =1 k=—00

Ndd, = . (2.10)
1
z S as

=1 k=—00

In general A4z is greater than zero. It is zero when the minimum of every pair (a; 4.4, @1 k.a)
is finite for all [, k, but the maximum of that pair is infinity. This exceptional case corresponds
to the independence case. It is obvious that coefficient of tail dependence 7,44 is either 1 or
1/2 depending on the value of Ay .

From (2.10), we see that as long as the maximum of (a4, @k+rq) for some [, m is finite,
two lag-r variables are asymptotically dependent.

From the above asymptotic dependence indexes, one can immediately see that random
variables Y;; defined by (2.1) are either independent random variables or asymptotically de-
pendent random variables.

Result 4 Under Model (2.1) and the A(u, (7)) condition, the extremal index is given by

> 2, maxy maxy aljkl’{de
o(r) = 5 . (2.11)
D ml D e oo AKX A gd Td

24 Caseé=0

The asymptotic dependence indexes of M4 processes with the shock variables being Gumbel
type is presented in the following equations.

Result 5 Under (2.1) and the condition C2, we have

2n* — 1
n l:Z:I k:z—:oo { min(ay, k,d, al,k+r,d/):a*}
Ada, = — . (2.12)

Notice that when the value of A4y is greater than 0, the corresponding 744 value is 1.
Also notice that if there are no pairs (ajxa, @ra) equal to a*, then Y;; and Yy are
asymptotically independent. To derive the formula for n parameter when Y;; and Y,y are
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asymptotically independent, it is more convenient to use the following fact for Gumbel type
random variable Y;:

PY,>2)=1—-¢°"" ~e™® asx— oo, and a > 0. (2.13)

Property (2.13) suggests the tail probability of a Gumbel tail may be approximated by an
exponential tail probability. We use this fact to introduce multivariate maxima of moving
maxima processes based on exponential random variables in Sections 3.2. The formula for
the n parameter when the moving variables are Gumbel type shares the same form when the
moving variables are unit exponential. We shall derive the formula for 7 in Section 3.2.

From (2.12), we see that when the values of (a; x4, @1x1raq) are both equal to a* for some
m value(s), we observe the lag-r asymptotic dependence in the dth sequence.

From (2.12), we see that we can actually obtain asymptotically independent multivariate
stationary processes by imposing a condition that there are no identical pairs
(@ kdy Gpira), d=1,...,D, d =1,...,D, r=0,1,2,..., in which they are equal to a*.
When D is very large, it may be hard for a practically feasible model to satisfy this condition
since it requires that [ varies in a very large range. A modification of (2.1) will solve this
practical issue. In Section 3, we address the modification.

Result 6 Under Model (2.1) and the A(u, (7)) condition, the extremal index is given by

221 1(
0(t) =

. . exp(— min  minga;x.q/74)
min  ming al,k,d:a*) —oo<k<oo Y
—oco<k< oo

= = - 2.14
lel Zk:_oo 1(mind ak,a=a*) exp(— ming al,k,d/Td) ( )

2.5 Case <0

Suppose condition C2 holds. Let a** be the second smallest of all {a; 4, [ > 1, —0c0 < k <

oo}. Then for a:_*lg <y< (1_715, from (2.4)-(2.7), we have

P(Y;d < y) = exp{ - (1 + Sa*y>_1/£ Z Z 1{a17k,d:a*}}7

=1 k=—

P{Y;d <y, Yiow < y} = exp{ - (1 + fa*y)_l/g Z Z 1{min(al,k,d7 az,k,d/):a*}}’

=1 k=—o00

P{Yid <v, Yia < y} - exp{ - (1 + ga*y)—l/ﬁ Z Z 1{min(al,k,d7 az,k+r—1,d):a*}}'

=1 k=—0
These three equations will be used in the derivation of asymptotic dependence indexes and
coefficients of tail dependence, and the following Result 7 is obtained.

Result 7 Under (2.1) and and the condition C2, we have the same results as in Result 5.



As long as the asymptotic dependence indexes are not zero, we have the corresponding n being
1.

When Az = 0, we have limxﬂ%5 P(Yiq > z,Y1g > x)/P(Y1q > x)* = 1, therefore, the coeffi-
cient of tail dependence is 4o = 1/2. Similarly, gy = 1/2 for all r.

Result 8 Under Model (2.1) and the A(u, (7)) condition,, the extremal index is given by

0(t) =

Soroy (1 + Eming ming ag,q/7a) ™41 ming ming a p.a— a}
Zl lzk,_oo(l‘i‘gmlndalkd/ﬂl) l/gl{mmdamd a*}

(2.15)

3 Asymptotic Independent M4 Processes

From the previous sections, we saw that in order to get asymptotic independence, we had to
assume those “paired” coefficients are not identical, and not equal to a*, the minimum of a; , 4,
as defined in Condition C2. We propose a revision of M4 process such that that restriction is
no longer needed. The new model is as follows:

Yia = maX(Uild/a, max max alf,kldeVl,z‘—k), d=1,...,D, (3.1)

where a > 0, ajpq > 0, {Wj;,l > 1,—00 < i < oo} are an array of independent positive
random variables; {Ujq, —00 < i < 00, d = 1,...,D} are an array of independent positive
random variables, and they are independent of W;;. These max-shock random variables are
identically distributed.

In this section, we consider two underlying distribution assumptions: the first is based on
unit Fréchet variables; the second is based on unit exponential variables. The reason to choose
unit Fréchet variables is due to that it is a max-stable distribution with positive support. The
reason to choose unit exponential is that its tail is very close to the tail of Gumbel distribution,
and we know the reciprocal of a unit exponential random variable is a unit Fréchet variable.

3.1 Extended M4 processes with max-shock variable being unit
Fréchet

In this case, we make the following assumption:

al,=1,d=1,...D. (3.2)
>y

=1 k=—c0

Then, some basic marginal distribution or joint distributions are derived as follows:

1 1
PYia<y) = exp(—— — =), (3.3)
) Y
1 de lk d
P(Yia < Yid, Yitrd < Yitra) = exp{—— — }exp [ Z Z max { =%, e }}(3 4)
Yia  Yitrd =1 he—oo Yid  Yitrd
P B 1 1 a, kd lk '
(Yia € y1a, Vi S yia) = exp{—— — ——}exp [ Z Z max { —== }} (3.5)

Yia Yig =1 ke —oo Yda Yia



These three equations will be used in the derivation of the asymptotic dependence indexes
and the coefficients of tail dependence.

Result 9 Under (3.1) and (5.2), we have

0 if a < 1;
Adar, = ’ - - - - : ; (3.6)
{ 2= 2000 2o maX(al,kl,d’ al,lcl+r,d’)v if > 1.
Result 10 The coefficients of tail dependence are given by
_ [ max(1/2,0), ifa<]; 57)
1, if a > 1.

Notice that here 1 values do not depend on the coefficients a; ;4. In the next section,
we introduce a model with short tail max-shock variables which result in different 7 values
depending on the coefficients a; j, 4.

Under the A(u,(T)) condition, by taking yq = z4n"/* when o < 1, and y; = x4n when
a > 1, we can easily show that the extremal index is 1 when o > 1; otherwise it is the same
as the extremal index derived for the case ¢ > 0 in Section 2.3.

3.2 Extended M4 process with max-shock variable being unit ex-
ponential
We assume now Wj; and Uy in (3.1) are unit exponential random variables. We also assume

that Condition C2 holds, and all a;;q > 1.

The marginal distribution is

PViu<y) =1 —e )] T (1 —emem). (3.8)

Some joint distributions of Yj4s are shown below:

P{Yis<wi,1 <i<r,1<d< D}
=(1—e Y )PP{E;;x < ajpayiaforl >1,—00 <k <o0,1<i<r1<d<D}

=(1—e v )PP{E,, < . mrglggr N 1g51<n o dYmtk,d: | > 1, —00 <m < oo} (3.9)
— (1 — 6731&)7'1) H;)il Hk:_oo(l —e 1 m<k<r m 1g:llélDal k,dYm+k, d))
P{Yid <y, Yig < y} — (1 _ e—ya)g H H (1 N e—min(az,k,au al,k,d/)y)’ (3'10)
=1 k=—0c0
and
P{Yiu<y, Yu<y}=(1—e" H H eI a0V, (3.11)
=1 k=—0

The asymptotic dependence indexes are derived as follows:
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Result 11 Under (3.1), (2.9) and ajpq > 1, we have

if a < 1,

0,
r 1=1 2ok=—c0 (k>3 e, d?) = if a > 1.

n* ’

Notice that when o < 1, we always get asymptotic independence. When a > 1 and no
pairs of (a; k1, a2-m,1) (and similarly for other cases) are identically equal to a*, then we get
asymptotic independence, otherwise, asymptotic dependence. Also notice that the o values
result in different asymptotic dependence structures for the two different type max-shock
variables.

In order to compute the coefficients of tail dependence, we first establish the following

equation:
1-— Z ﬁ ﬁ (1 — eial’k*sy) + ﬁ ﬁ (1 — efmin(al,k,d’ az,k+r,d/)y) — i g%’)efb%)y7 (313)
s=d,d' =1 k=—o0 =1 k=— m=1

)

where b{" < bg) < ..., and ¢ are non-zero constants.

Result 12 Under (3.1) and (3.13), we have

) 1)z, if a <1;
flad; = a*/bY), if > 1, and no pairs of (a4, G rira) are identically equal to a*.
(3.14)

Notice that other cases can be illustrated similarly. Examples regarding finding n values
are given in Section 4.

To derive the extremal index, we first present the following lemma for a family of Weibull
distributions.

Lemma 13 Let G(z) =1—¢7" a >0, 3>0, 2 >0, then
n[l — G(u,)] — e " (3.15)
where U, = apx + by, a, = B37/*[log(n)]"/*"', and b, = 5~V [log(n)]*/*.

Under the A(u, (7)) condition, using Lemma 13, one immediately sees that 6(7) = 1 when
a < 1. When a > 1, the extremal index is the same as case {{ = 0} in Section 2.4, i.e.

Z?il 1(
0(r) =

. . exp(— min minga;kq/74)
min mlndal,k,d:a*) —oco<k<oo w

—oco<k<oo

S 53 : 3.16
21:1 Zk:_oo ]-(mind aik,a=a*) exp(— ming al,k,d/Td) ( )
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4 Simulation examples

Example 4.1 Consider the following two different extended M4 processes:
}/;d = max{al_dlvvi—b aQ_dlm—Qa a;;lei—?)}v d= 17 27 (41)

and
= maX{Uild/a, max(a;; Wi1, ay; Wi o)}, d=1,2. (4.2)
When we apply Model (2.1), maz-shock variables are GEV random variables, and we consider

E=1, £=0, £ = —1 in both models (4.1) and (4.2). When we apply Model (3.1), they are
unit Fréchet or unit exponential random variables. In each process, we consider three cases:

SC1: (Oé; aii, a21, G3i; ai2, A2, a32) = (1/3; 2, 5, 105 2, 10, 5)7
SC2: (Oé; aii, a21, G3i; ai2, A2, a32) = (2/3; 2, 3, 105 2, 10, 3)7

and
SC3 . (CY; aii, A21; A2, agg) = (15, 2, 10, 10, 2)

The other ayy.qs take values infinity in each case. Values for a are not used in Model (2.1).

The computed values of asymptotic dependence indexes, coefficients of tail dependence for
different models (4.1) and (4.2) and max-moving coefficients (SC1, SC2, SC3) are listed in
Table 1. The simulated bivariate processes of different models and max-moving coefficients
are plotted in Figure 1 at Gumbel scales.

From Table 1, we can see that M4 processes with GEV max-shock variables and extended
M4 classes have flexibilities to model nearly independent, positive dependent, and asymptotic
dependent variables. From Figure 1, these two dimensional scatter plots show various shapes
between two random variables, and hence they suggest that these models are suitable for a
wide range of dependence structures.

5 Discussion

In this paper, we have demonstrated that M4 processes with GEV max-shock variables can
model nearly independent, positive dependent, and asymptotic dependent variables. Particu-
larly, when & > 0, (2.1) is either asymptotically dependent or independent; when & < 0, (2.1)
is either asymptotic dependent or nearly independent; and when £ = 0, (2.1) also models
positive dependencies. Extended M4 classes also have the properties of modeling near depen-
dence, positive dependence, and asymptotic dependence. These models give model builders
more flexibilities in real data modeling. They may lead to a new research field in extreme value
theory and multivariate time series modeling. Like other time series models, model selection
and parameter estimation are two important tasks. Constructions of parameter estimators in
these models and their applications to real data are our future research direction.
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Model Specification

Parameter | £ =1 (=0 |&(=—-1| (4.2) (4.2)
Fréchet | exponential
SC1 | A | .875 1.0 1.0 0 0
M2 1.0 1.0 1.0 5 5
AL, .25 0 0 0 0
M, 1.0 5 5 5 5
Ao, | 375 0 0 0 0
M2, 1.0 5 5 5 5
A1, | 375 0 0 0 0
Mo, | 1.0 5 5 5 5
Ao1, | 375 0 0 0 0
no1, | 1.0 5 5 5 5
SC2 | Ao .75 1.0 1.0 0 1.0
M2 1.0 1.0 1.0 .6667 1.0
A1, | 2143 0 0 .0 0
M, 1.0 5 5 .6667 )
Ao, | 4643 0 0 0 0
M2, 1.0 | .6667 5 .6667 .6667
A2, | 4643 0 0 0 0
me, | 1.0 | .6667 5 .6667 .6667
Ao1, | 4643 0 0 0 0
M21, | 1.0 5 5 .6667 5
SC3 | A2 | 3333 0 0 3333 0
M2 1.0 5 5 1.0 5
A1, | 1667 0 0 1667 0
M, 1.0 5 5 1.0 5
A2, | 1667 0 0 1667 0
e 1.0 5 5 1.0 5
A2, | .8333 | 1.0 1.0 .8333 1.0
Mo, | 1.0 1.0 1.0 1.0 1.0
Ao1, | 1667 0 0 1667 0
M21, | 1.0 5 5 1.0 5

Table 1: Asymptotic dependence indexes, coefficients of tail dependence for different models

and max-moving coefficients.
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Figure 1: Comparison between cross-sectional dependencies for different models and max-
moving coefficients in Fxample 4.1. The data in the figure has been transformed to Gumbel
scales.
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6 Appendix

The following lemma tells that when we compute the asymptotic dependence index, and
coefficient of tail dependence between two random variables, we do not need them to have the
same marginal distribution.

Lemma 14 Suppose X and Y satisfy P(X > x)/P(Y > z) — 1 as x tends to infinity. Y’
is the marginally transformed random wvariable of Y, i.e. ' Y' = G(Y') for some increasing
monotone function G; and Y' has the same distribution as X has. Then

lim P(Y > z|X > z) = lim P(Y' > z|X > x) (6.1)

Tr—00 U—00

as long as one of the above two limits exists.

Proof . As z tends to infinity, we first have
P(X > z) P(X > z)

— _— =

P(Y > z) " P(Y > x)

which imply
P(Y > 2)
P(Y" > x)

— 1

which implies

P(Y > x) 1 P[Y > min{z, G~ *(z)}] 1 PlY > max{z, G *(z)}] 1
PlY > G-1(x)] ’ PlY > G~'(z)] ’ PlY > G-1(x)] '
We have
P[X > max{z,G"(2)}, Y > max{z,G"'(x)}]
PY' > x)
PX>z Y >z) PX>uz Y>G ()
= P(Y' > ) B P(Y’ > ) (6.2)
< P[X > min{z,G7'(x)}, Y > min{z, G71(x)}]
- P(Y' > x) ’
and
P[X > max{z,G " (z)}, Y > max{z, G '(2)}]
P(Y" > x)
_ P[X > max{z,G ! (x)}, Y > max{x, G (z)}] . P[X > max{z, G !(x)}] (6.3)
P[X > max{z, G~1(x)}] PlY > max{x, G~(x)}] '
PlY > max{z, G (z)}]
PlY > G~ (x)] ’
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P[X > min{z,G"'(2)}, Y > min{z, G"!(z)}]

P(Y' > z)
_ PIX > min{z, G"'(2)}, Y > min{z, G (2)}] § P[X > min{z, G '(z)}] (6.4)
B P[X > min{z, G—1(z)}] P[Y > min{z, G—1(x)}] '
P[Y > min{z, G~ !(2)}]
PlY > G=(z)]
Taking x — oo in Equations (6.2)-(6.4), we get (6.1). O
Proof of Result 3. Since
lim P(Y1q > )  fim 1- eXP{ > 21+ fal,k,dx)_l/g} Zz P af,:{f
oo PV > ) ooy eXP{ =2 k(14 gal,k,d’x)_l/g} D1 2k z_klff
so by Condition (2.8), we can apply Lemma 14.
Note that
P(Yig > z,Yia >2)
P(Yid > SB) + P(}/l—i-r,d’ > ZL‘) — [1 — P(Yid <z, Y1+r,d’ < ZL‘)] '

P(}/ld > ZE)
As z — 0o, we have 1 — e ® ~ z, and by (2.4), we have

PYig>x)=1- eXP{ - Z Z (1+ fal,k,dy)jrl/g}

=1 k=—oc0

NZ Z (14 Earpay)+ ~£ 1/¢ *1/52 Z ar 1/5

=1 k=—00 =1 k=—¢
Replacing a; ;4 by min(a; 4 4, @i x+rq) in the above expression, we have

1—P(Y1d<x,Y1+r7d/<x):1—exp{ Z Z 1+§m1n alkd?(llk:—&-rd) ) 1/5}

=1 k=—oc0

o0 (o]
- 571/%*1/52 Z min(a .a, aiprra) .

=1 k=—¢

Substitution of these results in (6.5), we can immediately get the asymptotic dependence index
between these two lagged variables Y;4 and Y;,, & by:

22 Z a 1/g_§ io: min(a a ) 1/E
Lk Lkds Qlktrd

P(Yig > 2, Y140 > ) —1 k=00 =1 k=—oo
/\dd’ = lim P(Y > ) =
T—00 x —1/¢
& 21 kz oy
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Proof of Result 4. We denote independent sequence {}N/id, i =1,...,n} as the associated
sequence of Y4 for each d. Then {Y;4} has the marginal distribution (2.4), and

P(Yia<y, 1<i<n)=exp{-n) > (1+&yarra) "}, (6.6)
l k

Let y = £ 'nfz, then

P(Yiy< & nfz, 1<i<n)= exp{—nz Z(l + nézaggqa) V)

=exp{— Y > (n"* +zaea) "}
l k

_ -1
e ® 1/5(21 2k az,k,/dg).

Notice that when ), >, @fklif =1 and £ = 1, we get Smith and Weissman’s M4 processes.
For the original univariate sequence Y;4, we have

P(Yig < ¢ 'nfz, 1 <i<n)=exp{— Z Z(l +nfz  min a5}

1-m<k<n—m

—g—Ep-1 S, (n st min al,;&d)’l/é
—e 1-m<k<n—m ! .

For any 6 > 0, there is an N such that when n > N, n=%z < 6, and
—1/¢

¢ ) 1/¢ . 1/¢
< (n T + min Clzkd> < ( min a”g’d) ,
1-m<k<n—-m 1-m<k<n—m

( min (0 + al,k,d))

1-m<k<n—m

then by using similar arguments of Theorem 3.1 and Lemma 3.2 of Smith and Weissman
(1996), we have

P(Y;d < éilngxa 1 S { S n) — e_mil/E(Zz maxg a;li/dg)
which gives the extremal index for the dth sequence as follows:

-1/¢
Zz maxXg ;. g

04 = e
-1/¢
Zz Zkalk/d

For a D dimensional process, let w,, = (€7 'nér !, ... € né75t), then we have

P{Mngun}:exp{ Z Z 1+nt mln alded )II/E}

=1 k=—00
— ex E E max a, 7'} as n — 00
p{ 1<d<led d ’

and

POL Sub—ew{ =3 30 (et min i o)}
=1 m=—0oc0

— exp{ — E max max al ké]ETd} as n — 0.
= —oo<k<ool<d<D
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These expressions lead to (2.11). O

Proof of Result 5. It is easy to check that Lemma 14 can be applied based on Condition (2.9).
For each d and x > 0, we have exp{—a; x4z} < al_’,?’d when [ and k are sufficiently large, and

hence lim, oo YD arpaexp{—aipar} =0, im,_ oo Y > aipaexp{—(a 4 — a*)x} = n*a*.
Ik Ik
Using L’Hospital’s Rule, we have

P(Yld > 1‘,5/1_;,_,«,61/ > 1‘)

Agar = li
ddr = o P(Yiq > 2)
o0 o0 A
1-— > exp{ -> Zexp(—alﬁkwhx)} + exp{ — > > exp|—min(a; k4, a17k+r,1,d/)x}}
. h=d,d’ Tk I=1 k=—o0
= lim

e 1 —exp { -2 2k eXP(—auk,dI)}

Z Z Z al k.h eXP(_al,k,hx) €xp { - Z Z eXP(—al,k,hx)}

. h=d,d’' 1 k Tk
= lim [

T 0 Dk Ak, €XP(—ay ,qT) eXp { =22k eXP(—al,k,dx)}

o oo . .

> >, min(aik,d, G k4r—1,q)€xpl—min(a; g, @ p4r—1,0)T]

=1 k=—0c0

Zz Zk alk,d eXp(—al,k,df)
o oo .
exp{ — > > exp[—min(a;,aq, a17k+r_17d/)z]}
« =1 k=—c0 :|
exp { =22k eXP(—az,k,dx)}
oo oo .

Zzal,k,hl(al,k,h:a*) - Z Z mln(alvkvd7 al,k+r—1,d’)1(min(al,kvd7 ap jogr—1,a’)=0")

h=d,d’ 1 k =1 k=—00

D12k Wkdl(ay y g=a”)

Proof of Result 6. From (6.6) and y = x + log(n'/*"), we have
P(ffid <x+ log(nl/“*), 1<i<n)= exp{—nz ZGXP(_yal,k,d)}

Ik

=exp{—n Z Z[exp(—az,k,dx) exp{—aiq 10g(”1/a*)}]}
Ik

= exp{—n Z Z n = ka/0 [exp(—aik.a2)]}
Ik

— exp (— exp[—a*z + log{z Z Lo pa=at)}])-

Ik

which is in the domain of Gumbel type.

P(Yig <z +logn"), 1<i<nm)=exp (=D Y exp(—  min ay)
; — m<k<n—m

. : 1/a*
* exp{ 1fmg£n7mal’k’dlog(n )})

— exp ( —exp[—a*z + log{z 1[700121&00 al,k,d:a*]}])-
l

18



which gives the extremal index for the dth sequence as follows:
6, — Zl 1[700rgigl<ooal,k,d:aﬂ
Zl Zk l(az,k,d=a*)

From (6.6) and yg = x4 + log(n/*"), d=1,..., D, we have

P(Yiq < zg+log(n/*), 1<i<n, 1<d< D)

=exp{—n Z Z exp(— mdin ak.dya) }
Ik

= exp{—n Z Z[exp(— mdin Qi ka%a) €Xp{— mdin arg.alog(n* )3}

l k

_ exp{—n Z Z p~ Wing aik,a/a” [exp(— m(}n al,k,dl'd)]}
l k

—exp{ =Y > Lamingaysi=ar) (-~ min a4 474) }
l k

and )
P(Yiy < xq+1log(n'/?"), 1<i<n, d=1,...,D)

=exp|( — E E exp(— min min a; ;g4
P ( ; p< 1-m<k<n-m d e )
m

o . . ]‘/afﬁ<
* exp{ B min g log(n'/*")})

— €Xp { - E ]-[_oon<1ikn<oo ming a;,,g=a*] eXp(_ —oonilkn<oo mdln al,k,dxd)}'
l

Similar to the proof of Result 4, the extremal index for the multivariate processes is proved
to be (2.14). O
Proof of Result 7. Since
_ -1/

Zl Zk(l T gal’k’dx) } _ Zl Zk 1{az,k,d=a*}
— Zl Zk(l + fahk’d,x)—l/f} Zl Zk l{az,k,d’:a*}

P(Yig > ) . 1 —exp

lim ———= = lim {
{

x—>a_*1€ P(}/ld’ > I) m—»% 1 — exp

so Lemma 14 can be applied.

We have
. PYig >z, Yiqgra > )
)\ ;= 1 :
Y P(Yiq > )
1= © e { - XX+ bapmn) o} e { - % ¥ [+ Eminan ape)] V)
. h=d,d’ 'k =1 k=—o00
= hng1
T— 1 7eXp{ 7Zl Zk(1+§al,k,d‘r)7l/£}
1— 2€Xp { _ (1 + é‘a*x)—l/f Xl: Zk: ]_{al,k'd:a*}} =+ exp { — (1 =+ fa*x)‘”g Xl: Zk: 1{min(alrk,d, al,k+r—1,d’):a*}
= lim
"IHJTI& 1 —exp{ — (1—i—fa*x)‘”ilezk:l{al,k,d:a*}}

2 ; ; l{al,k,d:a*} - ; % 1{min(aljk,d, a‘l.k+r—1,d’):a*}
B ;% l{az,k,d:a*} 7
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Proof of Result 8. From (6.6) and y = n*z + n®/(a*¢) — 1/(a*§), v < —1/(a*€), we have

~ né 1
P(Yig < n® - —,
W <100+ o~ g

=exp { — n[l + &a*(nt

lgign)

l/Ezzl{amd a* }}

— e_(1+a*§$)71/§ 22k l{az,k,d:a*}

which is in the domain of Weibull type.
( - >
P(Y;y <n‘z +—— —, 1<i<n
a’§  a*§

=exp (— [l +&a*(n® +

- e—(1+a*5x)—1/f S Liming oy .g=a*}

which gives the extremal index for the dth sequence as follows:

Zl 1[ min  ay g q=a*]
Qd _ co<k<oo
Zl Zk (ay,k,qa=a*

From (6.6) and yg = n*xq + n*/(a*§) — 1/(a*€), x4 < —1/(a*§), we have

né 1
a*é  a*€’
‘ SIS By
- eXp { - n; ;[1 + gmdln a’l7k,d(n Xq + a*g - a*g)] ]-{mind al’k,d:a*}}

— o~ T (e ming ark,aa) M L ming ay y, g=a*)

P(Yjq < nfzq+ 1<i<n,d=1,...,D)

and
né 1 )

PV <nfeat o~ L 1<i<n d=1....D
a*é  a*§

N 67 Zl(1+£ mink mind (J'l,lv,(/ix(/i)71/§]-{min,C min g ”‘l,k,d:”‘*}

Similar to the proof of Result 4, the extremal index for the multivariate processes is proved
to be (2.15). O
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Proof of Result 9. Let 6 =), >, max(af’kl’d, alf,cl+r_17d,), we have,

P(Yig > 2, Yiprag > )

Mg = lim
dd!,. oo P(}/ld > x)
o L2002 - 4
z—00 1—exp{—% —1
o 2 ) ep{ge - ot - (G + ) exp{— - 9}
= R P
0, if a <1,
_) .
2—0, ifa>1.
O
Proof of Result 10. When « < 1, for sufficiently large x, we have
1—2eF it Eig L _Lad LEP
(—em ity EA It At 2
which implies (3.7). O
Proof of Result 11. For any a > 1, as y — oo, we have the following properties:
20 < ay, (y>1), e ¥ >e W, yafjjﬁya = e(,?f;:;xa) < y:;aa —0 ifa<1
e =e "y, if a =1 (6.7)
y® > ay + v, (y sufficiently large ), e™¥" < e~ %, ya;i;y = e(y;’:iy) < yz;l — 0, ifa>1.
We have
Nor — lim P(Yia >y, Yigra >y)
W e P(Yiq > y)
= 5 (1= W) LTI - et 4 (1= e P IR TIE (1~ e Minenss auesrmraly)
h=d,d’
= 1. ?
yoeo T (U= e T TT (1 = eouna)
0, if a <1;
i (i RS )
O

Proof of Result 12. For a < 1, using (6.7), we have

1j 1= g (=) LT —em ) + (L — e )2 [I2, [T oo (1 —e” itk O V)
o 1= (= e )T (1 — eerman)?

=1

which shows that nge = 1/2.

For a > 1 and no pairs of (ayx,1, G12-m,1), it is clear that 74y = a* /by using (3.13). O
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Proof of Lemma 13. Suppose (3.15) is true for a sequence of u,,. Then we have ne ?%n — e~

T

or log(n) — pul — —x, which leads to

SO

log(n) x 1
5 U o) " ioatn

uy = %{LE +log(n) +o(1)} =

log(n)]"> @ 1

Un = [/ {1+ log(n)

which can be expressed as

Uy = apx + b, + 0(ay),

where a, = 3~/*[log(n)]*/*~ and b, = S~Y*[log(n)]"/*. O
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