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1 Introduction

1.1 General introduction

Examples of variables moving together are too many. For instance, the co-movements of

prices of hundreds of stocks in any particular trading day in a financial market, and the co-

movements of wind speeds, wave heights, water levels in a very broad sea area in any time

period are typical examples of those variables. One main purpose of developing multivariate

time series models is to explore the cross-sectional and serial dependence structures among

the variables of interest.

In multivariate extreme value context, the main interests have been in constructing multi-

variate extreme value distributions. Theoretical probability treatments can be seen in Pickands

(1981), Resnick (1987), etc. Joe (1997) is an excellent source of multivariate dependence

models. Mari and Kotz (2001) deal with dependence concepts and measures. For serial de-

pendence, Deheuvels (1983) defines the moving minimum (MM) process; Davis and Resnick

(1989) study what they call the max-autoregressive moving average (MARMA) process of

a stationary process; Hall, Peng, and Yao (2002) discuss moving maximum models. How-

ever, little efforts have been put on constructing models for cross-sectional and serial extreme

dependencies.

Smith and Weissman (1996) extend Deheuvels’ definition to the so called multivariate

maxima of moving maxima (henceforth M4) process:

Yid = max
l

max
k

al,k,dZl,i−k, d = 1, . . . , D, −∞ < i < ∞, (1.1)

for nonnegative constants {al,k,d, l ≥ 1,−∞ < k < ∞} satisfying
∑∞

l=1

∑∞
k=−∞ al,k,d = 1 for

d = 1, . . . , D, and {Zlk, l ≥ 1,−∞ < k < ∞} being an array of independent unit Fréchet

random variables which have distribution form exp(−1/z), z > 0.

In an autoregressive and moving average time series model, the random error is sometimes

called the innovation variable or shock variable. It would be convenient to call Zli as unit

Fréchet max-shock variable, and hence we can have different kinds of max-shock variables.

The additional properties of this M4 class of processes and their financial applications

and environmental applications are studied by Zhang (2002, 2003), Zhang and Smith (2004a,

b), etc. This M4 class of processes is very flexible for data with asymptotic dependence,

also regarded as extreme dependence or tail dependence. However all variables in these M4

models are asymptotically dependent. There are many examples among which data are not

asymptotically dependent. They are nearly independent, positive dependent, asymptotically

independent as witnessed by Ledford and Tawn (1996, 1997), Heffernan and Tawn (2004),

Draisma, Drees, Ferreira, and de Haan (2004), Peng(1999), and many others. These new

observed phenomena require new developments in the multivariate extreme value context. The

motivation of this paper came from the need of building models for asymptotically independent

variables, the further study of the flexible M4 model structure, and the need of computing

two tail dependence measures (the asymptotic dependence index and the coefficient of tail
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dependence) between variables in practice. These two dependence measures and the extremal

index are reviewed next.

1.2 The concept of asymptotic (in)dependence

Sibuya (1960) introduces asymptotic independence between two random variables with iden-

tical marginal distribution. De Haan and Resnick (1977) extend it to the case of multivariate

random variables. The definition is given below.

Definition 1 A bivariate random variable (X1, X2) is called asymptotically independent if

λ = lim
x→x

F

P(X2 > x|X1 > x) = 0, (1.2)

where X1 and X2 are identically distributed with x
F

= sup{x ∈ R : P(X1 ≤ x) < 1}; λ is also

called the bivariate asymptotic dependence index which quantifies the amount of dependence

of the bivariate upper tails. If λ > 0, then (X1, X2) is called asymptotically dependent.

If the joint distribution between X1 and X2 is known, we may be able to derive an explicit

formula for λ. For example, when X and Y are normally distributed with correlation ρ ∈
[−1, 1) then, λ = 0. When X1 and X2 have a standard bivariate t-distribution with ν degrees

of freedom and correlation ρ > −1 then, λ = 2t̄ν+1(
√

ν + 1
√

1− ρ/
√

1 + ρ), where t̄ν+1 is the

tail of standard t distribution. Heffernan (2000), Embrechts, McNeil, and Straumann (2002)

give additional cases where the joint distributions are known.

Remark 1 While the asymptotic dependence index is defined for identically distributed ran-

dom variables and the same threshold x, it can easily be extended to cases of non-identically

distributed random variables by transformation of variables to a common distribution. See

Lemma 14 (in Appendix section) for a sufficient condition.

Ledford and Tawn (2003), Zhang (2003a), Zhang and Huang (2006) extend the definition

of asymptotic dependence between two random variables to lag-k asymptotic dependence of

sequences of random variables with identical marginal distribution. The definition of lag-k

asymptotic dependence for sequences of random variables is given below.

Definition 2 Suppose {X1d, X2d, . . . , Xnd, d = 1, . . . , D} is a D-dimensional multivariate

time series with identical marginal distribution. If

λd1d′k+1
= lim

x→x
F

P(Xk+1,d′ > x|X1d > x) > 0,

lim
x→x

F

P(Xk+j,d′ > x|X1d > x) = 0, j > 1,
(1.3)

where x
F

= sup{x ∈ R : P(X1d ≤ x) < 1}, we call the dth series is maximal lag-k tail

dependent on the d′th series. λd1d′i+1
is called the lag-i tail dependence index of the dth series

on the d′th series. When d = d′, λd1d′i+1
is the lag-i tail dependence index within the dth series.

When i = 0, λd1d′i+1
is the tail dependence index between X1d and X1d′. Here i = 0, . . . , k.
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1.3 Coefficient of tail dependence

For a broad range of joint distributions, Ledford and Tawn (1996, 1997) consider the following

model:

P(X1 > x, X2 > x) ∼ L
( 1

P(X1 > x)

)
P(X1 > x)1/η as x → x

F
, (1.4)

where L is a slowly varying function, i.e. L(tx)/L(x) → 1 as x → ∞ for any fixed t > 0,

and η ∈ (0, 1] is a constant. Using their terminology, the η value effectively determines the

decay rate of the joint bivariate survival function evaluated at the same large x, and η is

termed as the coefficient of tail dependence. Two marginal variables are called positively

associated when 1/2 < η ≤ 1; nearly independent when η = 1/2; and negatively associated

when 0 < η < 1/2. Many coefficients of tail dependence for different joint distributions have

been calculated and presented in Heffernan (2000).

Equation (1.4) can be expressed as

P(X2 > x|X1 > x) ∼ L
( 1

P(X1 > x)

)
P(X1 > x)1/η−1 as x → x

F
, (1.5)

which shows how λ changes with η. It is easy to see that the two variables X1 and X2 are

asymptotically dependent when η = 1 and L(x) 9 0 as x → ∞, and are asymptotically

independent otherwise.

1.4 The extremal index

Notice that both previous two concepts are used to measure the extremal dependence between

two random variables. In reality, extreme events often tend to occur in clusters, and hence a

different quantity is needed to measure clustered extremal dependence.

Suppose now {Xi, i = 1, 2, . . . , } is a stationary sequence with a continuous marginal

distribution function F (x) and {X̂i, i = 1, 2, . . . , } is the so-called associated sequence of i.i.d.

random variables with the same marginal distribution function F . The maximum is defined

by Mn = max{X1, · · · , Xn}, while M̂n = max{X̂1, · · · , X̂n}. The limiting distribution of Mn

can be related to the limiting distribution of M̂n via a quantity θ defined below.

If for every τ > 0 there exists a sequence of thresholds {un} such that

P{M̂n ≤ un} → e−τ , as n →∞ (1.6)

and under long range dependence conditions D(un), D′(un) of Leadbetter (1983),

P{Mn ≤ un} → e−θτ , as n →∞, (1.7)

then θ is called the extremal index of the sequence {Xn}.
The value of 1/θ is interpreted as the mean number of exceedances of a threshold per

independent cluster as the threshold tends to the upper endpoint of this distribution. When

θ = 0, it corresponds to a strong dependence (infinite cluster sizes) but not so strong that all
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the values can be the same. While θ = 1 is a form of asymptotic independence of extremes,

it does not mean that the original sequence is independent.

If (1.7) holds for some τ and corresponding {un}, then it holds for all τ ′ (equal or not

equal to τ) and its corresponding {u′n}. Estimators of the extremal index have been proposed

by Leadbetter, Weissman, de Haan, and Rootzén (1989), Nandagopalan (1990), Hsing (1993).

Smith and Weissman (1994) gave a review of estimating the extremal index and proposed two

estimating methods, i.e., blocks method and runs method. Other references include Chapter

8 in Embrechts et al. (1997). Ferro and Segers (2003), and Laurini and Tawn (2003) are more

recent references concerning the estimation of the extremal index, among others.

Suppose now {Xi = (Xi1, · · · , XiD), i = 1, 2, ...} is a D-dimensional stationary stochastic

processes with distribution function F and marginals Fd, and {Xi} satisfies some long range

dependence conditions such as the mixing condition ∆(un(τ )) of Nandagopalan (1994), where

τ ∈ T = (0, 1)D\{1}, 1 = (1, . . . , 1) ∈ RD, or a slightly weaker condition D(un) of Hsing

(1989). Also let {X̂i} be the associated sequence of i.i.d. random vectors having the same

distribution function F . Mn and M̂n are both pointwise maxima of {Xi, i = 1, . . . , n} and

{X̂i, i = 1, . . . , n} respectively. Suppose

lim
n→∞

P{Mn1 ≤ un1, . . . , MnD ≤ unD} = H(τ )

lim
n→∞

P{M̂n1 ≤ un1, . . . , M̂nD ≤ unD} = Ĥ(τ )
(1.8)

both exist and are nonzero. The multivariate extremal index is defined by

H(τ ) = Ĥ(τ )θ(τ ) (1.9)

where θ(τ ) satisfies

(i) 0 ≤ θ(τ ) ≤ 1 for all τ ,

(ii) θ(0, . . . , 0, τd, 0, . . . , 0) = θd for τd > 0, where θd is the extremal index of the dth component

process.

(iii) θ(cτ ) = θ(τ ) for all c > 0 (Theorem 1.1 of Nandagopalan 1994).

Estimators of the multivariate extremal index have been proposed by Nandagopalan (1994),

Weissman (1994), and Smith and Weissman (1996), Martins and Ferreira (2005), among

others.

1.5 About the paper

Throughout the rest of the paper, for notational convenience, we denote:

1. λdd′ (ηdd′) as the asymptotic dependence index (the coefficient of tail dependence) be-

tween the dth component variable and the d′th component variable,
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2. λdk
as the lag k asymptotic dependence index within the dth sequence,

3. and λdd′k as the lag k asymptotic dependence index cross the dth sequence and the d′th
sequence.

In Section 2, we study M4 processes with max-shock variables which have generalized extreme

value (GEV) distribution. The processes are asymptotically dependent. In Section 3, we

introduce a generalization of M4 class which are asymptotically independent. Simulation

examples are presented in Section 4. Discussions are addressed in Section 5. Section 6 are

detailed proofs of the main results in Sections 2 and 3.

2 M4 processes with max-shock variables being GEV

2.1 A generalization of M4

In this section, we replace Zli in (1.1) by independent GEV shock variables. We have

Yid = max
l

max
k

a−1
l,k,dWl,i−k, d = 1, . . . , D, −∞ < i < ∞, (2.1)

for {al,k,d > 0, l ≥ 1,−∞ < k < ∞}, and {Wlk, l ≥ 1,−∞ < k < ∞} being an array of

independent GEV shock variables which have a unified distribution form

H(x; µ, σ, ξ) = exp
{
− [

1 +
ξ(x− µ)

σ

]−1/ξ
}

(2.2)

where 1 + ξ(x− µ)/σ > 0, σ > 0 and µ, ξ arbitrary. The case ξ = 0 is interpreted as the limit

ξ → 0, that is

H(x; µ, σ, 0) = exp
{
− exp

[− (x− µ)

σ

]}
, (2.3)

which is known as Type I (Gumbel type) extreme value distribution. Type II (Fréchet type)

and Type III (Weibull type) correspond to ξ > 0 and ξ < 0 respectively.

Remark 2 It is easy to see that the case of ξ = 1, µ = 0, σ = 1, and
∑

lk a−1
l,k,d = 1,

d = 1, . . . , D in Model (2.1) is Smith and Weissman’s M4 model.

In the extreme value literature, models are often specified for the case of µ = 0 and σ = 1

due to the fact that a linear transformation of random variable gives the same type of the

extreme value distribution. In this paper, we also use this formulation. We discuss different

cases in the following sections. Some basic marginal distribution, or joint distributions are

shown next.
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2.2 Some distributional properties

The marginal distribution of Yid is

P(Yid < y) = exp
{
−

∞∑

l=1

∞∑

k=−∞
(1 + ξal,k,dy)

−1/ξ
+

}
, (2.4)

where (Ω)+ equals Ω when Ω > 0; equals 0 otherwise. The multivariate joint distribution of

{Yid, i = 1, . . . , r, d = 1, . . . , D} is

P{Yid ≤ yid, 1 ≤ i ≤ r, 1 ≤ d ≤ D}
= P{Wl,i−k ≤ al,k,dyid for l ≥ 1,−∞ < k < ∞, 1 ≤ i ≤ r, 1 ≤ d ≤ D}
= P{Wl,m ≤ min

1−m≤k≤r−m
min

1≤d≤D
al,k,dym+k,d, l ≥ 1,−∞ < m < ∞}

= exp
{
−∑∞

l=1

∑∞
m=−∞(1 + ξ min

1−m≤k≤r−m
min

1≤d≤D
al,k,dym+k,d)

−1/ξ
+

}
(2.5)

for appropriate yid values. Particularly for bivariate random variables, we have

P{Yid ≤ y, Yid′ ≤ y} = exp
{
−

∞∑

l=1

∞∑

k=−∞
[1 + ξ min(al,k,d, al,k,d′)y]

−1/ξ
+

}
, (2.6)

and

P{Y1d ≤ y, Yrd ≤ y} = exp
{
−

∞∑

l=1

∞∑

k=−∞
[1 + ξ min(al,k,d, al,k+r−1,d)y]

−1/ξ
+

}
. (2.7)

Notice that both parameters (the asymptotic dependence index, the coefficient of tail

dependence) are invariant under marginal transformation as long as both original random

variables are identically distributed. If two random variables are not identically distributed,

special care needs to be taken. In the case of the tail probabilities of two random variables

being asymptotically equal, the asymptotic dependence index is invariant under marginal

transformation; see Lemma 14 (in Appendix section).

In the following sections, we derive expressions for the asymptotic dependence index, the

coefficient of tail dependence and the extremal index for the usual three cases ξ > 0, ξ = 0,

and ξ < 0.

One of the following two conditions in deriving asymptotic dependence indexes are needed

in order to apply Lemma 14.

C1 Suppose all moving coefficients al,k,d satisfy
∞∑

l=1

∞∑

k=−∞
a
−1/ξ
l,k,1 =

∞∑

l=1

∞∑

k=−∞
a
−1/ξ
l,k,d′ < ∞, for all d′ = 2, . . . , D. (2.8)

C2 Suppose there are numbers a∗ > 0 and n∗ such that
∞∑

l=1

∞∑

k=−∞
a−1

l,k,d < ∞, a∗ = min
l

min
k

al,k,d, n∗ =
∞∑

l=1

∞∑

k=−∞
1(al,k,d=a∗), for all d = 1, . . . , D,

(2.9)

where 1(.) is an indicator function.
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Condition C1 is particularly for the case of ξ > 0, while Condition C2 is for both cases of

ξ = 0 and ξ < 0. We will show in the subsequent sections that under each of these conditions,

the tail probabilities of two random variables Yid and Yid′ are asymptotically equal.

2.3 Case ξ > 0

With the established notations, the asymptotic dependence indexes of case ξ > 0 are presented

in the following equations.

Result 3 Under (2.1) and the condition C1, we have

λdd′r =

2
∞∑
l=1

∞∑
k=−∞

a
−1/ξ
l,k,d −

∞∑
l=1

∞∑
k=−∞

min(al,k,d, al,k+r,d′)
−1/ξ

∞∑
l=1

∞∑
k=−∞

a
−1/ξ
l,k,d

. (2.10)

In general λdd′ is greater than zero. It is zero when the minimum of every pair (al,k,d, al,k,d′)

is finite for all l, k, but the maximum of that pair is infinity. This exceptional case corresponds

to the independence case. It is obvious that coefficient of tail dependence ηdd′ is either 1 or

1/2 depending on the value of λdd′ .

From (2.10), we see that as long as the maximum of (al,k,d, al,k+r,d) for some l, m is finite,

two lag-r variables are asymptotically dependent.

From the above asymptotic dependence indexes, one can immediately see that random

variables Yid defined by (2.1) are either independent random variables or asymptotically de-

pendent random variables.

Result 4 Under Model (2.1) and the ∆(un(τ )) condition, the extremal index is given by

θ(τ ) =

∑∞
l=1 maxk maxd a

−1/ξ
l,k,d τd∑∞

l=1

∑∞
k=−∞ maxd a

−1/ξ
l,k,d τd

. (2.11)

2.4 Case ξ = 0

The asymptotic dependence indexes of M4 processes with the shock variables being Gumbel

type is presented in the following equations.

Result 5 Under (2.1) and the condition C2, we have

λdd′r =

2n∗ −
∞∑
l=1

∞∑
k=−∞

1{
min(al,k,d, al,k+r,d′ )=a∗

}

n∗
. (2.12)

Notice that when the value of λdd′ is greater than 0, the corresponding ηdd′ value is 1.

Also notice that if there are no pairs (al,k,d, al,k,d′) equal to a∗, then Yid and Yid′ are

asymptotically independent. To derive the formula for η parameter when Yid and Yid′ are
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asymptotically independent, it is more convenient to use the following fact for Gumbel type

random variable Yt:

P(Yt > x) = 1− e−e−αx ∼ e−αx, as x →∞, and α > 0. (2.13)

Property (2.13) suggests the tail probability of a Gumbel tail may be approximated by an

exponential tail probability. We use this fact to introduce multivariate maxima of moving

maxima processes based on exponential random variables in Sections 3.2. The formula for

the η parameter when the moving variables are Gumbel type shares the same form when the

moving variables are unit exponential. We shall derive the formula for η in Section 3.2.

From (2.12), we see that when the values of (al,k,d, al,k+r,d) are both equal to a∗ for some

m value(s), we observe the lag-r asymptotic dependence in the dth sequence.

From (2.12), we see that we can actually obtain asymptotically independent multivariate

stationary processes by imposing a condition that there are no identical pairs

(al,k,d, al,k+r,d′), d = 1, . . . , D, d′ = 1, . . . , D, r = 0, 1, 2, . . . , in which they are equal to a∗.
When D is very large, it may be hard for a practically feasible model to satisfy this condition

since it requires that l varies in a very large range. A modification of (2.1) will solve this

practical issue. In Section 3, we address the modification.

Result 6 Under Model (2.1) and the ∆(un(τ )) condition, the extremal index is given by

θ(τ ) =

∑∞
l=1 1(

min
−∞<k<∞

mind al,k,d=a∗
) exp(− min

−∞<k<∞
mind al,k,d/τd)

∑∞
l=1

∑∞
k=−∞ 1(mind al,k,d=a∗) exp(−mind al,k,d/τd)

. (2.14)

2.5 Case ξ < 0

Suppose condition C2 holds. Let a∗∗ be the second smallest of all {al,k,d, l ≥ 1, −∞ < k <

∞}. Then for −1
a∗∗ξ < y < −1

a∗ξ , from (2.4)-(2.7), we have

P(Yid < y) = exp
{
− (1 + ξa∗y)−1/ξ

∞∑

l=1

∞∑

k=−∞
1{al,k,d=a∗}

}
,

P{Yid ≤ y, Yid′ ≤ y} = exp
{
− (1 + ξa∗y)−1/ξ

∞∑

l=1

∞∑

k=−∞
1{min(al,k,d, al,k,d′ )=a∗}

}
,

P{Y1d ≤ y, Yrd ≤ y} = exp
{
− (1 + ξa∗y)−1/ξ

∞∑

l=1

∞∑

k=−∞
1{min(al,k,d, al,k+r−1,d)=a∗}

}
.

These three equations will be used in the derivation of asymptotic dependence indexes and

coefficients of tail dependence, and the following Result 7 is obtained.

Result 7 Under (2.1) and and the condition C2, we have the same results as in Result 5.
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As long as the asymptotic dependence indexes are not zero, we have the corresponding η being

1.

When λdd′ = 0, we have limx→ −1
a∗ξ

P (Y1d > x, Y1d′ > x)/P (Y1d > x)2 = 1, therefore, the coeffi-

cient of tail dependence is ηdd′ = 1/2. Similarly, ηdd′r = 1/2 for all r.

Result 8 Under Model (2.1) and the ∆(un(τ )) condition,, the extremal index is given by

θ(τ ) =

∑∞
l=1(1 + ξ mink mind al,k,d/τd)

−1/ξ1{mink mind al,k,d=a∗}∑∞
l=1

∑∞
k=−∞(1 + ξ mind al,k,d/τd)−1/ξ1{mind al,k,d=a∗}

. (2.15)

3 Asymptotic Independent M4 Processes

From the previous sections, we saw that in order to get asymptotic independence, we had to

assume those “paired” coefficients are not identical, and not equal to a∗, the minimum of al,k,d,

as defined in Condition C2. We propose a revision of M4 process such that that restriction is

no longer needed. The new model is as follows:

Yid = max(U
1/α
id , max

l
max

k
a−1

l,k,dWl,i−k), d = 1, . . . , D, (3.1)

where α > 0, al,k,d > 0, {Wli, l ≥ 1,−∞ < i < ∞} are an array of independent positive

random variables; {Uid,−∞ < i < ∞, d = 1, . . . , D} are an array of independent positive

random variables, and they are independent of Wli. These max-shock random variables are

identically distributed.

In this section, we consider two underlying distribution assumptions: the first is based on

unit Fréchet variables; the second is based on unit exponential variables. The reason to choose

unit Fréchet variables is due to that it is a max-stable distribution with positive support. The

reason to choose unit exponential is that its tail is very close to the tail of Gumbel distribution,

and we know the reciprocal of a unit exponential random variable is a unit Fréchet variable.

3.1 Extended M4 processes with max-shock variable being unit

Fréchet

In this case, we make the following assumption:
∞∑

l=1

∞∑

k=−∞
a−1

l,k,d = 1, d = 1, . . . , D. (3.2)

Then, some basic marginal distribution or joint distributions are derived as follows:

P (Yid ≤ y) = exp(− 1
yα
− 1

y
), (3.3)

P (Yid ≤ yid, Yi+r,d ≤ yi+r,d) = exp{− 1
yα

id

− 1
yα

i+r,d

} exp
[
−

∞∑

l=1

∞∑

k=−∞
max

{a−1
l,k,d

yid
,
a−1

l,k+r,d

yi+r,d

}]
,(3.4)

P (Y1d ≤ y1d, Y1d′ ≤ y1d′) = exp{− 1
yα
1d

− 1
yα
1d′
} exp

[
−

∞∑

l=1

∞∑

k=−∞
max

{a−1
l,k,d

y1d
,
a−1

l,k,d′

y1d′

}]
. (3.5)
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These three equations will be used in the derivation of the asymptotic dependence indexes

and the coefficients of tail dependence.

Result 9 Under (3.1) and (3.2), we have

λdd′r =

{
0, if α < 1;

2−∑∞
l=1

∑∞
k=−∞ max(a−1

l,k,d, a−1
l,k+r,d′), if α ≥ 1.

(3.6)

Result 10 The coefficients of tail dependence are given by

η =

{
max(1/2, α), if α < 1;

1, if α ≥ 1.
(3.7)

Notice that here η values do not depend on the coefficients al,k,d. In the next section,

we introduce a model with short tail max-shock variables which result in different η values

depending on the coefficients al,k,d.

Under the ∆(un(τ )) condition, by taking yd = xdn
1/α when α < 1, and yd = xdn when

α ≥ 1, we can easily show that the extremal index is 1 when α ≥ 1; otherwise it is the same

as the extremal index derived for the case ξ > 0 in Section 2.3.

3.2 Extended M4 process with max-shock variable being unit ex-

ponential

We assume now Wli and Uid in (3.1) are unit exponential random variables. We also assume

that Condition C2 holds, and all al,k,d > 1.

The marginal distribution is

P(Yid < y) = (1− e−yα

)
∞∏

l=1

∞∏

k=−∞
(1− e−al,k,dy). (3.8)

Some joint distributions of Yids are shown below:

P{Yid ≤ yid, 1 ≤ i ≤ r, 1 ≤ d ≤ D}
= (1− e−yα

)rDP{El,i−k ≤ al,k,dyid for l ≥ 1,−∞ < k < ∞, 1 ≤ i ≤ r, 1 ≤ d ≤ D}
= (1− e−yα

)rDP{El,m ≤ min
1−m≤k≤r−m

min
1≤d≤D

al,k,dym+k,d, l ≥ 1,−∞ < m < ∞}
= (1− e−yα

)rD
∏∞

l=1

∏∞
k=−∞(1− e

− min
1−m≤k≤r−m

min
1≤d≤D

al,k,dym+k,d

),

(3.9)

P{Yid ≤ y, Yid′ ≤ y} = (1− e−yα

)2

∞∏

l=1

∞∏

k=−∞
(1− e−min(al,k,d, al,k,d′ )y), (3.10)

and

P{Y1d ≤ y, Yrd ≤ y} = (1− e−yα

)2

∞∏

l=1

∞∏

k=−∞
(1− e−min(al,k,d, al,k+r−1,d)y). (3.11)

The asymptotic dependence indexes are derived as follows:
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Result 11 Under (3.1), (2.9) and al,k,d > 1, we have

λdd′r =

{
0, if α ≤ 1;
2n∗−P∞

l=1

P∞
k=−∞1min(al,k,d,al,k+r,d′ )=a∗

n∗ , if α > 1.
(3.12)

Notice that when α ≤ 1, we always get asymptotic independence. When α > 1 and no

pairs of (al,k,1, al,2−m,1) (and similarly for other cases) are identically equal to a∗, then we get

asymptotic independence, otherwise, asymptotic dependence. Also notice that the α values

result in different asymptotic dependence structures for the two different type max-shock

variables.

In order to compute the coefficients of tail dependence, we first establish the following

equation:

1−
∑

s=d,d′

∞∏

l=1

∞∏

k=−∞
(1− e−al,k,sy) +

∞∏

l=1

∞∏

k=−∞
(1− e−min(al,k,d, al,k+r,d′ )y) =

∞∑
m=1

g(r)
m e−b

(r)
m y, (3.13)

where b
(r)
1 < b

(r)
2 < . . . , and g

(r)
m are non-zero constants.

Result 12 Under (3.1) and (3.13), we have

ηdd′r =

{
1/2, if α ≤ 1;

a∗/b(r)
1 , if α > 1, and no pairs of (al,k,d, al,k+r,d′) are identically equal to a∗.

(3.14)

Notice that other cases can be illustrated similarly. Examples regarding finding η values

are given in Section 4.

To derive the extremal index, we first present the following lemma for a family of Weibull

distributions.

Lemma 13 Let G(x) = 1− e−βxα
, α > 0, β > 0, x > 0, then

n[1−G(un)] → e−x (3.15)

where un = anx + bn, an = β−1/α[log(n)]1/α−1, and bn = β−1/α[log(n)]1/α.

Under the ∆(un(τ )) condition, using Lemma 13, one immediately sees that θ(τ) = 1 when

α ≤ 1. When α > 1, the extremal index is the same as case {ξ = 0} in Section 2.4, i.e.

θ(τ ) =

∑∞
l=1 1(

min
−∞<k<∞

mind al,k,d=a∗
) exp(− min

−∞<k<∞
mind al,k,d/τd)

∑∞
l=1

∑∞
k=−∞ 1(mind al,k,d=a∗) exp(−mind al,k,d/τd)

. (3.16)
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4 Simulation examples

Example 4.1 Consider the following two different extended M4 processes:

Yid = max{a−1
1d Wi−1, a−1

2d Wi−2, a−1
3d Wi−3}, d = 1, 2; (4.1)

and

Y ′
id = max{U1/α

id , max(a−1
1d Wi−1, a−1

2d Wi−2)}, d = 1, 2. (4.2)

When we apply Model (2.1), max-shock variables are GEV random variables, and we consider

ξ = 1, ξ = 0, ξ = −1 in both models (4.1) and (4.2). When we apply Model (3.1), they are

unit Fréchet or unit exponential random variables. In each process, we consider three cases:

SC1 : (α; a11, a21, a31; a12, a22, a32) = (1/3; 2, 5, 10; 2, 10, 5),

SC2 : (α; a11, a21, a31; a12, a22, a32) = (2/3; 2, 3, 10; 2, 10, 3),

and

SC3 : (α; a11, a21; a12, a22) = (1.5; 2, 10; 10, 2).

The other al,k,ds take values infinity in each case. Values for α are not used in Model (2.1).

The computed values of asymptotic dependence indexes, coefficients of tail dependence for

different models (4.1) and (4.2) and max-moving coefficients (SC1, SC2, SC3) are listed in

Table 1. The simulated bivariate processes of different models and max-moving coefficients

are plotted in Figure 1 at Gumbel scales.

From Table 1, we can see that M4 processes with GEV max-shock variables and extended

M4 classes have flexibilities to model nearly independent, positive dependent, and asymptotic

dependent variables. From Figure 1, these two dimensional scatter plots show various shapes

between two random variables, and hence they suggest that these models are suitable for a

wide range of dependence structures.

5 Discussion

In this paper, we have demonstrated that M4 processes with GEV max-shock variables can

model nearly independent, positive dependent, and asymptotic dependent variables. Particu-

larly, when ξ > 0, (2.1) is either asymptotically dependent or independent; when ξ < 0, (2.1)

is either asymptotic dependent or nearly independent; and when ξ = 0, (2.1) also models

positive dependencies. Extended M4 classes also have the properties of modeling near depen-

dence, positive dependence, and asymptotic dependence. These models give model builders

more flexibilities in real data modeling. They may lead to a new research field in extreme value

theory and multivariate time series modeling. Like other time series models, model selection

and parameter estimation are two important tasks. Constructions of parameter estimators in

these models and their applications to real data are our future research direction.
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Model Specification

Parameter ξ = 1 ξ = 0 ξ = −1 (4.2) (4.2)

Fréchet exponential

SC1 λ12 .875 1.0 1.0 0 0

η12 1.0 1.0 1.0 .5 .5

λ11 .25 0 0 0 0

η11 1.0 .5 .5 .5 .5

λ21 .375 0 0 0 0

η21 1.0 .5 .5 .5 .5

λ121 .375 0 0 0 0

η121 1.0 .5 .5 .5 .5

λ211 .375 0 0 0 0

η211 1.0 .5 .5 .5 .5

SC2 λ12 .75 1.0 1.0 0 1.0

η12 1.0 1.0 1.0 .6667 1.0

λ11 .2143 0 0 .0 0

η11 1.0 .5 .5 .6667 .5

λ21 .4643 0 0 0 0

η21 1.0 .6667 .5 .6667 .6667

λ121 .4643 0 0 0 0

η121 1.0 .6667 .5 .6667 .6667

λ211 .4643 0 0 0 0

η211 1.0 .5 .5 .6667 .5

SC3 λ12 .3333 0 0 .3333 0

η12 1.0 .5 .5 1.0 .5

λ11 .1667 0 0 .1667 0

η11 1.0 .5 .5 1.0 .5

λ21 .1667 0 0 .1667 0

η21 1.0 .5 .5 1.0 .5

λ121 .8333 1.0 1.0 .8333 1.0

η121 1.0 1.0 1.0 1.0 1.0

λ211 .1667 0 0 .1667 0

η211 1.0 .5 .5 1.0 .5

Table 1: Asymptotic dependence indexes, coefficients of tail dependence for different models

and max-moving coefficients.
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moving coefficients in Example 4.1. The data in the figure has been transformed to Gumbel
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6 Appendix

The following lemma tells that when we compute the asymptotic dependence index, and

coefficient of tail dependence between two random variables, we do not need them to have the

same marginal distribution.

Lemma 14 Suppose X and Y satisfy P(X > x)/P(Y > x) → 1 as x tends to infinity. Y ′

is the marginally transformed random variable of Y , i.e. Y ′ = G(Y ) for some increasing

monotone function G; and Y ′ has the same distribution as X has. Then

lim
x→∞

P(Y > x|X > x) = lim
u→∞

P(Y ′ > x|X > x) (6.1)

as long as one of the above two limits exists.

Proof . As x tends to infinity, we first have

P(X > x)

P(Y > x)
→ 1,

P(X > x)

P(Y ′ > x)
= 1

which imply
P(Y > x)

P(Y ′ > x)
→ 1

which implies

P(Y > x)

P[Y > G−1(x)]
→ 1,

P[Y > min{x,G−1(x)}]
P[Y > G−1(x)]

→ 1,
P[Y > max{x,G−1(x)}]

P[Y > G−1(x)]
→ 1.

We have

P[X > max{x,G−1(x)}, Y > max{x,G−1(x)}]
P(Y ′ > x)

≤ P(X > x, Y ′ > x)

P(Y ′ > x)
=

P[X > x, Y > G−1(x)]

P(Y ′ > x)

≤ P[X > min{x,G−1(x)}, Y > min{x,G−1(x)}]
P(Y ′ > x)

,

(6.2)

and

P[X > max{x,G−1(x)}, Y > max{x,G−1(x)}]
P(Y ′ > x)

=
P[X > max{x,G−1(x)}, Y > max{x,G−1(x)}]

P[X > max{x,G−1(x)}] ∗ P[X > max{x,G−1(x)}]
P[Y > max{x,G−1(x)}]

∗ P[Y > max{x,G−1(x)}]
P[Y > G−1(x)]

,

(6.3)
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P[X > min{x,G−1(x)}, Y > min{x,G−1(x)}]
P(Y ′ > x)

=
P[X > min{x,G−1(x)}, Y > min{x,G−1(x)}]

P[X > min{x,G−1(x)}] ∗ P[X > min{x,G−1(x)}]
P[Y > min{x,G−1(x)}]

∗ P[Y > min{x,G−1(x)}]
P[Y > G−1(x)]

(6.4)

Taking x →∞ in Equations (6.2)-(6.4), we get (6.1). 2

Proof of Result 3. Since

lim
x→∞

P (Y1d > x)

P (Y1d′ > x)
= lim

x→∞

1− exp
{
−∑

l

∑
k(1 + ξal,k,dx)−1/ξ}

1− exp
{
−∑

l

∑
k(1 + ξal,k,d′x)−1/ξ

} =

∑
l

∑
k a

−1/ξ
l,k,d∑

l

∑
k a

−1/ξ
l,k,d′

,

so by Condition (2.8), we can apply Lemma 14.

Note that

P (Y1d > x, Y1+r,d′ > x)

P (Y1d > x)
=

P (Y1d > x) + P (Y1+r,d′ > x)− [1− P (Y1d < x, Y1+r,d′ < x)]

P (Y1d > x).

(6.5)

As x →∞, we have 1− e−x ∼ x, and by (2.4), we have

P (Y1d > x) = 1− exp
{
−

∞∑

l=1

∞∑

k=−∞
(1 + ξal,k,dy)

−1/ξ
+

}

∼
∞∑

l=1

∞∑

k=−∞
(1 + ξal,k,dy)

−1/ξ
+ ∼ ξ−1/ξx−1/ξ

∞∑

l=1

∞∑

k=−∞
a
−1/ξ
l,k,d → 0.

Replacing al,k,d by min(al,k,d, al,k+r,d) in the above expression, we have

1− P (Y1d < x, Y1+r,d′ < x) = 1− exp
{
−

∞∑

l=1

∞∑

k=−∞
(1 + ξ min(al,k,d, al,k+r,d)x)

−1/ξ
+

}

∼ ξ−1/ξx−1/ξ

∞∑

l=1

∞∑

k=−∞
min(al,k,d, al,k+r,d)

−1/ξ.

Substitution of these results in (6.5), we can immediately get the asymptotic dependence index

between these two lagged variables Yid and Yi+r,d′ by:

λdd′r = lim
x→∞

P (Y1d > x, Y1+r,d′ > x)

P (Y1d > x)
=

2
∞∑
l=1

∞∑
k=−∞

a
−1/ξ
l,k,d −

∞∑
l=1

∞∑
k=−∞

min(al,k,d, al,k+r,d′)
−1/ξ

∞∑
l=1

∞∑
k=−∞

a
−1/ξ
l,k,d

.

2
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Proof of Result 4. We denote independent sequence {Ỹid, i = 1, . . . , n} as the associated

sequence of Yid for each d. Then {Ỹid} has the marginal distribution (2.4), and

P(Ỹid < y, 1 ≤ i ≤ n) = exp{−n
∑

l

∑

k

(1 + ξyal,k,d)
−1/ξ}. (6.6)

Let y = ξ−1nξx, then

P(Ỹid < ξ−1nξx, 1 ≤ i ≤ n) = exp{−n
∑

l

∑

k

(1 + nξxal,k,d)
−1/ξ}

= exp{−
∑

l

∑

k

(n−ξ + xal,k,d)
−1/ξ}

→ e−x−1/ξ(
P

l

P
k a

−1/ξ
l,k,d ).

Notice that when
∑

l

∑
k a

−1/ξ
l,k,d = 1 and ξ = 1, we get Smith and Weissman’s M4 processes.

For the original univariate sequence Yid, we have

P(Yid < ξ−1nξx, 1 ≤ i ≤ n) = exp{−
∑

l

∑
m

(1 + nξx min
1−m≤k≤n−m

al,k,d)
−1/ξ}

= e
−x−1/ξn−1

P
l

P
m(n−ξx+ min

1−m≤k≤n−m
al,k,d)−1/ξ

.

For any δ > 0, there is an N such that when n > N , n−ξx < δ, and
(

min
1−m≤k≤n−m

(δ + al,k,d)
)−1/ξ

<
(
n−ξx + min

1−m≤k≤n−m
al,k,d

)−1/ξ

<
(

min
1−m≤k≤n−m

al,k,d

)−1/ξ

,

then by using similar arguments of Theorem 3.1 and Lemma 3.2 of Smith and Weissman

(1996), we have

P(Yid < ξ−1nξx, 1 ≤ i ≤ n) → e−x−1/ξ(
P

l maxk a
−1/ξ
l,k,d )

which gives the extremal index for the dth sequence as follows:

θd =

∑
l maxk a

−1/ξ
l,k,d∑

l

∑
k a

−1/ξ
l,k,d

.

For a D dimensional process, let un = (ξ−1nξτ−1
1 , . . . , ξ−1nξτ−1

D ), then we have

P{M̃n ≤ un} = exp
{
−

∞∑

l=1

∞∑

k=−∞
(1 + nξ min

1≤d≤D
al,k,dτ

−1
d )

−1/ξ
+

}

→ exp
{
−

∞∑

l=1

∞∑

k=−∞
max

1≤d≤D
a
−1/ξ
l,k,d τd

}
as n →∞,

and

P{Mn ≤ un} = exp
{
−

∞∑

l=1

∞∑
m=−∞

(1 + nξ min
1−m≤k≤n−m

min
1≤d≤D

al,k,dτd)
−1/ξ
+

}

→ exp
{
−

∞∑

l=1

max
−∞<k<∞

max
1≤d≤D

a
−1/ξ
l,k,d τd

}
as n →∞.
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These expressions lead to (2.11). 2

Proof of Result 5. It is easy to check that Lemma 14 can be applied based on Condition (2.9).

For each d and x > 0, we have exp{−al,k,dx} < a−2
l,k,d when l and k are sufficiently large, and

hence limx→∞
∑
l

∑
k

al,k,d exp{−al,k,dx} = 0, limx→∞
∑
l

∑
k

al,k,d exp{−(al,k,d − a∗)x} = n∗a∗.

Using L’Hospital’s Rule, we have

λdd′r = lim
x→∞

P (Y1d > x, Y1+r,d′ > x)
P (Y1d > x)

= lim
x→∞

1− ∑
h=d,d′

exp
{
−∑

l

∑
k

exp(−al,k,hx)
}

+ exp
{
−

∞∑
l=1

∞∑
k=−∞

exp[−min(al,k,d, al,k+r−1,d′)x]
}

1− exp
{
−∑

l

∑
k exp(−al,k,dx)

}

= lim
x→∞

[
∑

h=d,d′

∑
l

∑
k

al,k,h exp(−al,k,hx) exp
{
−∑

l

∑
k

exp(−al,k,hx)
}

∑
l

∑
k al,k,d exp(−al,k,dx) exp

{
−∑

l

∑
k exp(−al,k,dx)

}

−

∞∑
l=1

∞∑
k=−∞

min(al,k,d, al,k+r−1,d′) exp[−min(al,k,d, al,k+r−1,d′)x]
∑

l

∑
k al,k,d exp(−al,k,dx)

∗
exp

{
−

∞∑
l=1

∞∑
k=−∞

exp[−min(al,k,d, al,k+r−1,d′)x]
}

exp
{
−∑

l

∑
k exp(−al,k,dx)

}
]

=

∑
h=d,d′

∑
l

∑
k

al,k,h1(al,k,h=a∗) −
∞∑

l=1

∞∑
k=−∞

min(al,k,d, al,k+r−1,d′)1(min(al,k,d, al,k+r−1,d′ )=a∗)

∑
l

∑
k al,k,d1(al,k,d=a∗)

.

2

Proof of Result 6. From (6.6) and y = x + log(n1/a∗), we have

P(Ỹid < x + log(n1/a∗), 1 ≤ i ≤ n) = exp{−n
∑

l

∑

k

exp(−yal,k,d)}

= exp{−n
∑

l

∑

k

[exp(−al,k,dx) exp{−al,k,d log(n1/a∗)}]}

= exp{−n
∑

l

∑

k

n−al,k,d/a∗ [exp(−al,k,dx)]}

→ exp
(− exp[−a∗x + log{

∑

l

∑

k

1(al,k,d=a∗)}]
)
.

which is in the domain of Gumbel type.

P(Yid < x + log(n1/a∗), 1 ≤ i ≤ n) = exp
(−

∑

l

∑
m

exp(− min
1−m≤k≤n−m

al,k,dx)

∗ exp{− min
1−m≤k≤n−m

al,k,d log(n1/a∗)})

→ exp
(− exp[−a∗x + log{

∑

l

1[ min
−∞<k<∞

al,k,d=a∗]}]
)
.
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which gives the extremal index for the dth sequence as follows:

θd =

∑
l 1[ min

−∞<k<∞
al,k,d=a∗]

∑
l

∑
k 1(al,k,d=a∗)

.

From (6.6) and yd = xd + log(n1/a∗), d = 1, . . . , D, we have

P(Ỹid < xd+ log(n1/a∗), 1 ≤ i ≤ n, 1 ≤ d ≤ D)

= exp{−n
∑

l

∑

k

exp(−min
d

al,k,dyd)}

= exp{−n
∑

l

∑

k

[exp(−min
d

al,k,dxd) exp{−min
d

al,k,d log(n1/a∗)}]}

= exp{−n
∑

l

∑

k

n−mind al,k,d/a∗ [exp(−min
d

al,k,dxd)]}

→ exp
{−

∑

l

∑

k

1(mind al,k,d=a∗) exp(−min
d

al,k,dxd)
}

and
P(Yid < xd + log(n1/a∗), 1 ≤ i ≤ n, d = 1, . . . , D)

= exp
(−

∑

l

∑
m

exp(− min
1−m≤k≤n−m

min
d

al,k,dxd)

∗ exp{− min
1−m≤k≤n−m

min
d

al,k,d log(n1/a∗)})

→ exp
{−

∑

l

1[ min
−∞<k<∞

mind al,k,d=a∗] exp(− min
−∞<k<∞

min
d

al,k,dxd)
}
.

Similar to the proof of Result 4, the extremal index for the multivariate processes is proved

to be (2.14). 2

Proof of Result 7. Since

lim
x→ −1

a∗ξ

P (Y1d > x)

P (Y1d′ > x)
= lim

x→ −1
a∗ξ

1− exp
{
−∑

l

∑
k(1 + ξal,k,dx)−1/ξ}

1− exp
{
−∑

l

∑
k(1 + ξal,k,d′x)−1/ξ

} =

∑
l

∑
k 1{al,k,d=a∗}∑

l

∑
k 1{al,k,d′=a∗}

,

so Lemma 14 can be applied.
We have

λdd′r = lim
x→ −1

a∗ξ

P (Y1d > x, Y1+r,d′ > x)
P (Y1d > x)

= lim
x→ −1

a∗ξ

1− ∑
h=d,d′

exp
{
−∑

l

∑
k

(1 + ξal,k,hx)−1/ξ
}

+ exp
{
−

∞∑
l=1

∞∑
k=−∞

[1 + ξ min(al,k,d, al,k+r−1,d′)x]−1/ξ
}

1− exp
{
−∑

l

∑
k(1 + ξal,k,dx)−1/ξ

}

= lim
x→ −1

a∗ξ

[1− 2 exp
{
− (1 + ξa∗x)−1/ξ

∑
l

∑
k

1{al,k,d=a∗}
}

+ exp
{
− (1 + ξa∗x)−1/ξ

∑
l

∑
k

1{min(al,k,d, al,k+r−1,d′ )=a∗}
}

1− exp
{
− (1 + ξa∗x)−1/ξ

∑
l

∑
k

1{al,k,d=a∗}
}

]

=
2

∑
l

∑
k

1{al,k,d=a∗} −
∑
l

∑
k

1{min(al,k,d, al,k+r−1,d′ )=a∗}
∑
l

∑
k

1{al,k,d=a∗}
,
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2

Proof of Result 8. From (6.6) and y = nξx + nξ/(a∗ξ)− 1/(a∗ξ), x < −1/(a∗ξ), we have

P(Ỹid < nξx +
nξ

a∗ξ
− 1

a∗ξ
, 1 ≤ i ≤ n)

= exp
{− n[1 + ξa∗(nξx +

nξ

a∗ξ
− 1

a∗ξ
)]−1/ξ

∑

l

∑

k

1{al,k,d=a∗}
}

= e
−(1+a∗ξx)−1/ξ

P
l

P
k 1{al,k,d=a∗}

which is in the domain of Weibull type.

P(Yid <nξx +
nξ

a∗ξ
− 1

a∗ξ
, 1 ≤ i ≤ n)

= exp
(− [1 + ξa∗(nξx +

nξ

a∗ξ
− 1

a∗ξ
)]−1/ξ

∑

l

∑
m

1{ min
1−m≤k≤n−m

al,k,d=a∗})

→ e
−(1+a∗ξx)−1/ξ

P
l 1{mink al,k,d=a∗}

which gives the extremal index for the dth sequence as follows:

θd =

∑
l 1[ min

−∞<k<∞
al,k,d=a∗]

∑
l

∑
k 1(al,k,d=a∗)

.

From (6.6) and yd = nξxd + nξ/(a∗ξ)− 1/(a∗ξ), xd < −1/(a∗ξ), we have

P(Ỹid < nξxd +
nξ

a∗ξ
− 1

a∗ξ
, 1 ≤ i ≤ n, d = 1, . . . , D)

= exp
{− n

∑

l

∑

k

[1 + ξ min
d

al,k,d(n
ξxd +

nξ

a∗ξ
− 1

a∗ξ
)]−1/ξ1{mind al,k,d=a∗}

}

= e
−Pl

P
k(1+ξ mind al,k,dxd)−1/ξ1{mind al,k,d=a∗}

and

P(Yid <nξxd +
nξ

a∗ξ
− 1

a∗ξ
, 1 ≤ i ≤ n, d = 1, . . . , D)

= exp
(−

∑

l

∑
m

[1 + ξ min
1−m≤k≤n−m

min
d

al,k,d(n
ξxd +

nξ

a∗ξ
− 1

a∗ξ
)]−1/ξ1{ min

1−m≤k≤n−m
mind al,k,d=a∗})

→ e
−Pl(1+ξ mink mind al,k,dxd)−1/ξ1{mink mind al,k,d=a∗} .

Similar to the proof of Result 4, the extremal index for the multivariate processes is proved

to be (2.15). 2
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Proof of Result 9. Let δ =
∑

l

∑
k max(a−1

l,k,d, a−1
l,k+r−1,d′), we have,

λdd′r = lim
x→∞

P (Y1d > x, Y1+r,d′ > x)

P (Y1d > x)

= lim
x→∞

1− 2 exp{− 1
xα − 1

x
}+ exp{− 2

xα − δ
x
}

1− exp{− 1
xα − 1

x
}

= lim
x→∞

2( α
xα+1 + 1

x2 ) exp{− 1
xα − 1

x
} − ( 2α

xα+1 + δ
x2 ) exp{− 2

xα − δ
x
}

( α
xα+1 + 1

x2 ) exp{− 1
xα − 1

x
}

→
{

0, if α < 1;

2− δ, if α ≥ 1.

2

Proof of Result 10. When α < 1, for sufficiently large x, we have

1− 2e−
1

xα− 1
x + e−

2
xα− δ

x

(1− e−
1

xα− 1
x )1/η

∼=
2−δ
x

+ 1
x2α − 1−2δ

x1+α − 1−δ2/2
x2

[ 1
xα + 1

x
− 1

2
( 1

x2α + 2
x1+α + 1

x2 )]1/η

which implies (3.7). 2

Proof of Result 11. For any a > 1, as y →∞, we have the following properties:





2yα < ay, (y > 1), e−yα
> e−ay, e−ay

yα−1e−yα = y1−α

e(ay−yα) < y1−α

eyα → 0 if α < 1
e−ay

e−y = e−(a−1)y → 0, if α = 1

yα > ay + y, (y sufficiently large ), e−yα
< e−ay, yα−1e−yα

e−ay = yα−1

e(yα−ay) < yα−1

ey → 0, if α > 1.

(6.7)

We have

λdd′r = lim
y→∞

P (Y1d > y, Y1+r,d′ > y)
P (Y1d > y)

= lim
y→∞

1− ∑
h=d,d′

(1− e−yα
)
∏

l

∏
k(1− e−al,k,hy) + (1− e−yα

)2
∏∞

l=1

∏∞
k=−∞(1− e−min(al,k,d, al,k+r−1,d′ )y)

1− (1− e−yα)
∏

l

∏
k(1− e−al,k,dy)

→
{

0, if α ≤ 1;
2n∗−Pl,k 1min(al,k,1,al,k,2)=a∗

n∗ , if α > 1.

2

Proof of Result 12. For α ≤ 1, using (6.7), we have

lim
y→∞

1−∑
s=d,d′(1− e−y)

∏
l

∏
k(1− e−alksy) + (1− e−y)2

∏∞
l=1

∏∞
k=−∞(1− e−min(al,k,d, al,k+r,d′ )y)

[1− (1− e−y)
∏

l

∏
k(1− e−al,k,dy)]2

= 1

which shows that ηdd′r = 1/2.

For α > 1 and no pairs of (al,k,1, al,2−m,1), it is clear that ηdd′r = a∗/b1 using (3.13). 2
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Proof of Lemma 13. Suppose (3.15) is true for a sequence of un. Then we have ne−βuα
n → e−x

or log(n)− βuα
n → −x, which leads to

uα
n =

1

β
{x + log(n) + o(1)} =

log(n)

β
{1 +

x

log(n)
+ o(

1

log(n)
)},

so

un =
[log(n)]1/α

β1/α
{1 +

x

log(n)
+ o(

1

log(n)
)},

which can be expressed as

un = anx + bn + o(an),

where an = β−1/α[log(n)]1/α−1 and bn = β−1/α[log(n)]1/α. 2
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