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Abstract

This thesis will focus on applying smaothing splinesto magnetic resonance
image (MRI) analysis. Someadditional work on support vector macine with

a hybrid lossfunction will be discussed.

We apply smaothing splinesto both the structural MRI and functional MRI.
For the structural MRI, we t thin plate splinesto overlapping blocks of the im-
agewith di erent con gurations of knots. The optimal con gurations are found
by the generalizedcrossvalidation with a constart factor (Luo and Wahba,
1997). The tted splineswith the optimal con gurations are then blendedto
get a smoothed image of the brain. Thresholdsare found along the way with
k-meansalgorithm and are blendedaswell. By thresholdingthe blendedimage
we obtained, we get the boundariesbetween gray matter, white matter, cere-
brospinal uid, and others. The conbination of smoothing and thresholding

givesus very good resultsin terms of segmemation.

For the functional magneticresonancamage analysis,we proposea partial
spline model for the model tting and hypothesistesting. Simulation are done
to test the theoretical properties of the model. It appearsthat the partial spline

model can compete with the commonly usedsmoothing+GLM paradigm.

A support vector macdiine with a new hybrid lossis studied in the thesis.

We proposea lossfunction that is a hybrid of the hinge lossand the logistic



loss,with the aim to adhieve the nice properties of thesetwo lossfunctions, i.e.,
giving sparsesolutions and being able to estimate the conditional probabilities
at the sametime. Our resultsand theoretical derivation shav that the newloss
function has the properties we expected and sernes as a nice loss function for

classi cation aswell.
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Chapter 1

General Overview

1.1 Intro duction

In this thesis, we will study di erent smaoothing techniquesfor magnetic reso-
nanceimage (MRI) analysisand a hybrid lossfor support vector madine.

Smaoothing is an important topic in MRI analysis, whether it is structural
MRI or functional MRI. For structural data, smaothing can reducethe noisein
the data sothat subsequenh analysiscan generatebetter results. In the func-
tional data case,smaothing can be usedto alleviate the e ect of not knowing
the true covariance structure of the time series(Wahba, 1978). The common
smaothing usedin MRI analysisis kernel smaothing which could be isotropic
or anisotropic with one or more parameters(bandwidth) cortrolling how the
smoothing is done. Not many studieswere done on applying smoothing splines
to structural MRI or functional MRI. We will study the performanceof smaooth-
ing splinesunder thesekinds of settings.

For the support vector madine, there seemto be someinterestsin the
sparsenessand estimating probabilities for a given loss function. Two of the

commonly usedlossfunctions are the hinge lossand the logistic losswhich only



have oneof the two propertieslisted, but not the other. Wetry to look for some

new lossfunction which could have both of the nice properties.

1.2 Outline of the Thesis

The rest of the thesis is organized as follows. In Chapter 2, we will study
thin plate spline smoothing for MRI segmenation. First we do someliterature
review. Then the basicsof the thin plate spline will be discussed.We give the
segmetation algorithm for 2-D slices,with slight tweakingwhenthe algorithm
is applied to 3-D volumes. The results for 2-D and 3-D segmemations will be
presered. Dierent ewvaluation criteria will be considered.We will draw some
conclusionsand discussthe future directions at last.

In Chapter 3, we will shov someresults on functional MRI data analysis.
We will presem somecollaborative work with John Carew and othersin which
a GCV smoothing spline+GLM approad to fMRI data analysiswas proposed.
We will descrike a new partial spline approad to the data analysis. Simulation
resultswill be given and comparisonwill be done.

Chapter 4 will be on the support vector madine with a hybrid loss. We'll
give the motivation rst, followed by the de nition of the lossfunction. Some
theoretical derivation will be doneto show the properties of the hybrid loss.
The mathematical program for the lossfunction will be given and choosingthe
parameterswill be discussed We presen the simulation resultsalongwith those

for a real data exampleto shov the advantagesof the new lossfunction.



The thesiswill be concludedwith someremarksin Chapter 5.



Chapter 2

Magnetic Resonance Image
Segmentation with Thin Plate

Spline Thresholding

2.1 Problem Description

Segmemation of magneticresonancgMR) imagesis an important part of brain
imaging researbf. Digital image of the brain are obtained under a strong mag-
netic eld and a weak pulse eld. Dierent tissue types of the brain show
di erent intensity valuesunder the magnetic elds. Our goal is to segmeh a
given image into three tissue types: grey matter (GM), white matter (WM),
and cerebrospinal uid (CSF). The dimensionof a structural imageis usually
huge. And this is often coupledwith imageinhomogeneiy and partial volume
e ect (i.e., a voxel could contain more than onetissuetypes). All of thesehave

to be addressedn a segmetation method.



2.2 Literature Review

Up to now, many segmetation methods have beenproposed. A rough grouping
of the methodsis to categorizethem aseither intensity basedmethods or surface

basedmethods.

The neural network classi er (Morrison and Attikiouzel, 1992; Ozkan et
al., 1993;Kollokian, 1996;Wang et al., 1998), the k-nearestneighbor classi er
(Bezdeket al., 1993)or a nite Gaussianmixture modeling (Bezdeket al., 1993;
Kapur, 1995) can be usedfor classifyingead voxel into 3 di erent classes.In
particular Gaussianmixture modeling assumegshe imageintensity valuesfollow
the mixture of two or more Gaussiansand the unknown parametersof Gaussian
distributions are estimated by maximizing the likelihood functions possibly via
the expectation maximization (EM) algorithm or other optimization techniques.
The widely usedSPM'99 brain image analysispadkage (WellcomeDepartmert
of Cognitive Neurology London, UK, URL http://www. l.ion.ucl.ac.uk/spm) is
basedon a BayesianGaussianmixture modeling with a prior probability image
generatedby averagingthe image intensity for large number of subjects (Ash-
burner et al., 1997;Ashburner and Friston, 2000). Basedon a prior probability
of eath voxel beingthe speci c tissuetype, a Bayesianapproad is usedto geta
better estimate of the posterior probability. This Bayesianupdate of the prob-
ability is iterated many times until the probability corverges. The resulting
probability is interpreted as the probability of ead voxel belongingto one of

the three tissuetypes.



Instead of the above intensity-basedsegmetation techniques,surface-based
segmetation techniques have begunto emerge. The advantage for surface-
based segmetation methods is the possiblereduction of the partial volume
e ect (Tohka et al., 2004). When triangular meshesare used, the meshesare
not constrainedto lie on voxel boundaries. Insteadthe triangular meshesan cut
through a voxel, which canbe consideredascorrectingwherethe true boundary
ough to beandreducingthe partial volumee ect. Deformablesurfacemodeling
(Terzopouloset al., 1988;Davatzikos and Bryant, 1995;Dale and Fischl, 1999;
MacDonald et al., 2000) can be usedto segmen tissue boundariesby either

solving a partial di erential equationor optimizing an objective function.

Recerly isosurfacemodeling, known as a level set method (Sethian, 1999)
seemgo shav somepromisein tissueboundary segmetation and hasbeenused
in segmeting the sagittal sectionof the corpuscallosum(Ho mann etal., 2004).
A related approad to image segmetation problemsis the method proposedin
Mumford and Shah (1985), where a piecewisesmaooth function is tted to the
imagedata, with the discortin uities happening only on the boundariesbetween
di erent tissue types. The solution can be obtained by solving a variational

problem iterativ ely.

In this thesis, we proposeand validate a new thin plate spline thresholding
method on both 2-D image slicesand 3-D image volumes by comparing our
method againstthe expert manual segmetation (Boesenet al., 2004)and some

other segmetation methods.



2.3 Basics of Thin Plate Splines

A thin plate spline(TPS) is the minimizer of the following optimization problem

(Wahba, 1990, pp. 30{31)

1 X _ .
= (i feal); xa@)?+ IR (2.3.1)
i=1
wherey; is the i-th obsenation, (xi(i); ;Xq(i)) is the point at which vy; is
obsened, is the smoothing parameter, and J4(f) is a summation (penalty
functional) of m-th derivativesin d-dimensions. For the special casem = 2,
d=2,34(f) is de ned as

Z 1 Z 1
J3(f) = 1 2y, + 22, + T2, ) dxidx,: (2.3.2)

X1X2 X2X2
1

This is the oneto be usedin segmetation on 2-D slices. The de nition of J4 (f)
for m = 2, d = 3 which is usedfor 3-D segmetation can be found in Wahba
(1990).

In order for the thin plate splineto work, we have to imposesomeconstrairt
onmandd: 2m d> 0. In addition, by imposingsomemild regularity condition
ont;; ;tn: e.g9.,t% do not fall on a straight line for d = 2 case,we can show

that the minimization problem (2.3.1) hasa unique solution

X X
f @)= d ()+ GEm(t t); (2.3.3)

=1 i=1
wheret = (X1;  ;Xq), tj = (X2(i);  ;xq(i)) are d-dimensionalvectors, and

M = d”g ! is the dimensionof the null spaceff : J¢(f) = 0g spannedby the



's(form=2d=2,wehaveM = 3, (t) =1, 5(t) = xq, and 3(t) = Xxy).
The function En,() én the above equationis de ned as

2 ok K@M Dn(k k) : if 2m  dewen,
Em( )= (2.3.4)
- mak k@M 9 , otherwise.
This function is known asthe thin plate spline radial basis. .4 in the above
equationis someconstart.
The coe cien ts ¢i's andd in equation(2.3.3) arelinear in y;'s (Wahba, 1990),

and we have

def

$E(F (t);  f (t)°= A()y; (2.3.5)

wherey = (y1;  ;Yn)% and A( ) is called the smoothing matrix.

The smoothing parameter in the minimization problem (2.3.1) will be
chosenby the generalizedcrossvalidation criterion with a constart factor
which modi es the equivalent degreeof freedomof the spline (Luo and Wahba,
1997)

k(I A())yk*=n

CCVO)= 0w (A yanp

(2.3.6)

The factor shouldbe anumber nolessthan 1. It is neededsometimesbecause
the assumptionsfor = 1 might be violated.

Thin plate splinescan be further approximated by using a subsetof design
points ft; : 1 i ngor someother setsasknots (Wahba, 1990,Chapter 7; Bates

et al., 1987). We approximate the thin plate splinef (t) by

hd X
= (t) = d (t)+ GEn(t s); (2.3.7)

=1 512



where is the set of knots ( RY).
With the appraximation of f (), the whole theory descriked above still
holds; we gain more exibilit y with the setting and sometimesit may be more

appropriate for data tting.

2.4 TPS Thresholding Metho d

Our method ts thin plate splinesto overlapping blocks of an image slice (or
volume), and blends the splinestogether smoothly; a similar idea was usedin
Wood et al. (2002). The main di erences are that we choosethe smaothing
parametersdi erently and we useexplicit subdivisions. In addition, our method
obtains thresholdson ewery block, and the thresholdsare blendedthe sameway
aswe blend the splines.

A brief overview of the algorithm goesasfollows (given for 2-D case). First,
we divide the sliceinto overlapping blocks. Second,we t thin plate splinesto
the imageintensitiesat eat block with di erent number of knots, and selectthe
knot con guration that givesusthe smallest GCV scoreon the block. Third,
we t the thin plate splinewith the knot con guration found in the last step,and
predict the splineon a very ne grid. We also nd the thresholdson the block
with the k-meansalgorithm. Finally, we blend the predicted block imagesand
the thresholdswith somesmaoth weighting functions. We calculatethe averages
of the correspnding thresholdson all the blocks, and nd the thresholdson the

blendedsmaoth imageaswell. In total, we have three di erent threshold sets:
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blended thresholds, averagedthresholds, and recomputedthresholds. We can
apply all 3 thresholdingsdiemesto the blendedsmaoth image,and pick the one
that suits our needsbest. Imagesfrom di erent sourcesmight needdi erent
thresholding sdhemesbecauseof the variabilities amongthe images.

For 3-D case,the basicalgorithm is the same.But sometweakingis needed.

The details are given in the following sections.

2.4.1 2-D Algorithm
Step 1: Partitioning of Slice Images

With a typical slice of the size 256x256pixels, we rst clip the empty space
in the sliceimage. Many software programscan do this; and manual clipping

is quite easyto implemert too. Oncethe clipping is done, we can divide the
sliceinto blocks of size about 50x50pixels. The userscan determine the sizes
of the blocks. A rule of thumb is to have all the tissue types (mainly gray
matter, white matter, CSF, and others) in ewery block. The sameidea was
usedin Kovacevicet al. (2002). Following a similar line of thinking, we allow
some degreeof overlapping between adjacent blocks (horizontally, vertically,

or diagonally). The overlapping proportion betweeneadt pair of horizorntally

or vertically adjacert blocks is about one half of the pixels in either of the
blocks (Figure 2.4.1(a)). This resultsin ead pair of diagonally adjacert blocks
having about onefourth of the pixelsin the individual blocks overlapped. The

histogramsfor the imageintensities of two adjacen blocks are shavn in Figure
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2.4.1(b). We can seethe bumpsin the histograms.

250
250
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o o  — L
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0 50 100 150 200 0 50 100 150 200

(b)

L XX XX

50 100 150 200
I I I I
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Figure 2.4.1: Overlapping stheme, GCV curvesand histogramsfor one slice:
(a) overlapping sthemeof a slicewith 5 by 7 blocks (horizontally and vertically
respectively). Eadh 4 adjacert shadedrectanglesform oneblock, with di erent
shadesrepreseting di erent numbers of overlapping (light grey=1, medium
gray=2, dark gray=4). The weighting functions at ead direction are given
belov and to the left of the plot. (b) histogramsof the correspnding blocks
(the certers found by k-meanson predicted data shovn asred x's). (c) GCV
curvesfor 2 adjacert blocks (minimum of GCV shown with arrows).

Step 2: Finding Optimal GCV Scores

After the partitioning is done,we t thin plate splinesto ead block. Note that
ewven for one block (of the size 50x50), there are more than two thousand data

points. There canbe sharpboundariesbetweendi erent tissuetypeswithin one
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block. Howeer, the image should be consideredrelatively smooth within eadh
tissuetypein ablock. To t athin plate splinewith 2500data points asknots is
not only computationally ine ectiv e, but alsounnecessaryA remedyfor this is
to usea subsetof the 2500knots asan approximation to the original splinethat
usesewery data point asknot (Luo and Wahba, 1997). Sincethe sliceimageis
measuredon a regular grid, a further approximation is to allow the knots not
fall on the pixel grid, but only require them to be on a regular grid, wherethe
knot grid sizeis appraximately proportional to the pixel grid sizeand the seard
is over the integerindex of the knot grid (along with the smoothing parameter).
In our GCV seard, the ratio of the number of the knots to the total number
of pixels in ewery block is between 0:02 and 0:45. In addition, the original
GCV scorewithout a constart factor doesn't seemto be a good criterion for
selectingthe \optimal" number of knots. With a factor = 2, the criterion
gives us the \optimal® number of knots at ewvery block (Figure 2.4.1(c)). The
reasonfor using a constart factor can be attributed to the added exibilit y of
using di erent number of knots in di erent blocks (Luo and Wahba, 1997)and
alsoto the fact that the imagedata is generallycorrelated. The standard GCV
has somelimitation on correlated data (seeWahba, 1990, Section 4.9 and the
referencesherein). The empirical value for was ne tuned on a number of
images,and can be further adjusted by the userif the TPS method with the

given setting doesn't produce a good segmenation result.
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Step 3: Predicting TPS and Thresholding

Using the optimal knot con guration found in the last step,we t athin plate
spline to ead block with the given con guration. A ne grid is laid on the
block, with ewvery pixel divided into 8 by 8 subpixelsand the thin plate spline
predictedon the grid. The useofthe ne grid isto geta smaother image,which
will be bene cial for the thresholding later. Another advantage of the ne grid
is that we can get subpixel level segmetation and smaother boundaries. To
calculatethe thresholdson every block, we usethe k-meansalgorithm, which is
simple, fast and e cien t. The k-meansis usedwith 4 certers correspnding to
the white matter, gray matter, cerebrospinaluid, andthe empty space,n the
order of the intensity valuesof thesetissue types appearing in a T1-weighed
MR imagefrom the highestto the lowest. Two examplesof the certers found by
k-meansare given in Figure 2.4.1(c), which shaws that the algorithm is doing
a reasonablygood job. We tried both 3 certers and 4 certers with k-means;
it appearsthat the 4 certer setting gives us better tissue boundaries. Once
the certers have beenfound, we calculate the thresholdsin the following way

(Kovacevicet al., 2002),

Cec = (Meg+ my)=2 (2.4.1)
Cg = (Mc+ mg)=2 (2.4.2)
Cow = (Mg+ my)=2 (2.4.3)
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whereme, m¢, mg, my, arethe certers found by the k-meansalgorithm, and c,

Cegs Cgw are the thresholdsto be usedin the later step.

Step 4: Blending the Blo ck Images

Having done all the predicting and thresholding, we can now blend the block
imagestogether along with the thresholds using weighting functions. In both
the horizontal and the vertical direction, a pair of functions 1 f (t) and f (t)

is used,where

f()=_ t36t2 15+ 10) ; if 0<t<1 (2.4.4)

8

§ 0 L ift 0

'E 1 N | S

Note f (t) goessmaoothly (secondorder di erentiable) from O to 1, and takes
only nonnegatiwe values(it is a quintic spline). In the casea subblack is cov-
ered by only 2 adjacen blocks, either horizontally or vertically, the weighting
pair 1 f (t) andf (t) is usedfor left (lower) block and right (upper) block respec-
tively. In the casea subblock is covered by 4 adjacen blocks, a tensor product
weighting shemeis used. The weighting functions become[1l f (x)][1 f (y)],
fIL f(y)l, [2 f()If (y), andf (x)f (y) for the lower left block, lower right
block, upper left block, and upper right block respectively. For every overlapped
subblock, the pixel coordinatesare scaledsothat the lower left endpoint of the

subblock is mapped to (0; 0), and the upper right endpoint of the subblack is
mapped to (1;1).
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For the blending of the thresholds, we usethe samesdeme. The di erence
betweenthe blending of the thresholdsand the blending of the block imagesis
that we have constart matricesin the place of block images.The nal number
of thresholding matricesis 3 (one lessthan the total number of classes).

When all the blending is done, we are ready to display the segmenation
results. For the averaging of the thresholds,where all the thresholding triples
are averagedacrossthe blocks, we draw cortour lines at ead threshold level
on the blendedimage; for the blending of the thresholds, we draw cortours at
level = 0 on the di erence imagesbetweenthe blendedimage and the blended
thresholds. A side note is that since the blended image can be considered
as an approximation to the true slice image with the boundariesbetweenthe
tissue types smoothed out, we calculate the thresholds on the blendedimage
as well (recomputed thresholds), and draw contours at thesethresholdsas an

alternative to the previoustwo thresholding schemes.

2.4.2 Some 3-D Tw eaking

Sofar we have presened the algorithm for 2-D case.For 3-D segmetation, some
extra work is needed.The considerationis asfollows. Firstly, the computational
load in the 3-D caseis much larger that that for the 2-D case. Instead of tens
of overlapping blocks, we now have hundreds even thousands of overlapping
cubes. Becauseof the memory and computation time limitation of the ordinary

computers, the cube size can not be too big. A cube of the size 20x20x20
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can still be handled by a PC with about 1 Giga byte memory Secondly we
encourter the problem of not having all the tissuetypespresen in every cube
due to the cube sizelimitation. We needto addressthesetwo problemsin the

3-D algorithm.

Our solution is to tweakthe blending and thresholdinga little bit. Instead of
straightforward blending aswe did in the 2-D case.We will blend only adjacen
cubestogether rst after the GCV scoresare found and prediction is done.
Then we will do thresholding on the intermediately blended cubes. Once this

is done, we blend the thresholdsand blendedcubesasin the 2-D case.

It seemsthat by combining the 3x3x3 adjacert cubestogether, we get very

good results. We will usethis in our segmetation.

2.4.3 Implemen tation

The algorithm diagram for the TPS method is given in Figure 2.4.2. We use
the Condor batch system(URL http://www.cs.wisc.edu/condor/) onthe step?2
and 3 of the algorithm. Sincethe TPS tting and predicting on the individual
blocks (or cubes)is independert of oneanother, and the input of step 3 depends
on the output of step 2 for ead block, we deploy the Condor Directed Acyclic
Graph (DAG) facility (Tannerbaum et al., 2001; Thain et al., 2004) which is
basically a job sdheduling systemwhere independen jobs canrun on di erent

madinesand Condoris in chargeof enforcingthe dependenciesamongthe jobs.
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Figure 2.4.2: Diagram of TPS Algorithm. Note Condor is usedfor the step 2
and step 3 of the algorithm. The input and outputs are denotedby ellipses.
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Most of the computation for the TPS segmetation is donewith the R soft-
ware (URL http://www.r-pro ject.org/), with the exceptionof displaying the re-
sults in Matlab (Mathworks, Natick, MA). For the tting of thin plate splines,
| usethe elds padagein R, which seemsto be sucient for the 2-D case.
But for the 3-D segmetation, the computation becomestoo demanding, and
| switch to the GCVPACK padage (Bates et al., 1987). The reasoncan be
to attributed to 2 factors. First, R currertly doesn't work under the Condor
standard universe, which has the nice chedpointing feature (Tannerbaum et
al., 2001); Second,the R software seemsto have someproblemson 3-D thin
plate splineswith specialknot con guration. The singular value matrix decom-
position fails with the special input of the knots. The elds padagecallsR for

the matrix decomposition.

2.5 Subjects and Image Acquisition

There are two data sourcesfor our segmetations. The rst data sourceis
the Waisman Laboratory for Brain Imaging and Behavior at the University of
Wisconsin-Madison(UW WaismanLab for Brain Imaging and Behavior). High
resolution anatomical MRI scanswere obtained using a 3-Tesla GE SIGNA
(General Electric Medical Systems,Waukesha,WI) scannerwith a quadrature
headRF coil on 12 normal subjects. A three dimensional,spoiled gradiert-echo
(SPGR) pulsesequencevasusedto generateT1-weighted images. The imaging

parameterswere TR/TE 21/8 ms, ip angle30,240mm eld of view, 256x192
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in-plane acquisition matrix (interpolated on the scannerto 256x256),and 128
axial slices(1:2 mm thick) covering the whole brain. The data setshave been
usedin Chung et al. (2004) and other papers.

The seconddata sourceis the Certer for Morphometric Analysis at the
Massatusetts GeneralHospital (http://www.cma.mgh.harv ard.edu/ibsr/). We
downloadedthe 20 normal data with human segmetations from the website.
Three-dimensionalT1l-weighted SPGR MRI scanswere performed on two dif-
ferert imaging systems. Ten FLASH scanson four malesand six femaleswere
performedon a 1:5 TeslaSiemensMagnetom MR System(Iselin, NJ) with the
following parameters: TR/TE 40/8 ms, ip angle50,30cm eld of view, 3.1mm
slice thickness,256x256matrix. Ten 3D-CAPRY scanson six malesand four
femaleswere performedon a 1.5 TeslaGeneralElectric SignaMR System(Mil-
waukee, WI), with the following parameters: TR/TE 50/9 ms, ip angle 50,
24cm eld of view, 3.0mmslicethickness,256x256matrix. Ead imagevolume
has about 60{65 coronal slices. The data setswere usedin Shanet al. (2002)

and other papers.

2.6 2-D Segmentation

2.6.1 Evaluation of TPS Metho d

For the data setsobtained from the UW WaismanLab for Brain Imaging and

Behavior, we usedthe imagefor onesubject in our segmetations. The neural
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network classi er (Kollokian, 1996)was applied to the brain volume. And one
axial slice was segmeted with the TPS method. Sinceit is a norm to do
non-uniformity correction before applying the neural network classi er, both
the TPS and the neural network method were applied to the non-uniformity
correctedimagewith N3 (Sled et al., 1998). We usedvisual inspection on the
results from the neural network method and those from the TPS method.

For the data setsdownloadedfrom MGH CMA, we used5 subjects out of
the 20. The selectionsthemewas as follows: we sorted the subjects basedon
their id's (1.24,2.4,4.8, ), and selectedthe 2nd, 6th, 10th, 14th, 18th sub-
jects. We then applied the SPM segmentation method to the whole volumesof
the subjects, and we alsoapplied our TPS method to one coronalslice nearthe
middle of the brain for ead subject. Note that we have the manual segmeta-
tion for the MGH data, so we get 3 segmetations in total. To compareeadh
pair of segmemmations, we used2 measureof similarity. One is the correlation
coe cient. The other oneis the kappaindex, which is de ned as

2i1S1\ Sy

S1;S) = e 2.6.1
(S1:S2) 150+ 5] (2.6.1)

where S;, S, are the sets of pixels classi ed as one tissue type by the given
segmefation methods, and j j is the number of elemens in the set. This
measurehas beenusedin Shan et al. (2002), Kovacevicet al. (2002), and
Zijdenbos (1994). It hasthe nice property that two equally sizedregionsthat
overlap ead other with half of their areasresult in an index % Also, the index

is sensitive to both di erencesin sizesand locations of S;'s. A slight variation
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of the kappa index is the Jaccardindex (Shanet al., 2002), which di ers from
the kappa index only in the constart and the denominator. These 2 criteria
actually gave us the sameconclusions,so we will stick with the kappa index,
which seemgo be usedmorein the papers.

Sincethe TPS segmeimation givesus the subpixel level results, we needto
convert them to the pixel level to be easily comparedto the manual and the
SPM segmenations. The way we did it wasto calculate the proportion of the
number of subpixelsin ewery pixel that belongto ead class(Figure 2.6.7(c)).
And we got a 4-tuple at every pixel, which sumsto 1. The pixel level proportions
were then usedto calculate the correlation coe cien ts betweenthe TPS and
the other 2 methods. To get the kappa index, we thresholded both the TPS
proportion outputs and the SPM probability outputs. We are only interestedin
the gray matter and the white matter proportions. Sowe computedthe above
mertioned indicesfor ead pair of the segmetations on gray matter and white

matter only.

2.6.2 Results and Plots

The results for the segmetation of the data from UW WaismanLab for Brain
Imaging and Behavior are given in Figure 2.6.1 and 2.6.2. We can seethat
the TPS is doing a quite good job. The neural network is doing a good job
too, but it shovs more inlands becausethe method generates4 discrete classes

(0; 1; 2; 3). The averagingthresholding shemewas usedwith the TPS method
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for the data set.

For the MGH CMA data, we usedthe blendedthreshold sdhhemewhich seems
to work the bestamongthe 3 thresholding schhemesdescriked before. The plots
of the manual segmetation, the TPS segmetation, and the SPM segmetation
for one subject on one slice are given in Figure 2.6.4,2.6.5, 2.6.6 respectively.
The original gray level image for the sliceis given in Figure 2.6.3. Note that
the manual segmetation givesthe discrete classi cation (GM, WM, CSF, and
others); TPS generatesa predicted imagewith 3 thresholding elds, while SPM
producesone probability image for ead tissue class. These are re ected in
the cortour plots. With the subpixel property built in the algorithm, the TPS
segmetation shavs smaother boundariesthan the other methods. Evenat local
regions(Figure 2.6.7(a)-(b)), the TPS method still tracesthe boundary between
WM and GM well without beingtoo wiggly. The similarity measuremets (with
meanand standard deviation) betweenthe 3 methods on all 5 subjects are given
in Table2.6.1. We canseethat the numbersare close,with the meancoe cien ts
for the TPS against manual and those for the SPM against manual all within
one standard deviation of ead other (well below the 1:96 standard deviation).
If we court the number of times TPS is doing better than SPM in terms of eat
index and vice versa,we can nd that there is no de nite winner. Note that
for one of the subjects (subject 4), both the TPS and the SPM failed on the
segmeimation. But TPS did a better job than did the SPM. Our method seems

to be lesssensitive to image non-uniformity.
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Figure 2.6.1: Overlay of the TPS segmetation on one axial slice
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Figure 2.6.2: Overlay of the Neural Network segmetation on the axial slice
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Figure 2.6.4: Overlay of the manual segmetation on the original slice

24



25

20

40

60

80

100

120

Figure 2.6.5: Overlay of the TPS segmetation on the original slice
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Figure 2.6.6: Overlay of the SPM segmetation on the original slice. Both the
gray and the white probability outputs by SPM were thresholdedat level=0.2
to get the red and the blue contour lines respectively.
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Figure 2.6.7: Zoomed plots of the TPS segmetation: (a) TPS result zoomed
to alargerregion, (b) TPS result zoomedto a smallerregion, (c) dots plot with
the certers of the subpixelsshavn as small dots.
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Table 2.6.1: Comparisonof 3 Segmetation Methods on MGH CMA Data

subject Corr. Coef. Kappa Index
no. GM WM GM WM
1 0:660 0:827 0:836 0:872
2 0:702 0:757 0:841 0:827
TPS vs Manual 3 0:654 0:787 0:811 0:850
4 0:410 0:678 0:723 0:770
5 0:612 0:791 0:776 0:838
mean (sd) 0:608(Q115) | 0:768(Q056) || 0:798(0049) | 0:831(Q038)
1 0:675 0:846 0:883 0:866
2 0:686 0:839 0:887 0:880
SPM vs Manual 3 0:637 0:810 0:863 0:842
4 0:091 0:672 0:679 0:753
5 0:450 0:803 0:825 0:824
mean (sd) 0:518(0250) | 0:794(0071) || 0:827(€087) | 0:833(Q050)
1 0:806 0:883 0:848 0:900
2 0:626 0:759 0:794 0:824
TPS vs SPM 3 0:734 0:822 0:808 0:861
4 0:426 0:767 0:730 0:793
5 0:645 0:800 0:785 0:836
mean (sd) 0:647(0143) | 0:806(Q050) || 0:793(0043) | 0:843(0040)

2.7 3-D Segmentation

For the 3-D segmetation, we usethe the data from UW WaismanLab for Brain
Imaging and Behavior. The reasonfor choosingthe Waismandata was because
the MGH CMA data downloaded from the web doesn't have enough slices.
Although the latter hasmanual segmetation, the number of slices(equivalertly
the samplingrate) doesseemto be a bigger concernhere. To evaluate the TPS
method, we compareit againstthe neural network method, simplethresholding,

and SPM. We still usethe imagechosenfor the 2-D segmetations, sinceit has
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neural network segmetation available. The data had beencorrectedwith N3

to reducethe image non-uniformity.

2.7.1 Evaluation Ciriteria

The evaluation criteria will be a little bit di erent from the 2-D casesincewe
don't have the expert manual segmetation. In the 3-D case,we compute the
kappaindex along with 2 other indices: volume similarity (VS), and Tanimoto

index (TN), inspired by Bouix et al. (2005). The de nition for the last 2 indices

is
jiS1 S
VS(S;S) =1 on 22l 2.7.1
(S1; S2) 1507 15 ( )
TN(S,:S,) = 1o Sl +ISil Sal, (2.7.2)

jSil Soj + jS1\ Sof
If welet a; = ]Sl\ Szj, a = ]Sl\ Szj, az = jS]_\ Szj, and s = ]Sl[ Szj (Figure

2.7.1),then the indicescan be expresseds

284
S$:S)s ————— 2.7.3
(S1;S2) et ayt o (2.7.3)

jaz  ag

VS(S;S) =1 a2 X 2.7.4
( L 2) 23.1"‘ a + a3’ ( )

a, +
TN(S1Sy) = 17 % (2.7.5)

a;+ 2a,+ 2az+ ay
The volume similarity, by its hame, measureshow similar two setsare in
terms of their volumes;and the Tanimoto index measureshe degreeof similarity

betweentwo setsby alsoreferring to the whole set.
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Figure 2.7.1: Venn diagramsfor two setsS; and S, represeted as circles (left
and right respectively). The synbols a;, a,, az, a, denotethe number of ele-
merts in the correspnding shadedregions.
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After the indicesare obtained, one can get a further measuremen of agree-
mert of di erent methods by calculating the Williams' index (Bouix et al.,

2005),which is de ned as,

(2.7.6)

]
le - _p (I’ 2) pl i%r;j%j (IJO;IJ)
2 1oy 1o go ayjorj (joiljed
wherej is the j-th method, r is the total humber of methods compared,and

(Ig; 1) is the similarity measurebetweenthe 2 methods in question.

Methods

1 /0.8/0.9/0.5
0.8 1 10.4|0.
0.9/0.4| 110.6

0.5(0.7/0.6] 1

(I12:14)

Figure 2.7.2: lllustration of the computation of Williams' index for one method
(the rst row). Eadc row (or column) represets one method, with the numbers
indicating how a pair of methods agrees. The summandsfor the numerator
of the Williams' index are circled by rounded rectangle,the summandsfor the
denominator are circled by triangle. Plot courtesyof Sylvain Bouix.

In Figure 2.7.2,we shov how the index is computedfor the method indexed
by j = 1. For agiven method, the index is proportional to ratio of the closeness
between the method in question and all the other methods to the closeness

within all the other methods. It is arguedin Bouix et al. (2005) and related



31

paper that the index is a good proxy to the criterion basedon comparing one
method againstthe estimatedtruth. The Williams' index hasthe advantage of
being cheapin computation. Without the ground truth, the index seemso be

a good choice.

2.7.2 Visualization

For displaying the segmenations in 2-D, we usedthe cortours. The 3-D gen-
eralization of cortours are the isosurfaces,which are de ned as f(x;y;z) :
f(x;y;z) = Cg, where C is somegiven constart. To visualize an isosurface,
we can useeither Matlab or VTK (Kit ware, Inc., 2003). We useMatlab to cal-
culate the isosurface which takes3-D imageasinput and outputs verticesand
faces.We can then feedthe output to Matlab or VTK to renderthe surfaces.
Both Matlab and VTK have almost the samefunctionalities in terms of vi-
sualization. One note about VTK is that it is a free software and is built for
visualization. In cortrast, Matlab has many other capabilities and is commer-
cial. Somecomputer code for converting Matlab output to VTK data format

and the code for renderingthe surfacein VTK are givenin Appendix A.

2.7.3 Results and Plots

The renderedsurfacesof the 3-D segmetations are given in Figure 2.7.3and
2.7.4,which shov the TPS segmetation is doing a good job. The GM/CSF

surfacesby all 4 methods are not that much di erent. The GM/WM surfaces
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seemto di er more than how the correspnding GM/CSF surfacesdi er from
one another. Note the GM/WM surfaceby the TPS segmetation appearsto
be the smaothest amongthe GM/WM surfacesby all the methods.

Two tables are given for the 3-D segmetations. Table 2.7.1 shavs the
pairwise comparisonsamong the 4 methods. TPS is doing good with respect
to the other methods in terms of the kappaindex and the volume similarity. It
doesslightly worsein terms of the Tanimoto index. And the TPS seemdo do a
better job in white matter segmemation than the gray matter segmetation in
terms of 2 of the indices: kappa index and Tanimoto index. Table 2.7.2 shows
the Williams' index for ead method basedon the 3 indiceswe usedfor pairwise
comparisons.For both gray matter and white matter segmetation, the simple
thresholding method hasthe biggestnumbersfor ead of the 3 indices. TPS is
doing better than the SPM, but worsethan the neural network method in terms
of the Williams' index. Caution should be employed in interpreting the results
from the Williams' index sincewe don't know too well about the properties of

the index yet (it's a relatively new concept).

Table 2.7.1: Comparisonsof the 3-D Segmetations of 4 Methods

Kappa Index || Vol. Similarity || Tanimoto Index
GM | WM GM WM GM WM
TPS vs NNet 0:726| 0:863 || 0:916| 0:811 || 0:619| 0:732
TPS vs SPM 0:725| 0:734 || 0:853| 0:738 || 0:595| 0:658
TPS vs SimpThrh || 0:889| 0:947 || 0:964 | 0:947 || 0:833| 0:907
NNet vs SPM 0:853| 0:846 | 0:936| 0:923 || 0:744| 0:825
NNet vs SimpThrh || 0:810| 0:863 | 0:952| 0:863 || 0:711, 0:808
SPMvs SimpThrh || 0:784| 0:776 || 0:889| 0:788 | 0:658| 0:721
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Figure 2.7.3: 3-D segmetation for GM/CSF surfaces.A: Simple Thresholding;
B: Neural Network; C: TPS Thresholding; D: SPM.

Figure 2.7.4: 3-D segmetation for GM/WM surfaces.A: Simple Thresholding;
B: Neural Network; C: TPS Thresholding; D: SPM.
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Table 2.7.2: Williams' Indicesfor the 4 Methods

GM NNet TPS SimpThrh SPM
KP 0:996 0:957 1:077 0:974
VS 1:036 0:984 1:037 0:946
TN 0:994 0:969 1:125 0:923
WM NNet TPS SimpThrh SPM
KP 1:.026 1:003 1:082 0:899
VS 1:050 0:970 1:051 0:934
TN 1:035 0:975 1:099 0:901

(Note: KP=Kappa Index; VS=Volume Similarity; TN=T animoto Index)

2.8 Summary

We proposedan intensity basedmethod for magneticresonancemage segmen-
tation. The method works both in 2-D and 3-D segmeimations. Our method
doesvery well in the 2-D segmetation. It is still doing a quite good job in the
3-D case. The TPS method can produce subpixel (or subvoxel) segmetation,
which is very usefulfor the partial volume e ect in segmetation. The method
generally gives smoother boundary; it has the potential for more accurately
estimating the distancesbetweenthe cortical surfacesand calculating the cur-
vatures of the surfaces.By using the varying thresholdsgeneratedby the TPS
method, we can overcomethe image non-uniformity. The method appearsto

be a good alternative to the other segmetation methods.
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2.9 Discussion and Future Directions

Segmetation of the brain involveshugeamourt of computation. It is no excep-
tion with our method. The SPM method handlesthe problem through simple
iteration with somestopping criterion; the neural network method hassomeway
of iteration too which givesthe method somespeed. We do GCV searting
on ewery block of the brain, which providesus with accuracyand requiresmore
computing at the sametime. Soour rst stepin the future work would be to
speedup the computation. Under the constrairt of not losing too much accu-
racy, we can considerdoing GCV searting on a subsetof blocks (or cubes).
Somesdiemecan be devisedto selectthe subsetfor GCV.

The secondstep in our future direction would be to get more data and try
our method on the data. If our method appearsto be work well in general
for 3-D segmetation. We can go one step further to use our results in other
applications that require segmetations as the inputs. Also, we can do some
computation on the brain surfaceswe get, sud asthe calculation of distances
and curvatures. The generalizationof our method to other applicationscanalso
be considered,but it should be done only after we have gotten a good handle

on the applications we mertioned before.
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Chapter 3

GCV Smoothing in Functional
Magnetic Resonance Image

Analysis

3.1 Intro duction

In the last chapter, we studied how to do segmetation on structural images.A
related topic is the functional magneticresonancamage (fMRI) data analysis.
For the functional image,the subject lying in the scanners supposedto perform
sometask that is designedo activate parts of the brain. A seriesof \snapshots"

of the brain is obtained and usedfor statistical analysis.

Preprocessingis usually involved in fMRI data analysiswhich includesthe
realignmen, spatial normalization, and spatial smaothing of the images. After
preprocessingthe generalizedinear model (GLM) is applied to the time series
at ead voxel to geta test statistic. This generatesa map onthe brain which can

be thresholdedto locate which parts of the brain are activated while performing
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the task.

Becauseof the hugeamourt of voxelsin the brain, simple statistical methods
are preferredfor fMRI. The GLM usedin fMRI data analysisusually assumes
the noiseis idertically independenly distributed (i.i.d.) or hasa autocorrelated
structure. If the assumptionis violated, somecorrectionshave to be done. Two
ways for handling this problem is temporal smoothing (Friston et al., 1995;
Worsley and Friston, 1995)and whitening (Bullmore et al., 1996). The whiten-
ing involves modeling the intrinsic autocorrelation with a pre-speci ed struc-
ture. Sincethere is always the possibility of misspecifying the autocorrelation,
smaothing seemsto be more appropriate in this kind of setting comparedto
whitening (Friston et al., 2000; Wahba, 1978). Carew et al. (2003) studied
the e ects of GCV spline smaothing for the problem and found that the GCV
smaothing givesappropriate degreeof smaothing and the estimate of the vari-
anceof a given cortrast after GCV smaothing is applied is generallyunbiased.
To cast the problem in a related framework, we model ead time seriesas a

partial spline and study the hypothesistesting and inferences.

3.2 Generalized Linear Mo del Approac h

In fMRI data analysis, the generalizedlinear model being considered(Friston

et al., 1995)is

y=X +K; (3.2.1)
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wherey = (y1; ;¥n)" isann 1 equally-spacedsamplesof the time series X
is the model matrix with columnsthat cortain signalsof interest and nuisance
signals, is an unknown parameter,K is an unknown matrix which character-
izesthe intrinsic autocorrelation,and N (0; 2I).

Note underthis setting, eventhe naive ordinary leastsquare(OLS) estimator
of is unbiased,but the varianceestimator of the estimator of a given cortrast
c” wherec is a column vector of the samelength as  will be biasedwithout
knowing the true K. By multiplying a smaoothing matrix S to both sidesof

equation (3.2.1), we have
Sy=SX + SK: (3.2.2)

If we selectthe smaothing matrix S properly, we may end up with the
following relation SK,KIST SKK TST, whereK , is an assumedmatrix for
K . The varianceestimator of the estimator ¢c” ™ with the OLS " from equation
(3.2.2) will generallybe lessbiasedrelative to the true varianceof ¢’ " than the
variance estimator of the correspnding estimator for ¢  without smaoothing.

The OLS estimator of " for equation (3.2.2) is
"= (XTSTSX)* X TSTSy; (3.2.3)

where™ is the pseudoinversethat satis es the Moore-Penroseconditions.

Let V = KK T, then the covariancefor the estimator Nis

Var(") = 2(XTSTSX)*XTSTSVSTSX(XTSTsX) ' (3.2.9)
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Givenacortrast ¢’ , anapproximate t-test statistic for testingHo: ¢ =0
can be constructedas

e O (3.2.5)
cVar(Me

To get the estimate\)ar(’\), we replace 2 in equation (3.2.4) with

n _ (RY)'Ry

TRV (3.2.6)

whereR =1  SX(XTSTSX)*XTST, andV, = K, K] is an appraximation to
the true V. The V in equation (3.2.4) is replacedwith V , aswell.

The degreesof freedomfor the t-test statistic can be estimated with

[tr (RVa)]*

T & (RV.RVa) (3:2.7)

It wasfoundin Carewet al. (2003)that V , = SS™ whereS is the smoothing
matrix from the GCV spline works quite well, we will usethis setting for the

later analysis.

3.3 Partial Spline Mo del Approac h

Another approad to the sameproblem is the partial spline model (Wahba,

1990;Chiang et al., 1999;and elsewhere)

y=X, +f({)+ ; (3.3.1)
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Where X, is a matrix with the columnsfor the signalsand nuisanceasin the
GLM approad), is a parametervector, f () is a smooth function, t isann 1
vector represeting the time points at which y is obsened,and N (0; 2I).

The solution for and f () is found by solving the optimization problem
Z

H 1 2 tr 0 2
Zgg!fnZH ﬁky Xy, f()ko+ . (f ¢s))%ds; (3.3.2)
where H is a reproducing kernel hilbert space(RKHS), is the smaothing
parameter,t; and t, arethe rst and last time points respectively.

If we cast the partial spline model in a stochastic processsetting (Wahba,

1990), we have
f(t)=(fF(t);f(t2);  f(ta)T  N(X1;b); (3.3.3)

where X ; is a matrix composed of the columnsthat span the null spaceof
the given penalty functional (secondpart of equation (3.3.2)), is an unknown
vector of parameters, isthe kernelmatrix correspndingto the given penalty,
bis a scaleparameter,and f (t) is assumedo be independert of .

If welet X = (X1 X,), =(T T, then
y=X + Ny ; (3.3.4)

where Ny, N@O;b + 2I).
It is shavn in Wahba (1990) that the minimum variance linear unbiased

estimator of is

N = (/\T /\T)T - (XTM lX) lXTM 1y’ (335)
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whereM =+ ( 2=Bhl. Whenthe parametersh, 2, and satisfy the equation

= 2=(nb), the optimal estimateof X, + f (t) under the optimization setting
will be equalto the correspnding estimate under the stochastic setting.

Using the GCV estimate  of from equation (3.3.2) where the GCV

criterion is de ned as

iy X, f(OK
R T (e (830

ky X2~ f  (t)k?
r( A( )

we can get an estimate of 2 as 2 = . The A() in the previous
two expressionds the smoothing matrix for the optimization problem (3.3.2),
f.(t) is the solution to f (t) with the given smoothing parameter.

Notice * hasthe distribution N( ;b(X™™M !X) 1), anapproximate 2 statitic

for testingHo : ¢ = O0vsHy:c™ 60 canbe constructedas

_ (CT/\)Z .
BeT(XTM 1X) ic’

whereb = ’\2=(n ), andM = +n |. The 2 statistic has one degreeof

T, (3.3.7)

freedom.

3.4 Simulation Study

Two simulations were done to comparethe partial spline model against the
generalizedinear modelwith GCV smoothing (Smoothing+GLM). The purpose
wasto seeif the partial spline model is viable in the fMRI data analysis.

For the rst simulation, we employed the scheme that had been usedin

Carewet al. (2003). First, we usedthe SPM padkageto t a generalizedinear
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model on a real data set, the resulting t-map was usedto selectthe 100\most
activated" voxeles(i.e., the 100time serieswith the largestt-test statistics in
magnitude amongthe whole brain); then the 100time serieswere tted with a
linear model cortaining the constart term and a convolved boxcar function, the
residualsof the linear model were usedto nd the auto-regressie coe cien ts
of an AR(8) model. Using thesecoe cien ts, we constructed 100 AR(8) noise
sequencegone for eat set of coe cien ts). Ead of thesenoisesequenceplus
the boxcar function (Figure 3.4.1)is our simulated time series.One exampleof

the time seriesis givenin Figure 3.4.2.

For the secondsimulation, the data we usedto simulate the smoothing
functionswasfrom a subject who wasresting underthe scannemwhenthe images
were scanned. The same positions (100 voxels) of the brain as in the last
experimert were selected. A smaoothing spline was tted to ead time series;
the tted valueswere scaledto [0; 1] and then usedasthe smaoth badkground
in the simulated time series.One arbitrary part about the simulation was that
the time seriesfor the subject at restis 2 times the length of the time seriesfor
the samesubject in motion. Sol just dropped the additional length of the time
seriesto get length 110time series. The signal part in the simulation was the
boxcar function (Figure 3.4.1) multiplied by the constart 0:6. The simulated
time serieswere the sum of the signal part, the smaoth badkground, and the

white noise(sd=0:5). One exampleof the time seriesis givenin Figure 3.4.3.
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T
20 40 60 80 100
index

Figure 3.4.1: Boxcar stimulus function for the simulation (length=110)

20 40 60 80 100
index

Figure 3.4.2: One exampleof simulated time seriesfrom the signal+AR noise
paradigm
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Figure 3.4.3: One example of simulated time seriesfrom the signal+smaooth
badground+white noiseparadigm

3.5 Analysis and Results

Both the Smoothing+GLM and the partial spline model were tted to the 2
setsof simulated time series.In both models,the matrix X has5 columns. The
rst 4 are polynomialsup to order 3 (in the increasingorder), which are usedas
the drift for the time series.The last column of X is the boxcar function given
in Figure 3.4.1. In the partial spline model, X, consistsof the last 3 columns
of X. The cortrast c of interestis (0;0;0;0;1)" for both models. Note this is
a slightly di erent corvertion as commonly usedin the statistics comrmunity.
The t-test statistics and 2-test statistics were calculatedfor the correspnding

models and the p-valueswere obtained. Somemodel diagnosticswere done for
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ead model under both simulation schemes.

The boxplots of the p-valuesfor the partial spline model and those for the
smaothing+GLM are given in Figure 3.5.1 (a) and (b) for simulation stheme
1 and 2 respectively. Figure 3.5.1(a) shows that under the signal+AR noise
setting, the smoothing+GLM seemdo detect more time serieswith signals(at
level=:05) than doesthe partial splinemodel. Also, the p-valuesfor the smooth-
ing+tGLM have a smallervariancethan thosefor the partial spline model. But
as far as hypothesis testing is concerned,the results from these two models
are closeunder the simulation setting. Under the other simulation setting (sig-
nal+smooth badground+white noise),the partial spline model is doing better
(Figure 3.5.1(b)) than the smaoothing+GLM. Now the partial spline model can

detect almost all the time serieswith signals.

The diagnosticplots for the model tting on the time seriesgiven in Figure
3.4.2and 3.4.3are shawn in Figure 3.5.2-3.5.5.1t seemg&hat under simulation
shemel, both the partial spline model and the smoothing+GLM t the time
seriesquite well, with the residualsfrom the model tting andthe tted values
appearing to be independernt and the normality of the residualsappearing to
be met. Under the simulation sheme2, the model tting of the partial spline

model seemgo be better than that of the smoothing+GLM.
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Figure 3.5.1: Boxplots of p-valuesfor the partial spline model and smooth-
ing+tGLM tted to data simulated under dierent sdhemes. (a) signal+AR
noise;(b) signal+smooth badkground+white noise.
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Figure 3.5.2: Diagnositic plots of the residual vs tted valuesfor the partial
spline model and the smoothing+GLM tted to a time seriessimulated under
signal+AR noisesdieme. (a) Partial spline model; (b) Smoothing+GLM.
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Figure 3.5.3: Quartile-Quantile plots for the partial spline model and the
smaoothing+GLM tted to a time seriessimulated under signal+AR noise
stheme. (a) Partial spline model; (b) Smoothing+GLM.
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Figure 3.5.4: Diagnositic plots of the residual vs tted valuesfor the partial
spline model and the smoothing+GLM tted to a time seriessimulated under
signal+smooth badkground+white noisestheme. (a) Partial spline model; (b)

Smaoothing+GLM.
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Figure 3.5.5: Quartile-Quantile plots for the partial spline model and the
smaothing+GLM tted to atime seriessimulated under signal+smaooth bad-
ground+white noisesdieme. (a) Partial spline model; (b) Smoothing+GLM.
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3.6 Summary and Discussion

We proposedapplying the partial spline model to fMRI data analysis. A hy-
pothesistesting procedurewas given and simulations were done. The patrtial
spline model was comparedagainstthe smoothing+GLM (a popular model in
fMRI data analysis). Our results showv that under di erent simulation schemes,
the partial spline model does a quite good job in terms of model tting and
hypothesistesting. Sinceit is unkown what the true underlying distribution of
the time seriesis in fMRI data analysis, expert opinions might be neededto
tell if the partial splinemodel is comparableto the traditional model after both

models are applied to the real data and other proceduresare performed.
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Chapter 4

A Hybrid Loss for Supp ort

Vector Mac hine

4.1 Motiv ation

In this chapter we considerthe problem of classifying an object, basedon a
vector of attributes, into one of two or more categories. There are many ways
for solving the problem which include the support vector madcine (SVM), tree
methods, neural network, boosting, and etc.. We will study support vector

madhine for the classi cation problem, focusingonly on the two classcase.

Under the SVM setting, we needto solve an optimization problem that
consistsof the sum of two parts (Wahba, 2002), i.e., the cost of using a given
function to classify the data and the smaothnessof the function. Dierent
choicesof the lossfunctions usedin the cost part generallylead to di erent so-
lutions (Hastie et al., 2001). And two of the popular choicesare the hinge loss
and the logistic loss. The squarelossis alsousedquite often becausemarny fast

algorithms are available with the correspnding optimization problem. Some
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concernsone may have for choosing a loss function include the Fisher consis-
tency, sparenessand whether estimating conditional probabilities (Bartlett and
Tewari, 2004)is assaiated with a givenlossfunction. The latter two are alittle

more of interest sincemost corvex lossfunctions we have seenare Fisher consis-
tent, i.e., the sign of the function that minimizesthe expectedlosswith respect
to a given lossfunction is the sameas the sign of the Bayesrule (Lin, 2001).
Among the loss functions we have listed, the hinge loss has sparsesolutions,
but it doesn't estimate the conditional probabilities p(1jx) wherex is a given
attribute vector and 1 represets the positive class. The other 2 lossfunctions
(logistic loss and squareloss) estimate the probabilities, but they don't have
sparsesolutions. Our goalisto nd alossfunction that hasthe nice properties
of both the hinge lossand the logistic loss. The advantage of having sparsity is
the reduction in computing when the decisionrule is usedin prediction. And

the nicenessof being able to estimate conditional probabilities is to give one

more information about the data.

4.2 New Hybrid Loss

Notice the di erence betweenthe hinge lossand the logistic loss(Wahba, 2002;
Hastie et al., 2001). The logistic losslog(1 + e ) is di erentiable everywhere
in (1 ;1 ), while the the hingelossmaxfl ;0g is joined togetherwith two
linear segmets. A natural thought is to changethe logistic lossto piecewise

function too, while maintaining somelevel of cortinuity (Wahba, 2002).
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—— new hybrid loss
--- hinge loss
misclassifi. loss

loss

margin

Figure 4.2.1: Plot of the newlossfunction with parameter = 1:8: alsooverlaid
are the hinge lossand the misclassi cation lossfunctions. Note we changedthe
natural logarithm in the new lossfunction to base?2 logarithm to make all the
lossfunctions passthe samepoint (0; 1).
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The proposedhybrid lossfunction is givenin the following,

I()=_ InL+e ) if < (L+e)nl+e) e (421)

1+e !

8
g In(1+e ) i
:

0 ; if > (1+e)in(l+e) e:

In the equation,thereis oneparameter which cortrols how much onewants
to truncate the original logistic loss. The plot for the hybrid losswith = 1:8is
givenin Figure 4.2.1. For corveniencewedene ( )= (1+e)in(l+e) e.
Note that the lossfunction has rst order cortinuity at = , zero-th order
cortinuity acrossthe wholereal line, and is convex, it can sere as a surrogate
for the 0-1 misclassi cation loss(Figure 4.2.1). Sincethe hybrid lossis a mix of
the logistic lossand the hingeloss,we expect the newlosshasthe nice properties

of both lossfunctions.

Bartlett (2003)studiedthe sparsenesss estimating conditional probabilities
for a family of lossfunction of the form maxf (1 2:(1 )3%g, where(), is
the plus function de ned as maxf ;0g, and is an unknown parameterin the
interval (0; 1]. This lossfunction should have similar properties as our hybrid
loss. The di erences betweenour lossfunction and Bartlett's lossfunction are
similar to those between the logistic loss and the squareloss, i.e., we obtain

better estimate of probabilities at the price of slightly more computation.
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4.3 General SVM and RKHS Framew ork

Under the reproducing kernel hilbert space(RKHS) framework, the optimiza-
tion problem for support vector machine can be formulated as

X
arg min — [(yi(h(x;) + d)) + khkﬁK; (4.3.1)

ngK n i=1
whereHg is a RKHS with kernel K, is the smaothing parameter,and n is
the number of obsenations. It is known from Wahba (2002) that the solution

h(x) to the optimization problem hasthe form

X
h(x) = G K (x;%p): (4.3.2)
j=1
P n . 2 — AT — . . T
Also, we have k i=1 G K(;xj)ki, = ¢ Kqc, wherec= (cy; 1Ch), and K,
is a matrix with the i; j-th ertry K (X;i;X;).
Plugging the expressiorfor norm and equation (4.3.2) into equation (4.3.1),
we get the new form of the optimization problem

1 X X
argm.idn - Iyil oK (xi;x)+d)+ ¢ Kuc: (4.3.3)

i=1 j=1

Let f (x) = h(x) + d, the optimal solution for the data. The obsenations

(X;;Y;)'s which have correspnding ¢;'s equal to O are called support vectors

(SV). Dierent kernels used can have an in uence on the sparsenessf the

represemation of f (x). The common choicesfor kernels are the polynomial
kernel (1 + hx; x9)™ wherem is an integer and the Gaussiankernel exp( k x

xK2=(2 2)).
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4.4 Theoretical Prop erties of the Hybrid Loss

Let P be the distribution of (X;Y) 2 X f 1g, Px be the distribution of the
attribute vector X, and denote the conditional distribution P(Y = 1jX = x)
by p(1jx) for short, the population minimizer argmin; E[I(Yf (X))jX = x] for
the hybrid lossl() is

logit(12 ) ; if IN%E < logit(p)

f(x) = logit(p) it < logit(p) (4.4.1)

logit(z%; 1) ; if < logit(p) In-Lte

1+e

1+e ()

8
% () , if logit(p)  Inite "

() ; if logit(p) > In;Xe:

In the above expression,( ) is de ned as before,p = p(1jx), and logit(p) =
Inz2:8 0 < p < 1. We omit the casesp(1jx) = 0 or 1. For p(jx) = 0, f(x)
canbe any number (); for p(1jx) = 1, f’\(x) canbeany number (). The
derivation of this minimizer is givenin Appendix B.1. A plot of T’\(x) vs p(1jx)
is givenin Figure 4.4.1. The population minimizer shows that the lossfunction
estimatesthe conditional probability whenthe true probability is away from 0
or 1. With the population minimizer, we canshaw that the hybrid lossis Fisher

consisten (Appendix B.2).

In addition, using the value of f (x) to estimate the true probability p(1jx),
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(x)

0.4 0.6

0.0 0.2
P(LX)

Figure 4.4.1: Plot the population minimizer f’\(x) vs the conditional probability

function p(1jx). The middle part is the logit of p(1jx).
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we have 8
[0, ;2] 5 iffx) ()
% Sens it ()< f(x)
B(1jx) 2 oy i < f(X) (4.4.2)
§ it i <f() ()

[, 10 5 iff ) > ():

Note the hybrid lossdoesn't give an exact estimate of the probability when
the population minimizer (or the estimate from the data) is above or belov
somethresholds.

To seeif the hybrid lossgeneratessparsesolutions, we usesomeresults from

Steinwart (2003). We can shov (Appendix B.3) that the proportion of support

vectorsfor the hybrid lossis boundedbelowv by someconstart in probability.

Prop osition 4.4.1. Let K be a universal kernel (Steinwart, 2001) and P be
a prokability measure on X f 1g with no discrete compnentson X. Then
for the hybrid loss SVM using a regularization sequene ( ,) with , ! 0,

n3! 1,n2=logn! 1,andall > 0, wehave
PY(T2 (X f 19" :#SV(fr;,) (S,p INM! I

whee f+. | is the solution to the SVM optimization problem (4.3.1) with the
dataT = f((X1;¥1); ;(Xn;¥n)) 2 (X f 1g)"g and smathing parameter ,,

S .p is equalto
n #

E p(1jX)! + (1 p(jx))l

logit (p(LjX)) In —L=e logit (p(1jX)) ln%

1+e ()
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If the data is distributed sud that the conditional probability p(1jX) =
P(Y = 1jX) takessomevaluescloseto 0 or 1 with non-zeroprobabilities with
respect to the marginal probability Py, we would expect somesparsity in the
solution of the hybrid loss. Note that the Gaussiankernel (among others) is
universal (Steinwart, 2001) which basically requires any cortinuous function
from X to R can be approximated as closeas one wants by somefunction in

Hk in terms of in nit y norm.

4.5 The Optimization Problem

Plugging the hybrid lossinto equation (4.3.3) and introducing someslad vari-
ables i's to relax the the hybrid lossl( ) at the right corner point ( ), we get

the mathematical program for the hybrid lossSVM

8
2 Il(y-(P-n GKxi;x)+d)
mine’ + ncTK,c; subject to )= ) (4.5.1)
o . 0,81 i n
| v B |
In the above expression, = (1; 25 ; n)',e= (L1, ;1)". The function

[1( ) isequalto I( ) when ( ); passingthat point, I;( ) just extendsl( )
all the way down. I;( ) hasonly 2 piecesinstead of 3.

A slight transformation of the above problem is
8

2, o
Yi( = GK(Xi;xp)+d) g(i)
i 081 i nm

mdin e + nc'K,c; subjectto (4.5.2)
c;a;
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whereg() is the inversefunction of I,(). Sincel,() is strictly decreasingand
di erentiable everywhere,g( ) hasthe sameproperties. The nal simpli cation
of the optimization problem s
8
2

P
. . Yil (o gKix)+d)
mdlneTll()+ ncTK,c: subjectto 1= G R X% |
c:a;

i ()81 i n

(4.5.3)

where = (1; 25 5 a)T and () = (li( 1)l 2); ()T, and () is
de ned asbefore.

Note the optimization problem now has nonlinear objective and linear con-
straints which arein a form readily sohable with the MINOS padage(Murtagh
and Saunders,1983). | wrote someFortran code to compute the hybrid loss
support vector maciine with MINOS. Somefurther derivation can be doneto
nd the dual problem of the optimization problem. The KKT conditions can

be found after the dual problem is derived.

4.6 Choosing the Parameters

For the support vector machine under the regularized RKHS framework, we
always facethe problem of choosingthe right smoothing parameter . If we use
the Gaussiankernel for the reproducing kernel, we needto choosethe kernel
parameter 2 aswell. Note for the hybrid loss, there is another parameter

that cortrols how much to truncate. All of theseparametersrequiressomeway

of choosingthem.
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We usethe 5-fold crossvalidation for choosingboth the smoothing parameter
and the kernel parameter 2. The method was usedbecauseit is available
with any SVM, and we needto comparethe hybrid lossagainstthe hinge loss
and the logistic loss. Also, 5-fold seemso be a compromisebetweenthe leave-
out-one and the 10-fold. The 5-fold crossvalidation actually works well for a

lot of applications.

To choosethe parameter in the lossfunction, we have to usea di erent
procedure. Notice the plot for the hybrid lossfunction (Figure 4.2.1),the lossis
nondecreasingvith the increaseof andagivenmargin . We make a table for
dierent 's, whereead correspndsto a truncation proportion. We choose

the that givesa desiredproportion.

4.7 Simulation Study

We did somesimulation to seef the hybrid lossis doing what we expected. Both
one dimensional caseand two dimensional casewere tried. Gaussiankernels
wereusedwith all the SVMs, and 5-fold crossvalidation was usedto choosethe
smaothing parametersand kernel parameters. The value usedin the hybrid

lossSVM was 1:0.
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4.7.1 1-D Simulation

For the 1-D case,we sampled 300 data points from the normal distribution
N (0; 2) asthe valuesfor the attribute variable X . The conditional probability
function p(1jx) hadthe form (0:5sin(0:4 X)+ 0:5) It 1.25¢<x< 1:25gF ltx 1:255. This
meansabout onethird (2(1 ( 5\9'2—;)) 0:38) of the data hasprobabilities equal
to either O or 1, , where ( ) is the standard normal cumulative distribution
function. We wanted to seehow the estimatesfrom the hybrid lossdi er from
the onesfrom the logistic lossand those from the hinge loss.

The results are shown in Figure 4.7.1. The performanceof the logistic loss
was quite surprising, which shows the true conditional probability is estimated
accurately The smoothing parametermight have played somerole in condition-
ing the estimates. The estimatesfrom the hinge lossare closeto the population
minimizer sign(p(1jx) 1=2). The estimatesfrom the hybrid lossgoto its pop-
ulation minimizer too. The hybrid lossdoesgive a solution that is a mix of the

solution from the hinge lossand the onefrom the logistic loss.

4.7.2 2-D Simulation

For the 2-D simulation, we sampled400(X 1; X ,)'s from the uniform distribution
on the square[ 1;1]2. The conditional distribution p(1j(x1;X»)) was chosento
P p_ p
be[O:SSm(IO 2 (r 3B)+05]1.r5_ 3+l 3, wherer = xZ+ x3,the
5 <%0 fr 2579

distancebetweenthe point (x1;X,) andthe origin. This conditional distribution

implies that about 41% of data points have conditional probability p(1j(x1; X2))
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Figure 4.7.1: 1-D simulation results. The triangles and crossesrepreseh the
data for positive classand negative classrespectively with their horizortal po-
sitions correspnding to the x values. The raw estimatesfrom hinge lossSVM
were plotted. For the logistic regressionand the hybrid method, the transfor-
mation 2¢/ =(1+ € ) 1 wasapplied to the estimates.
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either 0 or 1. The SVMs with the 3 di erent lossfunctions were tted to the

data. The result for the hybrid lossis givenin Figure 4.7.2.

Figure 4.7.2: 2-D simulation result. The solid circlesfrom the innermostto the

outermost are the x's with the logt (p(1jx)) equalto ( ), 0, ( ) respectively.
The dotted lines arethe cortours on the estimatesfrom the hybrid method with

the correspnding levels.

The plot shownsthat the solution from the hybrid lossgoesto the population
minimizer with the selectionofthe and 2 by 5-fold crossvalidation. This im-
pliesthat we canusethe hybrid lossto target a speci ¢ value of the conditional
probability, while the new loss provides further conditioning of the estimates

from the logistic losswith a smoothing parameter.
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Table 4.8.1: Summary of WisconsinBreast CancerData

item | value
number of instances| 699
number of attributes | 9
attribute type | integervalue 1-10
number of classes 2
missing attribute values| 16 with missingvalues
classdistribution | 458 benign, 241 malignant

4.8 Real Data Example

To seehow the hybrid lossis doing as a classi cation method and its other
properties, we applied the newlossalongwith the hingelossand the logistic loss
to the Wisconsin Breast Cancer data downloadedfrom UCI madine learning

data repository (URL http://www.ics.uci.edu/ mlearn/MLRep ository.html).

The data set we used was donated by Dr. Olvi Mangasarianof Univer-
sity of Wisconsin-Madison. It has been used in Wolberg and Mangasarian
(1990), Zhang (1992), and Aaron (1998). The classi cation accuracywas high,

at around 93%.

The summaryof the datais givenin Table4.8.1. We canseeall the attributes
are orderednumbers, and there are somecaseswith missingvalues. To simplify
the computation, | just deletedall the caseswith missingattributes and treated
the scalenumbers as truly numeric. The actual data set being used has size

683.

The number of misclassi edcasedor the hingeloss,the logistic loss,and the
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hybrid losson the 683 caseswith the (; 2)'s selectedoy 5-fold crossvalidation
and setto 1 are 18, 17, 16 respectively. The accuracyis around 97%. It
appearsthat number of support vectorsfor hybrid lossis betweenthat for the
hinge loss and that for the logistic loss, with the hinge loss having the most
sparsesolution. The box-plots of of the raw estimatesfrom the 3 lossfunctions
are given in Figure 4.8.1. It shows that the hybrid losshasa truncation e ect
on the estimatesrelative to those from the logistic loss. The histogram of the
transformedestimates(with the inverselogit transformation) for the logistic loss
and that for the hybrid lossare given in Figure 4.8.2(a) and (b) respectively.
We can seethe overall shape of the estimatesfrom hybrid lossstill looks like

that of the logistic loss,with the truncation e ect quite evidert.

Estimates

L L L
SVM Logit Hybrid

Figure 4.8.1: Box-plots of the estimatesfrom di erent lossfunctions on Wis-
consinBreast Cancerdata. Logit standsfor logistic lossin the plot.
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Figure 4.8.2: Histograms of the estimatesfrom 2 loss functions on Wisconsin
Breast Cancer data. (a) Logistic loss; (b) Hybrid loss. The estimateswere
transformedwith the function & =(1 + €).



69

4.9 Summary and Discussion

In this chapter, we presented a new lossfunction that is a hybrid of the logistic
lossand the hinge loss. We expectedour newlossto have the advantagesof the
previous?2 lossfunctions, i.e., it can estimate probabilities in certain regionand
give sparsesolutions at the sametime. The population minimizer of the new
loss function and the asymptotic bound for the proportion of support vectors
were given. The mathematical program for the SVM with the hybrid losswas
derived and the SVM wasimplemerted with MINOS. Simulations with the new
lossfunction were done and application to WisconsinBreast Cancerdata were
tried. Our new lossfunction seemso deliver what we expected. And it doesa
reasonablgob in terms of classi cation aswell.

Somefurther work on the new SVM would be to nd someother (maybe
better) ways of selectingthe smaothing parameter, the kernel parameter, and
the parameterin the lossfunction. The computation might needto be sped up
a little bit. Finally, nding more applications for the hybrid lossrequiressome

more work.
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Chapter 5

Concluding Remarks

We presened 3 topics in the thesis. The rst two were related to the magnetic
resonancamageanalysis. And the third onewason studying a new hybrid loss

for support vector madine.

For the rst topic, MRI segmetation with thin plate spline thresholding,
a novel smoothing technique was proposedfor structural images. Due to the
huge data size of image data, we designeda divide and conquertechnigue to
smooth the data, and thresholdswere found during the smoothing process.The
combination of the smoothing and thresholding seemsto do a very good job
in terms of segmetation. Many indiceswere computed for comparingthe new
segmetation method againstthe other methods. And cortours and isosurfaces
were drawn to showv the boundariesand surfacesfound by the methods. There

are a lot of of directions worth further studies.

The secondtopic was on functional MRI analysis. Becausethe real time
serieswill never have the covariancestructure asoneexpects. Many techniques
were come up to cope with misspeci cation. We shoved by simulation that

partial splinewith its correspnding hypothesistesting is a good way for fMRI
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analysis. Also, the amourt of smoothing determined by generalizedcrossvali-
dation seemdo be about right for the splines. Application of partial splinesto
the image volume of the whole brain warrants someprospects.

The last topic was on the hybrid lossfor support vector madcine. We pro-
poseda new loss function to achieve the sparsity and to be able to estimate
the conditional probabilities in certain region. The theoretical proofsweredone
and mathematical program was derived. The support vector madine was im-
plemerted with MINOS. The hybrid lossseemdo have both the nice properties
of the hinge loss and the logistic loss. This topic can be related to the MRI
analysisif we can reducethe image for eat subject to someattribute vector
and classi cation needsto be done.

All of thesetopics have in commonis the smoothing, with the rst oneusing
the thin plate spline, the secondone using the partial spline, and the third
one utilizing the Gaussiankernel smaothing splinein the classi cation setting.
Di erent ways of choosingthe smoothing parametersand other parameterswere
studied. In all the applications, crossvalidation seemdo be a very usefultool,
be it the generalizedcrossvalidation with a constarnt factor, the generalized
crossvalidation, or the 5-fold crossvalidation.

In summary, we studied smaoothing in 3 di erent settings. We expect more

problemscan be solved with clever ways of smaothing.
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App endix A

Some Computer Code

A.1 Conversion of Data to VTK Format

function vertface2vtk(v,f,fname,  descript ion)

% VERTFACE2VB4ve a set of vertice coordinates and faces to
% vtk format.

% VERTFACE2VTK(v,f,fname,desip tion )

% v is a Nx3 matrix of vertex coordinates.

% f iIs a Mx3matrix of vertex indices.

% fname is the filename for the output vtk data.

% description is a brief description of the data.
if (nargin<=3), descripton ="' "'; end
fid = fopen(fname,'w’);

fprintf(fid, '# vtk DataFile Version 1.0\n");

fprintf(fid, '%s\n’, description);



fprintf(fid,

'ASCIN\N\nY);

npts = size(v,1);

fprintf(fid,

fprintf(fid,

for i=1l:npts
fprintf(fid, %f

end

'DATASETPOLYDATA\nY);

'POINTS %dfloat\n’, npts);

nfaces = size(f,1);

for i=1l:nfaces

%f %f\n',v(i,1),v(i,2),v(i,3) );
fprintf(fid, POLYGONS %d%d\n', nfaces, nfaces*4);
%d%d %d\n',f(i,1)-1,f(i,2)-1, f(i,

forintf(fid,'3

end

fclose(fid);

3)-1);
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A.2 Rendering a Surface with VTK

# This example shows howto use VTKto render a surface which

# contains a lot of details. The following is in TCLlanguage.

package require vtk

package require vtkinteraction

# Westart by reading somedata that was generated by our method
vtkPolyDataReader reader

reader SetFileName "$VTK_DATA/surf_gray whie t ps.v tk"

# Wewant to preserve topology (not let any cracks form). This
# maylimit the total reduction possible, which we have specified
# at 70%.
vtkDecimatePro deci

deci Setlnput [reader GetOutput]

deci SetTargetReduction 0.7

deci PreserveTopologyOn
vtkPolyDataNormals normals

normals Setlnput [reader GetOutput]

normals FlipNormalsOn

vtkPolyDataMapper isosurfMapper



isosurfMapper Setinput [normals GetOutput]
vtkActor isosurfActor
isosurfActor  SetMapper isosurfMapper

eval [isosurfActor  GetProperty] SetColor 0.8 0.7 0.7

# Create the RenderWindow,Renderer and the Interactor
vtkRenderer renl
vtkRenderWindowrenWin
renWin AddRenderer renl
vtkRenderWindowlInteractor iren

iren SetRenderWindowrenWin

# Add the actor to the renderer, set the background and size

renl AddActor isosurfActor
renl SetBackground 1 1 1

renWin SetSize 250 250
# add 2 events to the renderer
iren AddObserver UserEvent {wm deiconify .vtkinteract}

iren AddObserver KeyPressEvent KeyPress

vtkWindowTolmageFilter w2i
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vtkPostScriptWriter  psw

proc KeyPress {} {
set key [iren GetKeySym]
if { $key =="z" } {

puts "write image to ps file."

w2i Setlnput renWin

w2i Modified

psw Setlnput [w2i GetOutput]
psw SetFileName "vtkimgout.ps"

psw Write

# set the camera

vtkCamera caml
caml SetFocalPoint 0 0 O
camlSetPosition 11 1
caml1l ComputeViewPlaneNormal

camlSetViewUp1l 0 O
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camlOrthogonalizeViewUp
renl SetActiveCamera caml

renl ResetCamera

iren |Initialize

# prevent the tk window from showing up then start

wmwithdraw .

77

the event loop



78

App endix B

Deriv ation and Pro of

B.1 Deriv ation of the Population Minimizer for
the Hybrid Loss

Denoting E[I(Yf (X))jX = x] by E(f ) for short, we have

: pin(1+e ) ; f ()
% pinl+e )+ @ pln(t+e )+ 55 5 ()<f
E(f) = plnl+e ™+ @ p) @+ ¢€) , f <
§ pin(t+e ) fZl+@ ph@a+e) ; <f ()
(1 pIn(1+¢€) > ()
(B.1.1)
Then taking partial derivative of the above function w.r.t. f, we get
jes B O)
% Bet i Q<
wt G < (8.12)
§ 2o+ G2 <t ()
@ _pe > ()

1+ef
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In the above equations( ) = (1+e)in(l+e) e,andp=P(Y = 1jX = x).
Noting the signsof the derivativeswhenf isin di erent intervals, and letting
the derivative be 0 in the interval if O is attainable, we get the minimizer f(x)

of the expected conditional lossasin the following,

- () , if logit(p)  Inite
logit(*2 L) ; if Inte ) < logit(p)
f(x) = logit(p) i < logit(p) (B.1.3)
Iogit(l—'oplje ) 5 if <logit(p) InzEe
() ; if logit(p) > InsF&:

For the special casesof p(1jx) = Oor 1, it is easyto nd the correspnding

f(x) is any number () or any number ().

B.2 Pro of of the Fisher Consistency of the Hy-

brid Loss

Using someresults from Lin (2001), we only needto ched 2 conditions and to
shaw that the global minimizer () of E[I(Yf (X))] exists.

The 2 conditionsin Lin (2001) are:
LI()<I( );8 >0.

2. 190) 6 0 exists.
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The rst condition is satis ed by the hybrid losswith the parameter sat-
isfying( )= (2+e)in(l+e) e > 0. Similarly, the secondcondition is
satis ed with the samerestriction.

The global minimizer of of E[I(Yf (X))] existsbasedon our previousderiva-
tion and the fact that the marginal p.d.f. p(x) 0; 8x.

The thing remainingto shav is ( ) > 0;8 2 R. Consider rst the 0
case,(l+e)in(1+e)>0inthiscaseand e Otoo.If >0,1+e > e
andIn((1+ e)> > 0. In both caseswe have ( ) > 0. Sothe hybrid lossis

Fisher consisten.

B.3 Pro of of the Sparseness of the Hybrid Loss

We will prove the sparsenessf the hybrid lossfor the 0 case.The proof of
the < 0O caseis similar, but more technical handling is required.

Using the Theoremin Steinwart (2003), we only needto ched a few condi-
tions and calculate somequatrtities for the hybrid loss. In Steinwart's notation,
L(y;t) is equalto I(yt), wherel() is the hybrid loss.

First we needto shaw that the hybrid lossis strongly admissible. Notice
that the Fisher consistencyimplies admissibility (i.e. the population minimizer
estimatesthe correct signwhen p(1jx) is not equalto 1=2), the thing remaining
to be shown is the cardinality of F| (a) is 1 for all a2(0; 1) with a61=2. This is
evidert from equation (B.1.3).

Secondlywe needto shaw that the hybrid lossis regular. Using Steinwart's
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de nition and noting that the hybrid lossis corvex, we have

iLiv 1 aaly = 75 82> 0 (B.3.1)

In the above expressionwe usedthe fact that the hybrid lossis di erentiable
exceptat onecornerpoint ( ). The inequality f (x1) f(xo) fAXo)(X1 Xo)
holds for any cornvex and di erentiable function f .

Notice that e*=(1 + €?) takesvaluein (1=2; 1) for any a > 0, we have
JLiv [ aal;<1<ZLy [ aaiy 8a>0 >0 (B.3.2)
The in nit y norm of the hybrid lossin a given interval is
KLiv | aak, = In(1+ €): (B.3.3)

Using the trivial inequality 1+ x < (1+ x) ,forany x> 0and > 1,we

get
INnl+e?)<Inl+6e) = In(l+€e*); 8a>0;, > 1 (B.3.4)
For the case0 < 1, we have
In1+e? In(l+¢€&%); 8a>0,0< 1 (B.3.5)

If welet c = maxf2; g, and alsonotice the monotoneproperty of the loss
function L(y;t) for giveny = 1andy = 1, we provedthe hybrid lossis regular.
The hybrid lossis convex by our de nition. We now needto calculate a

q
few quartities. For the hybrid loss, = S&O*LCL0 - 22 gpgqC =
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supf g K(x;X) : x 2 Xg is a constart for a given kernel (C = 1 for Gaussian

kernel), we have

SRS
iLoj= -S4 =0 as.! O (B.3.6)

2in 2
1+e n°©

and

2Inn2C) =0( ,*?); as ,! O (B.3.7)

KL k; =In(1+e

Since F_ (1=2) = 0 and the loss function L(y;t) is dierentiable at t =
O for bothy = 1 andy = 1 when the parameter 0, we then have

@L( 1,F (1=2)) = 1=2respectively, this implies S_.., = P(S), where
S=1(Xy) 2 Xeont f 19:062@L(y;F_(p(1jix))\ R)g: (B.3.8)

In the above expression Xcont = fX 2 X : Px(fxg) = 0gandR = (1 ;1).
By focusingour attention to the classof distribution P (X;Y) with cortinuous

marginal distribution Py (i.e. Xcont = X), We have

[ 0
S= (x1): (% |n11++7ee() o 1 (X In% (B.3.9)

where (x) = logt (p(1jx)).
The proportion of support vectorscan be boundedbelov by
" #

See = P(S)=E p@xX)r e H @ P@XDE e O

e () 1+ e

in probability if the kernel K is universal, and the regularization sequence ,)

satses ,! O,n 3! 1 ,andn 2=logn! 1.
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