
Solutions to Midterm Exam; Statistics 301/371; Summer 2014;

Professor Wardrop;

July 18, 2014

There are two versions of each problem. All prob-

lems on a given page are the same version. For ex-

ample, because problems 2–5 are all on page 3 of the

exam, they are all the same version on each exam.

Some of you had an exam that was all Version 1 [2],

but most of you had exams for which each version

was represented. This process is fair if you agree

with me that, for every question, the versions are of

almost identical difficulty.

1. Problem 1: 5 points.

The density scale histograms on the two ver-

sions have identical shapes. On Version 1 [2],

the point of symmetry is 50.0 [40.0] and the

width of each interval is 2.5 [2.0].

Part (d) is worth two points; the other parts are

worth one point each. A key idea for parts (a)

and (d) is that a histogram being symmetric

does not imply that the data set is symmetric.

This is because histograms typically group data.

Version 1:

(a) Which (one or more) of the following

could be true about the median of these

data?

i. The median is smaller than 50.0.

ii. The median is equal to 50.0.

iii. The median is larger than 50.0.

Answer: All three could be true. Option

(i) would occur, for example, if the num-

bers in the two center positions are 49.8

and 50.0. Option (ii) would occur, for ex-

ample, if the numbers in the two center

positions are 49.7 and 50.3. Finally, op-

tion (ii) would occur, for example, if the

numbers in the two center positions are

49.9 and 50.2.

(b) Determine the number of observations in

the interval with endpoints 32.5 and 40.0.

Answer: The area of the rectangle is

7.5(0.003067) = 0.023; this is the rel-

ative frequency of the interval. The fre-

quency is

1000(0.023) = 23.

(c) Let s be the standard deviation of the orig-
inal data set. Given that s equals one of

the numbers: 2.5, 5.0, 7.5 and 10.0, which

one is it?

Answer: 5.0. According to the Empirical

Rule, the interval 50.0±s will contain ap-
proximately 68% of the data. The options

given for s translate into this interval be-

ing: 2, 4, 6 or 8 rectangles. By inspection,

the center 4 rectangles look possible; the

others have either not enough data or too

much data.

(d) Define a new data set which is obtained

by deleting both the smallest and largest

observations from the original data set.

Thus, this new data set consists of n =
998 observations. Mark each of the state-

ments below either: T if it must be true; F

if it must be false; or M if it might be true

or might be false.

i. The mean of the new data set equals

50.0.
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Answer: M. This would be true, for

example, if the smallest observation

is 32.6 and the largest is 67.4. This

would be false, however, if the small-

est observation is 32.6 and the largest

is 67.3.

ii. The median of the new data set equals

the median of the original data set.

Answer: T. This must be true be-

cause the two center positions for the

new data set are the same as the two

center positions for the original data

set.

Version 2:

(a) Which (one or more) of the following

could be true about the median of these

data?

i. The median is smaller than 40.0.

ii. The median is equal to 40.0.

iii. The median is larger than 40.0.

Answer: All three could be true. Option

(i) would occur, for example, if the num-

bers in the two center positions are 39.8

and 40.0. Option (ii) would occur, for ex-

ample, if the numbers in the two center

positions are 39.7 and 40.3. Finally, op-

tion (ii) would occur, for example, if the

numbers in the two center positions are

39.9 and 40.2.

(b) Determine the number of observations in

the interval with endpoints 26.0 and 32.0.

Answer: The area of the rectangle is

6(0.003333) = 0.02; this is the relative

frequency of the interval. The frequency

is

800(0.02) = 16.

(c) Let s be the standard deviation of the orig-
inal data set. Given that s equals one of

the numbers: 2.0, 4.0, 6.0 and 8.0, which

one is it?

Answer: 4.0. According to the Empirical

Rule, the interval 40.0±s will contain ap-
proximately 68% of the data. The options

given for s translate into this interval be-

ing: 2, 4, 6 or 8 rectangles. By inspection,

the center 4 rectangles look possible; the

others have either not enough data or too

much data.

(d) Define a new data set which is obtained

by deleting both the smallest and largest

observations from the original data set.

Thus, this new data set consists of n =
798 observations. Mark each of the state-

ments below either: T if it must be true; F

if it must be false; or M if it might be true

or might be false.

i. The mean of the new data set equals

40.0.

Answer: M. This would be true, for

example, if the smallest observation

is 26.2 and the largest is 53.8. This

would be false, however, if the small-

est observation is 26.2 and the largest

is 53.7.

ii. The median of the new data set equals

the median of the original data set.

Answer: T. This must be true be-

cause the two center positions for the

new data set are the same as the two

center positions for the original data

set.
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2. Problem 2: 2.5 points.

The response for subject 1 is 18 [24] on Ver-

sion 1 [2].

Remember: On your test problems 2–5 are the

same version.

Version 1:

Ralph performs a balanced CRD and obtains the

data given below.

Subject: 1 2 3 4 5 6

Treatment: 1 2 2 1 2 1

Response: 18 9 12 12 21 24

Calculate the values of x̄, ȳ, u, r1 and r2 for

Ralph’s data.

Answer: We get:

x̄ = (18 + 12 + 24)/3 = 18;

ȳ = (9 + 12 + 21)/3 = 14; and

u = 18− 14 = 4.

Sorting the combined data we get:

Data: 9 12 12 18 21 24

Position: 1 2 3 4 5 6

Rank: 1 2.5 2.5 4 5 6

Thus,

r1 = 2.5 + 4 + 6 = 12.5 and

r2 = 1 + 2.5 + 5 = 8.5.

Version 2:

Ralph performs a balanced CRD and obtains the

data given below.

Subject: 1 2 3 4 5 6

Treatment: 2 1 1 2 2 1

Response: 24 15 18 18 27 30

Calculate the values of x̄, ȳ, u, r1 and r2 for

Ralph’s data.

Answer: We get:

x̄ = (15 + 18 + 30)/3 = 21;

ȳ = (24 + 18 + 27)/3 = 23; and

u = 21− 23 = −2.

Sorting the combined data we get:

Data: 15 18 18 24 27 30

Position: 1 2 3 4 5 6

Rank: 1 2.5 2.5 4 5 6

Thus,

r1 = 1 + 2.5 + 6 = 9.5 and

r2 = 4 + 2.5 + 5 = 11.5.
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3. Problem 3: 3 points.

Version 1:

Refer to Ralph’s data given in problem 2 above.

On the assumption that the Skeptic is cor-

rect, complete the table for the clone-enhanced

study.

Answer: The first step in problems 3–5 is to

transfer the actual data to the clone-enhanced

table, as I do below.

Sbjt: 1 2 3 4 5 6

Tr. 1: 18 12 24

Tr. 2: 9 12 21

Next, we use the assumption that the Skeptic is

correct to fill in the six blank spaces in the table

above.

Sbjt: 1 2 3 4 5 6

Tr. 1: 18 9 12 12 21 24

Tr. 2: 18 9 12 12 21 24

Version 2:

Refer to Ralph’s data given in problem 2 above.

On the assumption that the Skeptic is cor-

rect, complete the table for the clone-enhanced

study.

Answer: The first step in problems 3–5 is to

transfer the actual data to the clone-enhanced

table, as I do below.

Sbjt: 1 2 3 4 5 6

Tr. 1: 15 18 30

Tr. 2: 24 18 27

Next, we use the assumption that the Skeptic is

correct to fill in the six blank spaces in the table

above.

Sbjt: 1 2 3 4 5 6

Tr. 1: 24 15 18 18 27 30

Tr. 2: 24 15 18 18 27 30
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4. Problem 4: 3 points.

Version 1:

Refer to Ralph’s data given in problem 2 above.

Now assume that the Skeptic is incorrect. As-

sume instead that there is a constant treatment

effect of +4. Complete the table for the clone-

enhanced study.

Answer: As in Problem 3, we start with the ac-

tual data:

Sbjt: 1 2 3 4 5 6

Tr. 1: 18 12 24

Tr. 2: 9 12 21

Next, we use the assumption of a constant treat-

ment effect to complete the table.

Sbjt: 1 2 3 4 5 6

Tr. 1: 18 13 16 12 25 24

Tr. 2: 14 9 12 8 21 20

Version 2:

Refer to Ralph’s data given in problem 2 above.

Now assume that the Skeptic is incorrect. As-

sume instead that there is a constant treatment

effect of +2. Complete the table for the clone-

enhanced study.

Answer: As in Problem 3, we start with the ac-

tual data:

Sbjt: 1 2 3 4 5 6

Tr. 1: 15 18 30

Tr. 2: 24 18 27

Next, we use the assumption of a constant treat-

ment effect to complete the table.

Sbjt: 1 2 3 4 5 6

Tr. 1: 26 15 18 20 29 30

Tr. 2: 24 13 16 18 27 28
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5. Problem 5: 3 points.

Version 1:

Refer to Ralph’s data given in problem 2 above.

The current problem introduces you to a new

idea; thus, be careful!

In Ralph’s study, subjects 1, 2 and 3 are males,

while subjects 4, 5 and 6 are females. Assume

that for the male subjects, there is a constant

treatment effect of +2, but for the female sub-

jects there is a constant treatment effect of −5.
(In medicine sometimes treatments affect men

and women differently.)

With these new assumptions, complete the table

for the clone-enhanced study.

Answer: As in Problem 3, we start with the ac-

tual data:

Sbjt: 1 2 3 4 5 6

Tr. 1: 18 12 24

Tr. 2: 9 12 21

Next, we use the assumptions above to complete

the table.

Sbjt: 1 2 3 4 5 6

Tr. 1: 18 11 14 12 16 24

Tr. 2: 16 9 12 17 21 29

Version 2:

Refer to Ralph’s data given in problem 2 above.

The current problem introduces you to a new

idea; thus, be careful!

In Ralph’s study, subjects 1, 2 and 3 are males,

while subjects 4, 5 and 6 are females. Assume

that for the male subjects, there is a constant

treatment effect of −3, but for the female sub-

jects there is a constant treatment effect of +6.

(In medicine sometimes treatments affect men

and women differently.)

With these new assumptions, complete the table

for the clone-enhanced study.

Answer: As in Problem 3, we start with the ac-

tual data:

Sbjt: 1 2 3 4 5 6

Tr. 1: 15 18 30

Tr. 2: 24 18 27

Next, we use the assumptions above to complete

the table.

Sbjt: 1 2 3 4 5 6

Tr. 1: 21 15 18 24 33 30

Tr. 2: 24 18 21 18 27 24
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6. Problem 6: 11 points.

The two versions have the same preamble, given

below.

Sally performs an unbalanced CRD with n =
30 and n1 = 10. Sally wants to know the sam-

pling distribution of the test statistic U , but de-

cides that finding the exact sampling distribu-

tion is impractical because there are too many

possible assignments. (The number of possi-

ble assignments exceeds 30 million.) Instead,

she performs a computer simulation with m =
1,000 runs. Her simulation yields 14 distinct

observed values of U that are presented, along

with their frequencies of occurrence, in the ta-

ble below.

u Freq. u Freq. u Freq.

−0.95 2 −0.20 165 0.55 54
−0.80 6 −0.05 192 0.70 23
−0.65 17 0.10 174 0.85 6
−0.50 66 0.25 124 1.05 1
−0.35 99 0.40 71 Total 1,000

The various questions below refer to the table

above, but do not refer to each other. Thus, for

example, your answer to part (a) is not used in

part (b).

In part (a), Version 1 [2] has u = 0.55 [u =
0.25].

Version 1:

(a) Suppose that u = 0.55 and the alternative

is >. Find the approximate P-value.

Answer: The frequency of (U ≥ 0.55) is

54 + 23 + 6 + 1 = 84.

Thus, the relative frequency is 0.084.

(b) Suppose that u = 0.25 and the alternative

is <. Find the approximate P-value.

Answer: The frequency of (U ≤ 0.25) is
1000 minus the frequency of (U > 0.25);
the latter of which is:

71 + 54 + 23 + 6 + 1 = 155.

Thus, the frequency we want is

1000 − 155 = 845,

and the relative frequency is 0.845.

(c) Suppose that u = −0.65 and the alterna-

tive is 6=. Find the approximate P-value.

Answer: We need the frequency of (U ≤
−0.65) added to the frequency of (U ≥
0.65). The first is:

2 + 6 + 17 = 25,

and the second is:

23 + 6 + 1 = 30.

Thus, the total frequency is 25 + 30 = 55
and the relative frequency is 0.055.

(d) For any one of the approximate P-values

you obtained in (a), (b) or (c), calculate its

nearly certain interval.

Answer: For 0.084, we get

0.084 ± 3

√

0.084(0.916)

1000
=

0.084 ± 0.026.

The other answers are: 0.845± 0.034 and

0.055 ± 0.022.

Version 2:

(a) Suppose that u = 0.25 and the alternative

is >. Find the approximate P-value.

Answer: The frequency of (U ≥ 0.25) is

124 + 71 + 54 + 23 + 6 + 1 = 279.

Thus, the relative frequency is 0.279.

(b) Suppose that u = 0.55 and the alternative

is <. Find the approximate P-value.

Answer: The frequency of (U ≤ 0.55) is
1000 minus the frequency of (U > 0.55);
the latter of which is:

23 + 6 + 1 = 30.
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Thus, the frequency we want is

1000 − 30 = 970,

and the relative frequency is 0.970.

(c) Suppose that u = −0.35 and the alterna-

tive is 6=. Find the approximate P-value.

Answer: We need the frequency of (U ≤
−0.35) added to the frequency of (U ≥
0.35). The first is:

2 + 6 + 17 + 66 + 99 = 190,

and the second is:

71 + 54 + 23 + 6 + 1 = 155.

Thus, the total frequency is 190 + 155 =
345 and the relative frequency is 0.345.

(d) For any one of the approximate P-values

you obtained in (a), (b) or (c), calculate its

nearly certain interval.

Answer: For 0.084, we get

0.279 ± 3

√

0.279(0.721)

1000
=

0.279 ± 0.043.

The other answers are: 0.970± 0.016 and

0.345 ± 0.045.

7. Problem 7: 10 points.

Version 1 [2] has n1 = 9 [n1 = 24].

Version 1:

An unbalanced CRD yields the following data,

with numerical codes in parentheses.

Response (Code)

Tr. Low (1) Med. (2) High (3) Total

1 2 3 4 9

2 9 6 5 20

Total 11 9 9 29

(a) Calculate the values of r1 and r2.

Answer: The ranks are:

(1 + 11)/2 = 6 for Low;

(12 + 20)/2 = 16 for Med; and

(21 + 29)/2 = 25 for High.

Thus,

r1 = 2(6) + 3(16) + 4(25) = 160 and

r2 = 9(6) + 6(16) + 5(25) = 275.

(b) Given that the data are analyzed by ranks,

which treatment gives larger responses?

In order to receive credit, you must ex-

plain your answer.

Answer: We must compare the mean

ranks:

r̄1 = 160/9 = 17.78 and

r̄2 = 275/20 = 13.75.

Thus, treatment 1 gives larger responses.

(c) I am interested in the sampling distribu-

tion of the test statistic R1 for the sum of

ranks test.

Calculate the standard deviation of the

sampling distribution.
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Answer: First, note that the ti’s are 11, 9
and 9. Thus,

∑

(t3i−ti) = (113−11)+2(93−9) = 2760.

The first term in the variance is

9(20)(30)

12
= 450.

The second term in the variance is

9(20)(2760)

12(29)(28)
= 50.985.

Thus, the variance is

450− 50.985 = 399.015,

and the standard deviation is

√
399.015 = 19.975.

Version 2:

An unbalanced CRD yields the following data,

with numerical codes in parentheses.

Response (Code)

Tr. Low (1) Med. (2) High (3) Tot.

1 10 7 7 24

2 3 2 6 11

Total 13 9 13 35

(a) Calculate the values of r1 and r2.

Answer: The ranks are:

(1 + 13)/2 = 7 for Low;

(14 + 22)/2 = 18 for Med; and

(23 + 35)/2 = 29 for High.

Thus,

r1 = 10(7) + 7(18) + 7(29) = 399 and

r2 = 3(7) + 2(18) + 6(29) = 231.

(b) Given that the data are analyzed by ranks,

which treatment gives larger responses?

In order to receive credit, you must ex-

plain your answer.

Answer: We must compare the mean

ranks:

r̄1 = 399/24 = 16.625 and

r̄2 = 231/11 = 21.

Thus, treatment 2 gives larger responses.

(c) I am interested in the sampling distribu-

tion of the test statistic R1 for the sum of

ranks test.

Calculate the standard deviation of the

sampling distribution.

Answer: First, note that the ti’s are 13, 9
and 13. Thus,

∑

(t3i−ti) = 2(133−13)+(93−9) = 5088.

The first term in the variance is

24(11)(36)

12
= 792.

The second term in the variance is

24(11)(5088)

12(34)(35)
= 94.06.

Thus, the variance is

792− 94.06 = 697.94,

and the standard deviation is

√
697.94 = 26.419.
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8. Problem 8: 8.5 points.

Version 1 [2] has 1094 [1170] in the ‘a’ position

of the 2× 2 table.

Version 1:

My results are summarized in the table below.

R1

Fail to Reject

U Reject H0 H0 Total

Fail to

reject H0 1,094 60 1,154

Reject

H0 186 660 846

Total 1,280 720 2,000

(a) For some number of assignments, the test

statistic R1 made the correct decision and

the test statistic U made the incorrect de-

cision. How many such assignments were

there?

Answer: Because this is a power study,

the truth is that the alternative is true.

Thus, the correct decision is to reject.

Thus, the answer is 60.

(b) For some number of assignments, both

test statistics made the correct decision.

How many such assignments were there?

Answer: For the reasons given in (a), the

answer is 660.

(c) Let rU denote the exact power for the al-

ternative of interest to me and the test

statistic U . Let rR denote the exact power

for the alternative of interest to me and the

test statistic R1.

What is the single number approximation

of rU?

Answer: The relative frequency of rejec-

tion is

846/2000 = 0.423.

(d) Refer to part (c) above. Calculate the

nearly certain interval for rU − rR.

Answer: We identify c = 186, b = 60
and m = 2000. Thus, the nearly certain

interval is

(186 − 60)

2000
± (3/2000)

√
60 + 186 =

0.063 ± 0.024.

Version 2:

My results are summarized in the table below.

R1

Fail to Reject

U Reject H0 H0 Total

Fail to

reject H0 1,170 210 1,380

Reject

H0 75 1,545 1,620

Total 1,245 1,755 3,000

(a) For some number of assignments, the test

statistic U made the correct decision and

the test statistic R1 made the incorrect de-

cision. How many such assignments were

there?

Answer: Because this is a power study,

the truth is that the alternative is true.

Thus, the correct decision is to reject.

Thus, the answer is 75.

(b) For some number of assignments, both

test statistics made the correct decision.

How many such assignments were there?

Answer: For the reasons given in (a), the

answer is 1545.

(c) Let rU denote the exact power for the al-

ternative of interest to me and the test

statistic U . Let rR denote the exact power

for the alternative of interest to me and the

test statistic R1.

What is the single number approximation

of rR?

Answer: The relative frequency of rejec-

tion is

1755/3000 = 0.585.
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(d) Refer to part (c) above. Calculate the

nearly certain interval for rR − rU .

Answer: We identify b = 210, c = 75
and m = 3000. Thus, the nearly certain

interval is

(210 − 75)

3000
± (3/3000)

√
210 + 75 =

0.045 ± 0.017.

9. Problem 9: 3 points.

Version 1 [2] has p̂1 = 0.45 [p̂1 = 0.35].

Version 1:

I performed Fisher’s Test for a balanced CRD.

You are given the following facts: p̂1 = 0.45
and p̂2 = 0.40.

I used our website and obtained the P-values

for the three alternatives; they are 0.3560 and

0.7699. As you have no doubt noticed, I have

given you only two of the three P-values. Here

is your task:

Determine the third P-value and

match each P-value with its alterna-

tive in the table below.

Answer: The key fact to note is that

x = 0.45− 0.40 = 0.05

is a positive number. Thus, if we let B [C] [D]

denote the P-value for > [<] [6=], then we have

the following facts:

B ≤ 0.5 < C;B + C > 1;D = 2B.

(These follow from the two bullets at the bottom

of page 4 of the Notes for the Midterm Also, it

might help if you draw a picture of the num-

ber line and locate x > 0 and −x < 0.) Now

we argue by contradiction. Consider 0.7699. It

cannot be B. If it were D, then B = 0.3849
and

B + C = 0.3849 + 0.3560 < 1.

Thus, C = 0.7699. If D = 0.3560, then B =
0.1780 and

B + C < 1.

Thus, B = 0.3560 and D = 2(0.3560) =
0.7120.

Version 2:

I performed Fisher’s Test for a balanced CRD.

You are given the following facts: p̂1 = 0.35
and p̂2 = 0.40.
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I used our website and obtained the P-values

for the three alternatives; they are 0.3122 and

0.7928. As you have no doubt noticed, I have

given you only two of the three P-values. Here

is your task:

Determine the third P-value and

match each P-value with its alterna-

tive in the table below.

Answer: The key fact to note is that

x = 0.35 − 0.40 = −0.05

is a negative number. Thus, if we let B [C] [D]

denote the P-value for < [>] [6=], then we have

the following facts:

B ≤ 0.5 < C;B + C > 1;D = 2B.

(These follow from the two bullets at the bottom

of page 4 of the Notes for the Midterm. Also, it

might help if you draw a picture of the num-

ber line and locat x < 0 and −x > 0.) Now

we argue by contradiction. Consider 0.7928. It

cannot be B. If it were D, then B = 0.3964
and

B + C = 0.3964 + 0.3122 < 1.

Thus, C = 0.7928. If D = 0.3122, then B =
0.1561 and

B + C < 1.

Thus, B = 0.3122 and D = 2(0.3122) =
0.6244.

10. Problem 10: 3 points.

Version 1 [2] has p̂1 = 0.55 [p̂1 = 0.65].

Version 1:

I performed Fisher’s Test for an unbalanced

CRD. You are given the following facts: p̂1 =
0.55 and p̂2 = 0.60.

I used our website and obtained the P-values

for the three alternatives; they are 0.3426 and

0.6031. As you have no doubt noticed, I have

given you only two of the three P-values. Here

is your task:

Match each P-value to its alternative.

Note that I am not asking you to determine the

third P-value; thus, one of your answers below

should be ‘unknown.’

Answer: The key fact to note is that

x = 0.55 − 0.60 = −0.05

is a negative number. Thus, if we let B [C] [D]

denote the P-value for < [>] [6=], then we have

the following facts:

B + C > 1;D ≥ B.

(These follow from the two bullets at the bottom

of page 4 of the Notes for the Midterm. Now we

argue by contradiction.

If D = 0.3426 then B ≤ 0.3426 and B + C <
1, a contradiction. If D is unknown, then the

other guys must be 0.3426 and 0.6031 and their

sum will be less than 1, a contradiction. Thus,

D = 0.6031. If B were unknown, then C =
0.3426 and their sum would be less than 1 (re-

member B ≤ D). Thus, C must be unknown

and B = 0.3426.

Version 2:

I performed Fisher’s Test for an unbalanced

CRD. You are given the following facts: p̂1 =
0.65 and p̂2 = 0.60.

I used our website and obtained the P-values

for the three alternatives; they are 0.3480 and
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0.5805. As you have no doubt noticed, I have

given you only two of the three P-values. Here

is your task:

Match each P-value to its alternative.

Note that I am not asking you to determine the

third P-value; thus, one of your answers below

should be ‘unknown.’

Answer: The key fact to note is that

x = 0.65 − 0.60 = 0.05

is a positive number. Thus, if we let B [C] [D]

denote the P-value for > [<] [6=], then we have

the following facts:

B + C > 1;D ≥ B.

(These follow from the two bullets at the bottom

of page 4 of the Notes for the Midterm. Now we

argue by contradiction.

If D = 0.3480 then B ≤ 0.3480 and B + C <
1, a contradiction. If D is unknown, then the

other guys must be 0.3480 and 0.5805 and their

sum will be less than 1, a contradiction. Thus,

D = 0.5805. If B were unknown, then C =
0.3480 and their sum would be less than 1 (re-

member B ≤ D). Thus, C must be unknown

and B = 0.3480.

11. Problem 11: 3 points.

For Version 1 [2] the first probability given is

0.1643 [0.1813].

Version 1:

I performed a balanced CRD and obtained the

number u for the observed value of the test

statistic U . You are given the following two

probabilities.

• P (U < u) = 0.1643.

• P (U = u) = 0.0527.

Obtain the P-value for each of the alternatives

given below.

(a) >.

Answer:

P (U ≥ u) = 1− P (U < u) =

1− 0.1643 = 0.8357.

(b) <.

Answer:

P (U ≤ u) = P (U < u) + P (U = u) =

0.1643 + 0.0527 = 0.2170.

(c) 6=.

Answer: The P-value equals twice the P-

value for <:

2(0.2170) = 0.4340.

Version 2:

I performed a balanced CRD and obtained the

number u for the observed value of the test

statistic U . You are given the following two

probabilities.

• P (U < u) = 0.1813.

• P (U = u) = 0.0645.

Obtain the P-value for each of the alternatives

given below.
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(a) >.

Answer:

P (U ≥ u) = 1− P (U < u) =

1− 0.1813 = 0.8187.

(b) <.

Answer:

P (U ≤ u) = P (U < u) + P (U = u) =

0.1813 + 0.0645 = 0.2458.

(c) 6=.

Answer: The P-value equals twice the P-

value for <:

2(0.2458) = 0.4916.

12. Problem 12: 9 points.

The class did poorly on this question. Here is

something to remember for the final: there are

two kinds of questions that I like to ask. First,

questions in which you apply one of the impor-

tant formulas we have covered. Second, ques-

tions in which you realize that there are no con-

venient formulas and you must go back to first

principles. Problem 12 is the second type of

question and many people treated it as the first

type of question.

Both versions give you the same joint sampling

distribution, displayed below.

The table below presents the joint probability

distribution for two random variables: X1—

with possible values 1, 2 and 3—andX2. When

you answer the questions below, please show

your work.

X2

X1 1 2 3 4 Total

1 0.03 0.05 0.04 0.08 0.20

2 0.03 0.07 0.09 0.11 0.30

3 0.04 0.08 0.17 0.21 0.50

Total 0.10 0.20 0.30 0.40 1.00

Part (a) of Version 1 [2] asks you to calculate

the probability that the sum is 5 [4].

Version 1:

(a) Calculate P (X1 +X2 = 5).

Answer: There are 12 cells in the table

above. First, you need to identify which

cells correspond to the event of interest. I

label them with the letter ‘O’ below.

X2

X1 1 2 3 4 Total

1 O

2 O

3 O

Total

Thus, the probability of interest is

0.08 + 0.09 + 0.08 = 0.25.
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(b) Let A denote the event: X1 is an even

number. Let B denote the event: X2 is

larger than 2.

Calculate P (AB).

Answer: There are 12 cells in the table

above. First, you need to identify which

cells correspond to the event of interest. I

label them with the letter ‘O’ below.

X2

X1 1 2 3 4 Total

1

2 O O

3

Total

Thus, the probability of interest is

0.09 + 0.11 = 0.20.

(c) Refer to part (b). Calculate P (A or B).

Answer: There are 12 cells in the table

above. First, you need to identify which

cells correspond to the event of interest. I

label them with the letter ‘O’ below.

X2

X1 1 2 3 4 Total

1 O O

2 O O O O

3 O O

Total

Thus, the probability of interest is

0.04+ 0.08 +0.30 + 0.17+ 0.21 = 0.80.

Version 2:

(a) Calculate P (X1 +X2 = 4).

Answer: There are 12 cells in the table

above. First, you need to identify which

cells correspond to the event of interest. I

label them with the letter ‘O’ below.

X2

X1 1 2 3 4 Total

1 O

2 O

3 O

Total

Thus, the probability of interest is

0.04 + 0.07 + 0.04 = 0.15.

(b) Let A denote the event: X2 is an even

number. Let B denote the event: X1 is

smaller than 2.

Calculate P (AB).

Answer: There are 12 cells in the table

above. First, you need to identify which

cells correspond to the event of interest. I

label them with the letter ‘O’ below.

X2

X1 1 2 3 4 Total

1 O O

2

3

Total

Thus, the probability of interest is

0.05 + 0.08 = 0.13.

(c) Refer to part (b). Calculate P (A or B).

Answer: There are 12 cells in the table

above. First, you need to identify which

cells correspond to the event of interest. I

label them with the letter ‘O’ below.

X2

X1 1 2 3 4 Total

1 O O O O

2 O O

3 O O

Total

Thus, the probability of interest is

0.20 + 0.07+ 0.11+ 0.08 +0.21 = 0.67.
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13. Problem 13: 8 points.

In Version 1 [2] the sequence begins ‘1 1 1’ [‘1

1 0’]

Version 1:

Bert performed n = 20 dichotomous trials and

obtained the data presented below.

1 1 1 0 1 0 0 1 0 1 0 1 0 1 1 1 1 1 0 1

This presentation follows the style used in the

Course Notes; for example, the first three trials

all yielded successes; the fourth trial yielded a

failure; and so on. My use of bold-face type for

failures has no meaning beyond trying to make

it easier for you to do this problem.

(a) For the data above, calculate the values

of x (the total number of successes), r
(the number of runs), v (the length of the

longest run of successes) andw (the length

of the longest run of failures).

Answer: By counting,

x = 13; r = 13; v = 5; and w = 2.

(b) Assume that Bert’s trials are indeed

Bernoulli trials with the value of p un-

known. Next, condition on your observed

values x and n− x.

Calculate the mean and standard deviation

of the sampling distribution of the random

variable R, the number of runs.

Answer: First,

c = 2x(n− x) = 2(13)(7) = 182.

Next,

µ = 1 + c/n = 10.1; and

σ =

√

c(c − n)

n2(n− 1)
=

√

182(162)

400(19)
=

√
3.8795 = 1.970.

(c) Go back in time to before Bert collected

his data. Nature tells you that Bert has

Bernoulli trials and, of course, Nature

knows the numerical value of p. (For the
purpose of this question, let’s pretend you

believe Nature when he/she talks to you.)

Write down the expression for the proba-

bility that Bert would obtain exactly the

sequence given above. Use p, q = 1 − p,
factorials; whatever is appropriate. Nature

does not tell you the value of p; thus, you
don’t need to evaluate (compute the value

of) your expression.

Answer:

p13q7.

Note that there are no factorials because

you were asked for the probability of the

sequence; not that the total number of suc-

cesses would be nine.

Version 2:

Bert performed n = 20 dichotomous trials and

obtained the data presented below.

1 1 0 1 0 0 0 0 1 1 0 1 1 0 1 0 0 1 0 0

This presentation follows the style used in the

Course Notes; for example, the first two trials

both yielded successes; the third trial yielded a

failure; and so on. My use of bold-face type for

failures has no meaning beyond trying to make

it easier for you to do this problem.

(a) For the data above, calculate the values

of x (the total number of successes), r
(the number of runs), v (the length of the

longest run of successes) andw (the length

of the longest run of failures).

Answer: By counting,

x = 9; r = 12; v = 2; and w = 4.

(b) Assume that Bert’s trials are indeed

Bernoulli trials with the value of p un-

known. Next, condition on your observed

values x and n− x.
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Calculate the mean and standard deviation

of the sampling distribution of the random

variable R, the number of runs.

Answer: First,

c = 2x(n− x) = 2(9)(11) = 198.

Next,

µ = 1 + c/n = 10.9; and

σ =

√

c(c − n)

n2(n− 1)
=

√

198(178)

400(19)
=

√
4.637 = 2.153.

(c) Go back in time to before Bert collected

his data. Nature tells you that Bert has

Bernoulli trials and, of course, Nature

knows the numerical value of p. (For the
purpose of this question, let’s pretend you

believe Nature when he/she talks to you.)

Write down the expression for the proba-

bility that Bert would obtain exactly the

sequence given above. Use p, q = 1 − p,
factorials; whatever is appropriate. Nature

does not tell you the value of p; thus, you
don’t need to evaluate (compute the value

of) your expression.

Answer:

p9q11.

Note that there are no factorials because

you were asked for the probability of the

sequence; not that the total number of suc-

cesses would be nine.

14. Problem 14: 3 points.

Version 1 [2] has x = 4 [x = 6].

Version 1:

Write down any sequence of n = 10 dichoto-

mous trials (with, as usual, 1’s for successes and

0’s for failures) that yield all of the following:

x = 4, r = 5, v = 2 and w = 3.

Also, the first and last trials must yield the same

response, either both successes or both failures.

Answer: There are many possible correct an-

swers; mine is below.

0 0 0 1 1 0 1 1 0 0

There were two common errors: fewer than 10

trials; and wrong value for either x or r.

Version 2:

Write down any sequence of n = 10 dichoto-

mous trials (with, as usual, 1’s for successes and

0’s for failures) that yield all of the following:

x = 6, r = 5, v = 3 and w = 2.

Also, the first and last trials must yield the same

response, either both successes or both failures.

Answer: There are many possible correct an-

swers; mine is below.

1 1 1 0 0 1 0 0 1 1

There were two common errors: fewer than 10

trials; and wrong value for either x or r.
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