
Solutions to the Second Midterm Exam; Statistics 371;

Lecture 4; Spring 2015; Professor Wardrop

April 15, 2015

There are two versions of each problem. All prob-

lems on a given page are the same version. For ex-

ample, because problems 3 and 4 are both on page 4

of the exam, they are the same version on each exam.

Problem 1: 7 points.

The value of n is 15 [16] on Version 1 [2].

Parts (a) and (b) were graded as one item and

are worth 3.5 points each; part (c) is worth 1.5

points; and part (c) is worth 2 points.

Version 1:

(a) In order to find the critical region, we as-

sume that the null hypothesis is correct;

hence, we will obtain our probabilities

from the column for p = 0.25.

The alternative is >; thus, the critical re-

gion will have the form (X ≥ c). Wemust

determine the value of c.

Per the instructions in the problem, we

need to find c so that

P (X ≥ c) < 0.10,

but as close to 0.10 as possible. Using

trial-and-error, I begin with c = 6. From
the table,

P (X ≥ 6) = 0.0917 + 0.0393 + . . . .

My guess can’t be correct because the sum

of the first two terms exceeds 0.10. Next,

I try c = 7 and get

P (X ≥ 7) = 0.0393+0.0131+0.0034+

0.0007 + 0.0001 = 0.0566.

Thus, the critical region is (X ≥ 7).

(b) From (a), α = 0.0566.

(c) The null hypothesis is that p = 0.20; thus,
we use this column to obtain probabilities.

The value of α is

P (X ≥ 6) = 0.0430+0.0138+0.0035+

0.0007 + 0.0001 = 0.0611.

(d) We want the power for p = 0.30; thus,
we use this column to obtain probabilities.

The value of the power is

P (X ≥ 6) = 0.1472+0.0811+0.0348+

0.0116+0.0030+0.0006+0.0001 = 0.2784.

Version 2:

(a) In order to find the critical region, we as-

sume that the null hypothesis is correct;

hence, we will obtain our probabilities

from the column for p = 0.25.

The alternative is >; thus, the critical re-

gion will have the form (X ≥ c). Wemust

determine the value of c.

Per the instructions in the problem, we

need to find c so that

P (X ≥ c) < 0.06,

but as close to 0.06 as possible. Using

trial-and-error, I begin with c = 7. From
the table,

P (X ≥ 7) = 0.0524 + 0.0197 + . . . .
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My guess can’t be correct because the sum

of the first two terms exceeds 0.06. Next,

I try c = 8 and get

P (X ≥ 8) = 0.0197 + 0.0058+

0.0014 + 0.0002 = 0.0271.

Thus, the critical region is (X ≥ 8).

(b) From (a), α = 0.0271.

(c) The null hypothesis is that p = 0.20; thus,
we use this column to obtain probabilities.

The value of α is

P (X ≥ 7) = 0.0197 + 0.0055+

0.0012 + 0.0002 = 0.0266.

(d) We want the power for p = 0.30; thus,
we use this column to obtain probabilities.

The value of the power is

P (X ≥ 7) = 0.1010+0.0487+0.0185+

0.0056 + 0.0013 + 0.0002 = 0.1753.

Problem 2: 10 points.

The value of n is 45 [40] on Version 1 [2].

Part (a) is worth 2 points; part (b) is worth 3

points; parts (c) and (d) are worth 1.5 points

each; and part (e) is worth 2 points.

Version 1:

(a) By counting,

x = 27, r = 25, v = 5 and w = 3.

(b) First,

c = 2(27)(45 − 27) = 972.

Thus,

µ = 1 + (972/45) = 22.6 and

σ =

√

972(972 − 45)

45(45)(44)
= 3.18.

(c) The class had a huge amount of trouble on

parts (c) and (d) and this surprised me. For

the runs test and the alternative >, the P-

value is P (R ≥ r) = P (R ≥ 25). We are

going to use a Normal curve to approxi-

mate this probability. We use the Normal

curve that matches the distribution of R
on mean and variance, both of which we

found in part (b). Thus, we enter

A = 22.6 and B = 3.18.

We want the area to the right, so we en-

ter a number for C and, because we want

the continuity correction, we replace 25 by

24.5.

(d) Similar to our answer for (c), we enter the

same values for A and B and enter 25.5 for

D.

(e) Because the mean of the Normal curve,

22.6, is smaller than both 24.5 and 25.5,

it follows that

P1 < 0.5000 < P2.

The Normal curve is symmetric; hence,

P3 = 2P1.

I gave partial credit for saying P3 is twice

the smaller of P1 and P2; but only par-

tial credit because you should have known

that P1 is smaller than P2.

Version 2:

(a) By counting,

x = 21, r = 17, v = 4 and w = 6.

(b) First,

c = 2(21)(40 − 21) = 798.

Thus,

µ = 1 + (798/40) = 20.95 and

σ =

√

798(798 − 40)

40(40)(39)
= 3.11.
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(c) The class had a huge amount of trouble on

parts (c) and (d) and this surprised me. For

the runs test and the alternative >, the P-

value is P (R ≥ r) = P (R ≥ 17). We are

going to use a Normal curve to approxi-

mate this probability. We use the Normal

curve that matches the distribution of R
on mean and variance, both of which we

found in part (b). Thus, we enter

A = 20.95 and B = 3.11.

We want the area to the right, so we en-

ter a number for C and, because we want

the continuity correction, we replace 17 by

16.5.

(d) Similar to our answer for (c), we enter the

same values for A and B and enter 17.5 for

D.

(e) Because the mean of the Normal curve,

20.95, is larger than both 16.5 and 17.5,

it follows that

P2 < 0.5000 < P1.

The Normal curve is symmetric; hence,

P3 = 2P2.

I gave partial credit for saying P3 is twice

the smaller of P1 and P2; but only par-

tial credit because you should have known

that P2 is smaller than P1.

Problem 3: 3 points.

OnVersion 1, the first P-value is 0.1055; on Ver-

sion 2 it is 0.0736.

On both versions, let B denote the P-value for

>; let C denote the P-value for <; and let D
denote the P-value for 6=. We know that

B + C > 1

and that, by symmetry, D is twice the smaller

of B and C .

Version 1:

First,

x = 0.30 − 0.40 = −0.10

is a negative number. Thus,

C < 0.5000 < B and D = 2C.

Let’s start with 0.1055. This cannot be B be-

cause it is smaller than 0.5000. If it were D,

then C = D/2 = 0.0528 and B + C would

be smaller than 1 for either of the possible val-

ues for B. Thus, C = 0.1055 and D = 2C =
0.2110.

If B = 0.8822, then B + C < 1; thus, B =
0.9411.

Version 2:

First,

x = 0.45− 0.35 = 0.10

is a positive number. Thus,

B < 0.5000 < C and D = 2B.

Let’s start with 0.0736. This cannot be C be-

cause it is smaller than 0.5000. If it were D,

then B = D/2 = 0.0368 and B + C would

be smaller than 1 for either of the possible val-

ues for C . Thus, B = 0.0736 and D = 2B =
0.1472.

If C = 0.8452, then B + C < 1; thus, C =
0.9568.
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Problem 4: 4 points.

Your version of problem 4 is the same as your

version of problem 3.

Version 1:

(a) We need to rewrite the event (X1 = X2)
in terms of cells in the table. It is

(X1 = X2 = 2) or (X1 = X2 = 3).

Thus, its probability is

0.06 + 0.16 = 0.22.

(b) We need to write the event (X1×X2 > 5)
in terms of cells in the table. It consists of

the cells (2,3), (3,2), (3,3), (4,2) and (4,3).

Thus, its probability is

0.11 + 0.090.16 + 0.15 + 0.23 = 0.74.

Version 2:

(a) We need to rewrite the event (X1 = X2)
in terms of cells in the table. It is

(X1 = X2 = 2) or (X1 = X2 = 3).

Thus, its probability is

0.08 + 0.18 = 0.26.

(b) We need to write the event (X1×X2 > 5)
in terms of cells in the table. It consists of

the cells (2,3), (3,2), (3,3), (4,2) and (4,3).

Thus, its probability is

0.12 + 0.110.18 + 0.16 + 0.10 = 0.67.

Problem 5: 9 points.

There are 2000 runs in Version 1 and 3000 runs

in Version 2.

Version 1:

(a) This is a power analysis which implies

that the correct decision is to reject the

null. Thus, the cell of interest isR1 rejects

and U fails to reject; its count is 50.

(b) The cell of interest is R1 rejects and U re-

jects; its count is 650.

(c) This is a Chapter 12 problem, the role of p
played by rU . From the table,

p̂ = 900/2000 = 0.450

and the approximate 98% confidence in-

terval is

0.450 ± 2.326

√

0.45(0.55)

2000
=

0.450 ± 0.026.

(d) The nearly certain interval is

(250 − 50)

2000
± 3

2000

√
50 + 250 =

0.100 ± 0.026.

Version 2:

(a) This is a power analysis which implies

that the correct decision is to reject the

null. Thus, the cell of interest is R1 fails

to reject and U rejects; its count is 150.

(b) The cell of interest isR1 fails to reject and

U fails to reject; its count is 1050.

(c) This is a Chapter 12 problem, the role of p
played by rR. From the table,

p̂ = 1800/3000 = 0.600

and the approximate 90% confidence in-

terval is

0.600 ± 1.645

√

0.6(0.4)

3000
=

0.600 ± 0.015.

(d) The nearly certain interval is

(300 − 150)

3000
± 3

3000

√
300 + 150 =

0.050 ± 0.021.
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Problem 6: 5 points.

Jane observes 960 successes in Version 1 and

640 successes in Version 2.

Version 1:

The approximate 95% confidence interval for θ
is

x±1.96
√
x = 960±1.96

√
960 = 960±60.72.

We can infer that

θ = 12λ.

Thus,

960/12 ± 60.72/12 = 80± 5.06

is the approximate 95% confidence interval

for λ.

Version 2:

The approximate 98% confidence interval for θ
is

x±2.326
√
x = 640±2.326

√
640 = 640±58.84.

We can infer that

θ = 16λ.

Thus,

640/16 ± 58.84/16 = 40± 3.68

is the approximate 98% confidence interval

for λ.

Problem 7: 4 points.

Your version of problem 6 is the same as your

version of problem 6.

Version 1:

First, r′ = 9/12 = 0.75. The 90% prediction

interval is

r′x± 1.645
√

r′x(1 + r′) =

0.75(960) ± 1.645
√

0.75(960)(1.75) =

720 ± 58.4.

Version 2:

First, r′ = 8/16 = 0.5. The 95% prediction

interval is

r′x± 1.96
√

r′x(1 + r′) =

0.5(640) ± 1.96
√

0.5(640)(1.5) =

320 ± 42.9.
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Problem 8: 4 points.

Vince observes the PP for 10 minutes in Ver-

sion 1 and for six minutes in Version 2.

This problem is tricky.

Version 1:

Let λ denote the rate per minute. The website

gives Vince the upper bound for θ = 10λ.

You are told that the upper bound for λ
is 0.7906; thus, the upper bound for θ is

10(0.7906) = 7.906. Written as an inequality,

we have

θ ≤ 7.906.

We want the upper bound for p. We obtain this

by using the Poisson to approximate the bino-

mial. We replace θ by np and get the following

approximate upper bound

np ≤ 7.906.

Noting that n = 800, we solve for p and get

p ≤ 0.009882.

Note this approximation works only because

Sean and Vince both have five successes and

they both want the upper 80% confidence

bound.

Version 2:

Let λ denote the rate per minute. The website

gives Vince the upper bound for θ = 6λ.

You are told that the upper bound for λ
is 1.4788; thus, the upper bound for θ is

6(1.4788) = 8.8728. Written as an inequality,

we have

θ ≤ 8.8728.

We want the upper bound for p. We obtain this

by using the Poisson to approximate the bino-

mial. We replace θ by np and get the following

approximate upper bound

np ≤ 8.8728.

Noting that n = 500, we solve for p and get

p ≤ 0.017746.

Note this approximation works only because

Sean and Vince both have four successes and

they both want the upper 86% confidence

bound.

Problem 9: 4 points.

Your version of problem 9 is the same as your

version of problem 8.

Part (a) is worth 1 point; and part (b) is worth 3

points.

Version 1:

(a) The entire process must be one big set of

Bernoulli trials. In particular, the p (not

the p̂) must be the same for the past data

and the future data. Also, the future data

must be independent of the past data.

(b) First,

r = 300/200 = 1.5 and q̂ = 128/200 = 0.64.

The 80% prediction interval is

rx± 1.282
√

rx(1 + r)q̂ =

1.5(72) ± 1.282
√

1.5(72)(2.5)(0.64) =

108 ± 16.8.

Version 2:

(a) The entire process must be one big set of

Bernoulli trials. In particular, the p (not

the p̂) must be the same for the past data

and the future data. Also, the future data

must be independent of the past data.

(b) First,

r = 450/150 = 3 and q̂ = 60/150 = 0.4.

The 90% prediction interval is

rx± 1.645
√

rx(1 + r)q̂ =

3(90) ± 1.645
√

3(90)(4)(0.4) =

270 ± 34.2.
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