
Solutions to the First Midterm Exam; Statistics 371;

Lecture 4; Spring 2015; Professor Wardrop

March 2, 2015

There are two versions of each problem. All prob-

lems on a given page are the same version. For ex-

ample, because problems 3 and 4 are both on page 4

of the exam, they are the same version on each exam.

Some of you had an exam that was all Version 1 [2],

but most of you had exams for which each version

was represented. This process is fair if you agree

with me that, for every question, the versions are of

almost identical difficulty.

Problem 1: 9 points.

The response of subject 1 is 0 on Version 1

and 15 on Version 2.

Parts (a) and (d) are worth 2.5 points each; parts

(b) and (c) are worth 2 points each.

I am ending this page now so that the page

splits later will make the rest of this docu-

ment easier to read.
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Version 1:

(a) By inspection of the data table,

x̄ = (6 + 10)/2 = 8;

ȳ = (0+10+4+8+12)/5 = 34/5 = 6.8;

and u = 8− 6.8 = 1.2.

(b) On the assumption that the Skeptic is cor-

rect, the numbers in the data table do not

change. Thus,

x̄ = (0 + 8)/2 = 4; and

ȳ = (6+10+4+10+12)/5 = 42/5 = 8.4.

(c) The largest value of u is obtained by

putting the two largest response values on

treatment 1. Thus,

x̄ = (12 + 10)/2 = 11;

ȳ = (0 + 6 + 10 + 4 + 8)/5 == 5.6;

and u = 11− 5.6 = 5.4.

This largest value will occur for either of

two assignments: 3,7 and 5,7.

(d) Let c denote the unknown constant treat-

ment effect. For assignment 3,7 we have

x̄ = (10 + c+ 12 + c)/2 = 14.

Solving for c we get c = 3. As a result,

we get the following data values:

Subj: 1 2 4 5 6

Treat: 2 2 2 2 2

Resp: 0 3 4 7 8

(Responses do not change for subjects 1,

4 and 6 because they were on treatment 2

in the actual study. For subjects 2 and 5,

moving from treatment 1 to treatment 2 re-

sults in their responses decreasing by 3.)

Thus,

ȳ = (0 + 3 + 4 + 8)/5 = 4.4.

Version 2:

(a) By inspection of the data table,

x̄ = (13 + 11)/2 = 12;

ȳ = (15+9+7+13+0)/5 = 44/5 = 8.8;

and u = 12− 8.8 = 3.2.

(b) On the assumption that the Skeptic is cor-

rect, the numbers in the data table do not

change. Thus,

x̄ = (9 + 0)/2 = 4.5; and

ȳ = (15+13+7+13+11)/5 = 59/5 = 11.8.

(c) The largest value of u is obtained by

putting the two largest response values on

treatment 1. Thus,

x̄ = (15 + 13)/2 = 14;

ȳ = (9+7+13+11+0)/5 = 40/5 = 8;

and u = 14− 8 = 6.

This largest value will occur for either of

two assignments: 1,3 and 1,5.

(d) Let c denote the unknown constant treat-

ment effect. For assignment 1,5 we have

x̄ = (15 + c+ 13 + c)/2 = 19.

Solving for c we get c = 5. As a result,

we get the following data values:

Subj: 2 3 4 6 7

Treat: 2 2 2 2 2

Resp: 9 8 7 6 0

(Responses do not change for subjects 2,

4 and 7 because they were on treatment 2

in the actual study. For subjects 3 and 6,

moving from treatment 1 to treatment 2 re-

sults in their responses decreasing by 5.)

Thus,

ȳ = (9 + 8 + 7 + 6 + 0)/5 = 6.
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Problem 2: 10 points.

The response of subject 1 is 9 on Version 1

and 20 on Version 2.

Part (a) is worth 3 points; (b) is worth 2.5 points;

(c) is worth 1 point; and (d) is worth 3.5 points,

one-half point for each response.

Version 1:

(a) The sorted data and their ranks are below:

Data: 9 10 10 15 15 15 18

Rank: 1 2.5 2.5 5 5 5 7

(b) From (a),

r1 = 1 + 7 + 5 = 13; and

r2 = 2.5 + 5 + 2.5 + 5 = 15.

(c) To answer this question, we must calculate

the mean ranks for the data:

r̄1 = 13/3 = 4.33; and

r̄2 = 15/4 = 3.75.

Thus, treatment 1 gives larger responses.

(d) The actual assignment was 1,4,6 and the

proposed assignment is 2,3,6.

The responses do not change for sub-

jects 5, 6 and 7 because the proposed as-

signment does not change their treatments

from the original assignment. Thus, their

responses remain 10, 15 and 15, respec-

tively.

Subjects 1 and 4 are moved from treat-

ment 1 to treatment 2; thus, their re-

sponses decrease by 2, to 7 and 16, respec-

tively.

Finally, subjects 2 and 3 are moved from

treatment 2 to treatment 1; thus, their re-

sponses increase by 2, to 12 and 17, re-

spectively.

Version 2:

(a) The sorted data and their ranks are below:

Data: 20 20 23 25 29 29 29

Rank: 1.5 1.5 3 4 6 6 6

(b) From (a),

r1 = 1.5 + 6 + 4 + 3 = 14.5; and

r2 = 6 + 1.5 + 6 = 13.5.

(c) To answer this question, wemust calculate

the mean ranks for the data:

r̄1 = 14.5/4 = 3.62; and

r̄2 = 13.5/3 = 4.50.

Thus, treatment 2 gives larger responses.

(d) The actual assignment was 1,2,4,6 and the

proposed assignment is 2,4,5,7.

The responses do not change for sub-

jects 2, 3 and 4 because the proposed as-

signment does not change their treatments

from the original assignment. Thus, their

responses remain 29, 29 and 25, respec-

tively.

Subjects 1 and 6 are moved from treat-

ment 1 to treatment 2; thus, their re-

sponses decrease by 4, to 16 and 19, re-

spectively.

Finally, subjects 5 and 7 are moved from

treatment 2 to treatment 1; thus, their re-

sponses increase by 4, to 24 and 33, re-

spectively.
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Problem 3: 2.5 points.

On Version 1, the values in the table are 2, 3, 5,

7 and 9. On Version 2, these values are 2, 4, 6,

8 and 9.

Version 1:

The probability histogram is below, followed by

an explanation.

1 2 3 4 5 6 7 8 9 10

0.1

0.2

0.4

0.1

0.2

The distances between the successive values are

1, 2, 2 and 2. The minimum of these is δ = 1.
Therefore, the boundaries of each rectangle are

‘value’ ±0.5, as pictured. The height of each

rectangle equals the probability of its value.

Version 2:

The probability histogram is below, followed by

an explanation.

1 2 3 4 5 6 7 8 9 10

0.2

0.1

0.4

0.2

0.1

The distances between the successive values are

2, 2, 2 and 1. The minimum of these is δ = 1.
Therefore, the boundaries of each rectangle are

‘value’ ±0.5, as pictured. The height of each

rectangle equals the probability of its value.

Problem 4: 2.5 points.

On Version 1, the values in the table are 2, 5, 7

and 9. On Version 2, these values are 2, 4, 6 and

9.

Version 1:

The probability histogram is below, followed by

an explanation.

1 2 3 4 5 6 7 8 9 10

0.15

0.20

0.05

0.10

The distances between the successive values are

3, 2 and 2. The minimum of these is δ = 2.
Therefore, the boundaries of each rectangle are

‘value’±1, as pictured. The height of each rect-
angle equals the probability of its value divided

by 2.

Version 2:

The probability histogram is below, followed by

an explanation.

1 2 3 4 5 6 7 8 9 10

0.10

0.05

0.20

0.15

The distances between the successive values are

2, 2 and 3. The minimum of these is δ = 2.
Therefore, the boundaries of each rectangle are

‘value’±1, as pictured. The height of each rect-
angle equals the probability of its value divided

by 2.
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Problem 5: 10 points.

The number of runs is 5,000 [2,500] in Ver-

sion 1 [2].

Each part is worth 2 points.

Version 1:

(a) We begin by computing the frequency of

(U ≥ 0.7):

315 + 53 + 3 = 371.

Thus, the r.f., 371/1000 = 0.0742, is the
approximate P-value.

(b) We compute the frequency of (U ≤
−0.5):

680 + 194 + 29 + 2 = 905.

Thus, the r.f., 905/5000 = 0.1810, is the
approximate P-value.

(c) We compute the frequency of (U ≥ 0.8):

53 + 3 = 56,

and add to it the frequency of (U ≤
−0.8):

194 + 29 + 2 = 225,

obtaining 56 + 225 = 281. Thus, the r.f.,
281/5000 = 0.0562, is the approximate

P-value.

(d) The inequality is satisfied by the values:

0.1, 0.4 and 0.7. Summing the frequencies

of these values, we get

1472 + 926 + 315 = 2713.

Thus, the r.f., 2713/5000 = 0.5426, is the
approximate value of the requested proba-

bility.

(e) For (a), we get

0.0742±3

√

0.0742(0.9258)

5000
= 0.0742±0.0111.

In a similar way, the answer for (b) is

0.1810 ± 0.0163 and the answer for (c) is

0.0562 ± 0.0098.

Version 2:

(a) We begin by computing the frequency of

(U ≥ 0.8):

84 + 8 = 92.

Thus, the r.f., 92/2500 = 0.0368, is the
approximate P-value.

(b) We compute the frequency of (U ≤
−0.4):

447 + 149 + 27 + 3 = 626.

Thus, the r.f., 626/2500 = 0.2504, is the
approximate P-value.

(c) We compute the frequency of (U ≥ 0.7):

84 + 8 = 92,

and add to it the frequency of (U ≤
−0.7):

149 + 27 + 3 = 179,

obtaining 92 + 179 = 271. Thus, the r.f.,
271/2500 = 0.1084, is the approximate

P-value.

(d) The inequality is satisfied by the values:

−0.4, −0.1 and 0.2. Summing the fre-

quencies of these values, we get

447 + 745 + 692 = 1884.

Thus, the r.f., 1884/2500 = 0.7536, is the
approximate value of the requested proba-

bility.

(e) For (a), we get

0.0368±3

√

0.0368(0.9632)

2500
= 0.0368±0.0113.

In a similar way, the answer for (b) is

0.2504 ± 0.0260 and the answer for (c) is

0.1084 ± 0.0187.
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Problem 6: 6 points.

The total number of subjects, n, equals 24 [26]

in Version 1 [2].

Version 1:

(a) The 24 sorted responses consists of 1 in

positions 1–9; 2 in positions 10–17; and 3
in positions 18–24. Thus, the ranks are

(1 + 9)/2 = 5; (10 + 17)/2 = 13.5; and

(18 + 24)/2 = 21.

Using the ranks derived above,

r1 = 3(5) + 3(13.5) + 5(21) = 160.5.

(b) The mean of the sampling distribution is

µ =
11(24 + 1)

2
= 137.5.

The values of ti are 9, 8 and 7. Thus,

∑

(t3i − ti) = (93 − 9) + (83 − 8)+

(73 − 7) = 1560.

The first piece of the variance is:

11(13)(25)

12
= 297.92,

and the second piece is:

11(13)(1560)

12(24)(23)
= 33.68.

Thus, the variance is:

297.92 − 33.68 = 264.24,

and the standard deviation is:

√
264.24 = 16.26.

Version 2:

(a) The 26 sorted responses consists of 1 in

positions 1–11; 2 in positions 12–21; and

3 in positions 22–26. Thus, the ranks are

(1+11)/2 = 6; (12+21)/2 = 16.5; and

(22 + 26)/2 = 24.

Using the ranks derived above,

r1 = 8(6) + 6(16.5) + 1(24) = 171.

(b) The mean of the sampling distribution is

µ =
15(26 + 1)

2
= 202.5.

The values of ti are 11, 10 and 5. Thus,

∑

(t3i − ti) = (113 − 11) + (103 − 10)+

(53 − 5) = 2430.

The first piece of the variance is:

15(11)(27)

12
= 371.25,

and the second piece is:

15(11)(2430)

12(26)(25)
= 51.40.

Thus, the variance is:

371.25 − 51.40 = 319.85,

and the standard deviation is:

√
319.85 = 17.88.
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Problem 7: 6 points.

The person labeled ‘1’ was Bernadette [Shel-

don] in Version 1 [2].

Each part is worth 2 points.

To make my typing easier, I will drop the

commas from our labels for assignments.

Thus, when I type, say, 125 I mean the as-

signment 1,2,5.

Version 1:

(a) Several persons gave the assignments that

look random instead of what I wanted.

We need to list all assignments that put

both women (1 and 5) on the same treat-

ment. If we put them both on treatment 1,

we get assignments:

125, 135, 145 and 156.

If we put them both on treatment 2, we get

assignments:

346, 246, 236 and 234.

(b) Let’s put Bernadette on treatment 1. She

will need to be matched with either Penny

or Leonard (but not both) and either Shel-

don or Raj (to bring the total to three). The

assignments are:

134, 135, 146 and 156.

In the assignments above, replace

Bernadette (1) with Howard (2), obtaining

234, 235, 246 and 256.

(c) Here we want all of the assignments in (b)

that are also not in (a):

134, 146, 235 and 256.

Version 2:

(a) Several persons gave the assignments that

look random instead of what I wanted.

We need to list all assignments that put

both women (2 and 6) on the same treat-

ment. If we put them both on treatment 1,

we get assignments:

126, 236, 246 and 256.

If we put them both on treatment 2, we get

assignments:

134, 135, 145 and 345.

(b) Let’s put Bernadette on treatment 1. She

will need to be matched with either Penny

or Leonard (but not both) and either Shel-

don or Raj (to bring the total to three). The

assignments are:

125, 126, 245 and 246.

In the assignments above, replace

Bernadette (2) with Howard (3), obtaining

135, 136, 345 and 346.

(c) Here we want all of the assignments in (b)

that are also not in (a):

125, 136, 245 and 346.
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Problem 8: 4 points.

The two Versions have exactly the same ques-

tions, but in different orders. Therefore, you

need to read the answers below carefully.

Each answer is correct or not, with one-half

point lost for incorrect.

Because the standard deviation is greater than 0,

we know that it is not the case that all 20 num-

bers equal 10; i.e., there are at least two distinct

values in the data set. Also, the fact that the

mean and the median are equal does not im-

ply that the data are symmetrically distributed

around 10.

Questions following Delete observation w(20).

(a) The mean is smaller than 10.

Answer: T.

The total of the observations is 20(10) =
200. We know that w(20) > 10 because

at least one observation exceeds 10. Thus,

after deleting w(20) the total of the remain-

ing observations is < 190 which tells us

that the mean is < 10.

(b) The mean equals 10.

Answer: F.

See the answer to (a).

(c) The median is smaller than 10.

Answer: M.

For the new data set, the median is w(10).

For the original data set, the median, 10, is

the mean of w(10) and w(11). If these last

two numbers are both 10, then the state-

ment is false; if not, then the statement is

true. Hence, the answer is M.

(d) The median equals 10.

Answer: M.

See the answer to (c).

Questions following Delete both observations

w(1) and w(20).

(a) The mean is smaller than 10.

Answer: M.

If, for example, w(1) = 0 and w(20) = 21,
then this is true. If, however, w(1) = 0 and
w(20) = 19, then this is false.

(b) The mean equals 10.

Answer: M.

If w(1) + w(20) = 20, then this is true; if

not, then this is false.

(c) The median is smaller than 10.

Answer: F.

For the original data set, the median, 10,

is the mean of w(10) and w(11). For the

new data set, because we have dropped

one value from each end of the list, these

two numbers are still in the center posi-

tions. Hence, the median can not change.

(d) The median equals 10.

Answer: T.

See the answer to (c).
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