
Solutions to Midterm Exam, Stat 371

Spring 2014, Professor Wardrop

There are two versions of each problem.

1. Problem 1: 10 points.

Trial 1 is assigned to treatment 1 [2] on Ver-

sion 1 [2].

Version 1 of Problem 1:

An unbalanced CRD yields the following data:

Trial: 1 2 3 4 5 6 7

Treatment: 1 2 2 2 2 1 2

Response: 5 10 15 0 15 20 10

(a) (1 point.) Which assignment is shown in

this table?

Answer: Trials 1 and 6 are assigned to

treatment 1 and all other trials are assigned

to treatment 2. Following our notation, the

assignment is 1,6.

(b) (2 points.) Calculate the values of x̄, ȳ
and u for these data.

Answer: The computations are:

x̄ = (5 + 20)/2 = 12.5;

ȳ = (10 + 15 + 0 + 15 + 10)/5 = 10;

and u = 12.5− 10 = 2.5.

(c) (2 points.) Assume that the Skeptic is cor-

rect. What is the smallest (negative and

farthest from 0) possible value of u over

the 21 possible assignments?

Answer: Many people forgot/ignored that

n1 = 2 and n2 = 5. Instead, they looked

at all possible values of n1 and n2. They

were eligible for partial credit. I would be

happier if I had mentioned this explicitly,

but it is implicit in my statement that there

are 21 possible assignments.

Assignment 1,4 puts the two smallest re-

sponses on treatment 1; hence, it gives the

smallest possible value of u:

x̄ = (5 + 0)/2 = 2.5;

ȳ = (10 + 15 + 15 + 20 + 10)/5 = 14;

and u = 2.5− 14 = −11.5.

(d) (1 point.) Refer to your answer to (c). List

all assignments (one or more) that yield

this smallest possible value of u.

Answer: As argued above, the assign-

ment is 1,4.

(e) (2 points.) Assume that the Skeptic is cor-

rect. What is the largest (positive and far-

thest from 0) possible value of u over the

21 possible assignments?

Answer: Both assignments 3,6 and 5,6

put the two largest responses on treat-

ment 1, yielding:

x̄ = (15 + 20)/2 = 17.5;

ȳ = (5 + 10 + 15 + 0 + 10)/5 = 8;

and u = 17.5 − 8 = 9.5.

(f) (1 point.) Refer to your answer to (e). List

all assignments (one or more) that yield

this largest possible value of u.

Answer: As argued above, the assign-

ments are 3,6 and 5,6.

Version 2 of Problem 1:

An unbalanced CRD yields the following data:

Trial: 1 2 3 4 5 6 7

Treatment: 2 1 2 2 1 2 2

Response: 5 10 20 15 30 15 20

(a) (1 point.) Which assignment is shown in

this table?

Answer: Trials 2 and 5 are assigned to

treatment 1 and all other trials are assigned

to treatment 2. Following our notation, the

assignment is 2,5.

(b) (2 points.) Calculate the values of x̄, ȳ
and u for these data.

Answer: The computations are:

x̄ = (10 + 30)/2 = 20;
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ȳ = (5 + 20 + 15 + 15 + 20)/5 = 15;

and u = 20− 15 = 5.

(c) (2 points.) Assume that the Skeptic is cor-

rect. What is the smallest (negative and

farthest from 0) possible value of u over

the 21 possible assignments?

Answer: Many people forgot/ignored that

n1 = 2 and n2 = 5. Instead, they looked

at all possible values of n1 and n2. They

were eligible for partial credit. I would be

happier if I had mentioned this explicitly,

but it is implicit in my statement that there

are 21 possible assignments.

Assignment 1,2 puts the two smallest re-

sponses on treatment 1; hence, it gives the

smallest possible value of u:

x̄ = (5 + 10)/2 = 7.5;

ȳ = (20 + 15 + 30 + 15 + 20)/5 = 20;

and u = 7.5 − 20 = −12.5.

(d) (1 point.) Refer to your answer to (c). List

all assignments (one or more) that yield

this smallest possible value of u.

Answer: As argued above, the assign-

ment is 1,2.

(e) (2 points.) Assume that the Skeptic is cor-

rect. What is the largest (positive and far-

thest from 0) possible value of u over the

21 possible assignments?

Answer: Both assignments 3,5 and 5,7

put the two largest responses on treat-

ment 1, yielding:

x̄ = (30 + 20)/2 = 25;

ȳ = (5 + 10 + 20 + 15 + 15)/5 = 13;

and u = 25− 13 = 12.

(f) (1 point.) Refer to your answer to (e). List

all assignments (one or more) that yield

this largest possible value of u.

Answer: As argued above, the assign-

ments are 3,5 and 5,7.

2. Problem 2: 7 points.

Many persons received 0 points for problem 2.

I decided that losing seven points was too great

a penalty. Thus, I changed the value of prob-

lem 2 to five points, giving everyone a ‘free’ two

points. Of course, if you received full credit on

problem two, your extra two points were earned

rather than free.

Your version on problem 2 matches your ver-

sion on problem 1.

Version 1 of Problem 2:

Refer to the data presented in problem 1 on the

previous page. In this question we will not as-

sume that the Skeptic is correct. Instead, in the

parts below, we will assume that there is a con-

stant treatment effect of +10.

(a) (3.5 points) Find the values of x̄, ȳ and u
that would be obtained for assignment 5,6.

Show your work.

Answer: As I described in materials I

emailed to you before the midterm, I rec-

ommend that you create the table for the

clone-enhanced study. Begin with:

Trial: 1 2 3 4 5 6 7

Tr. 1: 5 ? ? ? ? 20 ?

Tr. 2: ? 10 15 0 15 ? 10

Next, apply the constant treatment effect

of +10 to each trial:

Trial: 1 2 3 4 5 6 7

Tr. 1: 5 20 25 10 25 20 20

Tr. 2: −5 10 15 0 15 10 10

We can now proceed as in problem 1:

x̄ = (25 + 20)/2 = 22.5;

ȳ = (−5 + 10 + 15 + 0 + 10)/5 = 6;

and u = 22.5 − 6 = 16.5.

(b) (1 point.) This one is tricky. Find the

largest possible value of u.
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Answer: Assignment 3,5 puts the two

largest responses on treatment 1, yielding:

x̄ = (25 + 25)/2 = 25;

ȳ = (−5 + 10 + 0 + 10 + 10)/5 = 5;

and u = 25− 5 = 20.

(c) (0.5 points.) Refer to (b). List all assign-

ments that would give this largest possible

value of u.

Answer: As argued above, the assign-

ment is 3,5.

Version 2 of Problem 2:

Refer to the data presented in question 1 on the

previous page. In this problem we will not as-

sume that the Skeptic is correct. Instead, in the

parts below, we will assume that there is a con-

stant treatment effect of +15.

(a) (3.5 points) Find the values of x̄, ȳ and u
that would be obtained for assignment 5,7.

Show your work.

Answer: As I described in materials I

emailed to you before the midterm, I rec-

ommend that you create the table for the

clone-enhanced study. Begin with:

Trial: 1 2 3 4 5 6 7

Tr. 1: ? 10 ? ? 30 ? ?

Tr. 2: 5 ? 20 15 ? 15 20

Next, apply the constant treatment effect

of +15 to each trial:

Trial: 1 2 3 4 5 6 7

Tr. 1: 20 10 35 30 30 30 35

Tr. 2: 5 −5 20 15 15 15 20

We can now proceed as in problem 1:

x̄ = (30 + 35)/2 = 32.5;

ȳ = (5 + (−5) + 20 + 15 + 15)/5 = 10;

and u = 32.5 − 10 = 22.5.

(b) (1 point.) This one is tricky. Find the

largest possible value of u.

Answer: Assignment 3,7 puts the two

largest responses on treatment 1, yielding:

x̄ = (35 + 35)/2 = 35;

ȳ = (5 + (−5) + 15 + 15 + 15)/5 = 9;

and u = 35− 9 = 26.

(c) (0.5 points.) Refer to (b). List all assign-

ments that would give this largest possible

value of u.

Answer: As argued above, the assign-

ment is 3,7.

3. Problem 3: 8 points.

The smallest response is 0.11 [0.03] on Ver-

sion 1 [2].

Version 1 of Problem 3:

(a) (3 points.) Complete the following table.

Be careful; the ‘width’ column is missing.

Answer: The completed table is below.

The frequencies are obtained by counting;

the relative frequencies are the frequencies

divided by n = 50; the densities are the

relative frequencies divided by w, which
is, 1, 0.5, 0.5 and 2, for the four class in-

tervals, respectively,

Class Int. Freq. Rel. Freq. Density

0.00–1.00 14 0.28 0.28

1.00–1.50 17 0.34 0.68

1.50–2.00 12 0.24 0.48

2.00–4.00 7 0.14 0.07

(b) (1 point.) According to the Empirical

Rule, approximately 68% of the data fall

between g and h, with g < h. Determine

the numerical values of g and h.

Answer: g = 1.42 − 0.875 = 0.545 and

h = 1.42 + 0.875 = 2.295.
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(c) (2 points.) Refer to part (b) and the values

of g and h that you determined. What per-

centage of the observations actually fall

between the values of g and h?

Answer: Eight values are smaller than g
and 5 values are larger than h; hence, 37
values fall between them. The answer is

37/50 = 0.74; i.e., 74%.

(d) (2 points.) Calculate the smallest and

largest deviations in this data set. Hint:

Smaller [larger] means farther to the left

[right] on the number line.

Answer: The smallest is 0.11 − 1.42 =
−1.31 and the largest is 3.63 − 1.42 =
2.21.

Version 2 of Problem 3:

(a) (3 points.) Complete the following table.

Be careful; the ‘width’ column is missing.

Answer: The completed table is below.

The frequencies are obtained by counting;

the relative frequencies are the frequencies

divided by n = 50; the densities are the

relative frequencies divided by w, which
is, 0.5, 0.5, 2 and 1, for the four class in-

tervals, respectively,

Class Int. Freq. Rel. Freq. Density

0.00–1.00 10 0.20 0.40

1.00–1.50 15 0.30 0.60

1.50–2.00 19 0.38 0.19

2.00–4.00 6 0.12 0.12

(b) (1 point.) According to the Empirical

Rule, approximately 68% of the data fall

between g and h, with g < h. Determine

the numerical values of g and h.

Answer: g = 1.39 − 1.055 = 0.335 and

h = 1.39 + 1.055 = 2.445.

(c) (2 points.) Refer to part (b) and the values

of g and h that you determined. What per-

centage of the observations actually fall

between the values of g and h?

Answer: Nine values are smaller than g
and 8 values are larger than h; hence, 33
values fall between them. The answer is

33/50 = 0.66; i.e., 66%.

(d) (2 points.) Calculate the smallest and

largest deviations in this data set. Hint:

Smaller [larger] means farther to the left

[right] on the number line.

Answer: The smallest is 0.03 − 1.39 =
−1.36 and the largest is 3.84 − 1.39 =
2.45.

4. Problem 4: 7 points.

The value of n1 is 10 [20] on Version 1 [2].

Version 1 of Problem 4:

An unbalanced CRD yields the following data,

with numerical codes in parentheses.

Response (Code)

Tr. Low (1) Med. (2) High (3) Tot.

1 2 4 4 10

2 9 9 6 24

Total 11 13 10 34

(a) (5 points.) Calculate the values of r1 and
r2. In order to receive credit, you must

show your work.

Answer:

The ranks are (1 + 11)/2 = 6 for ‘Low;’

(12+24)/2 = 18 for ‘Medium;’ and (25+
34)/2 = 29.5 for ‘High.’ Thus,

r1 = 2(6) + 4(18) + 4(29.5) = 202; and

r2 = 9(6) + 9(18) + 6(29.5) = 393.

(b) (2 points.) Given that the data are an-

alyzed by ranks, which treatment gives

larger responses? In order to receive

credit, you must explain your answer.

Answer:

The mean ranks are:

r̄1 = 202/10 = 20.2; and
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r̄2 = 393/24 = 16.4.

Thus, treatment 1 gives larger responses.

Version 2 of Problem 4:

An unbalanced CRD yields the following data,

with numerical codes in parentheses.

Response (Code)

Tr. Low (1) Med. (2) High (3) Tot.

1 5 7 8 20

2 2 4 6 12

Total 7 11 14 32

(a) (5 points.) Calculate the values of r1 and
r2. In order to receive credit, you must

show your work.

Answer:

The ranks are (1 + 7)/2 = 4 for ‘Low;’

(8+18)/2 = 13 for ‘Medium;’ and (19+
32)/2 = 25.5 for ‘High.’ Thus,

r1 = 5(4) + 7(13) + 8(25.5) = 315; and

r2 = 2(4) + 4(13) + 6(25.5) = 213.

(b) (2 points.) Given that the data are an-

alyzed by ranks, which treatment gives

larger responses? In order to receive

credit, you must explain your answer.

Answer:

The mean ranks are:

r̄1 = 315/20 = 15.8; and

r̄2 = 213/12 = 17.8.

Thus, treatment 2 gives larger responses.

5. Problem 5: 6 points.

Your version on problem 2 matches your ver-

sion on problem 1.

Version 1 of Problem 5:

Refer to the data in the previous problem. I am

interested in the sampling distribution of the test

statistic R1 for the sum of ranks test. In order to

receive credit for your answers below, you must

show your work.

(a) (1 point.) Calculate the mean of the sam-

pling distribution.

Answer:

µ = n1(n+ 1)/2 = 10(35)/2 = 175.

(b) (4 points.) Calculate the variance of the

sampling distribution.

Answer: First, we note that

t1 = 11, t2 = 13 and t3 = 10.

Thus,
∑

(t3
i
− ti) equals

(113−11)+(133−13)+(103−10) = 4494.

Thus the variance is:

σ2 =
n1n2(n+ 1)

12
− n1n2(4494)

12n(n− 1)
=

10(24)35)

12
− 10(24)(4494)

12(34)(33)
=

700− 80.11 = 619.89.

(c) (1 point.) Calculate the standard deviation

of the sampling distribution.

Answer: The standard deviation is

σ =
√
619.89 = 24.90.

Version 2 of Problem 5:

Refer to the data in the previous problem. I am

interested in the sampling distribution of the test

statistic R1 for the sum of ranks test. In order to

receive credit for your answers below, you must

show your work.

(a) (1 point.) Calculate the mean of the sam-

pling distribution.

Answer:

µ = n1(n+ 1)/2 = 20(33)/2 = 330.
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(b) (4 points.) Calculate the variance of the

sampling distribution.

Answer: First, we note that

t1 = 7, t2 = 11 and t3 = 14.

Thus,
∑

(t3
i
− ti) equals

(73−7)+(113−11)+(143−14) = 4386.

Thus the variance is:

σ2 =
n1n2(n + 1)

12
− n1n2(4386)

12n(n− 1)
=

20(12)33)

12
− 20(12)(4386)

12(32)(31)
=

660 − 88.43 = 571.57.

(c) (1 point.) Calculate the standard deviation

of the sampling distribution.

Answer: The standard deviation is

σ =
√
571.57 = 23.91.

6. Problem 6: 10 points.

The row total for Reject is 423 [230] in Ver-

sion 1 [2].

Version 1 of Problem 6:

I performed a power analysis to compare the test

statistics U and R1. In order to make your com-

putations a bit easier, my simulation experiment

consisted of only 1,000 runs instead of the usual

10,000 runs. I won’t tell you explicitly which

alternative I used to create the table below.

My results are summarized in the table below.

R1

Fail to Reject

U Reject H0 H0 Total

Fail to

reject H0 547 30 577

Reject

H0 93 330 423

Total 640 360 1,000

(a) (1 point.) Based on this simulation study

for the alternative of interest to me, what

is the single number approximate power

using the test statistic U?

Answer:

423/1000 = 0.423.

(b) (4 points.) Refer to (a). Calculate the

nearly certain interval for the exact power

using the test statistic U .

Answer:

0.423±3

√

0.423(0.577)

1000
= 0.423±0.047.

(c) (4 points.) Let rU denote the exact power

for the alternative of interest to me and the

test statistic U . Let rR denote the exact

power for the alternative of interest to me

and the test statistic R1.

Calculate the nearly certain interval for

rU − rR.

Answer:

(93−30)/1000±(3/1000)
√
93 + 30 = 0.063±0.033.

(d) (1 point.) Briefly interpret your answer in

(c); in particular, what can you conclude

about the two tests for the alternative of

interest to me?

Answer:

All numbers in the NCI are positive;

hence, we may conclude that U is more

powerful than R1.

Version 2 of Problem 6:

I performed a power analysis to compare the test

statistics U and R1. In order to make your com-

putations a bit easier, my simulation experiment

consisted of only 1,000 runs instead of the usual

10,000 runs. I won’t tell you explicitly which

alternative I used to create the table below.

My results are summarized in the table below.
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R1

Fail to Reject Total

U Reject H0 H0 Total

Fail to

reject H0 640 130 770

Reject

H0 30 200 230

Total 670 330 1,000

(a) (1 point.) Based on this simulation study

for the alternative of interest to me, what

is the single number approximate power

using the test statistic U?

Answer:

230/1000 = 0.230.

(b) (4 points.) Refer to (a). Calculate the

nearly certain interval for the exact power

using the test statistic U .

Answer:

0.230±3

√

0.230(0.770)

1000
= 0.230±0.040.

(c) (4 points.) Let rU denote the exact power

for the alternative of interest to me and the

test statistic U . Let rR denote the exact

power for the alternative of interest to me

and the test statistic R1.

Calculate the nearly certain interval for

rR − rU .

Answer:

(130−30)/1000±(3/1000)
√
130 + 30 =

0.100 ± 0.038.

(d) (1 point.) Briefly interpret your answer in

(c); in particular, what can you conclude

about the two tests for the alternative of

interest to me?

Answer:

All numbers in the NCI are positive;

hence, we may conclude that R1 is more

powerful than U .

7. Problem 7: 4 points.

The smaller P-value is 0.1293 [0.1135] in Ver-

sion 1 [2].

Version 1 of Problem 7:

I performed Fisher’s Test for a balanced CRD.

You are given the following facts: p̂1 = 0.45
and p̂2 = 0.35.

I used our website and obtained the P-values

for the three alternatives; they are 0.1293 and

0.9269. As you have no doubt noticed, I have

given you only two of the three P-values. Here

is your task:

Determine the third P-value and

match each P-value with its alterna-

tive in the table below.

Answer:

The first thing to note is that

x = p̂1 − p̂2 = 0.45 − 0.35 = 0.10

is a positive number. Thus, we know from the

symmetry (balanced study) that the P-value for

> will be at most 0.5 and that it will be smaller

than the P-value for<. Also, as always, the sum

of the P-values for > and < must exceed one.

Thus, 0.9269 cannot be the P-value for > and

0.1293 cannot be the P-value for <.

Suppose that 0.1293 is the P-value for 6=. Then

0.5(0.1293) = 0.0647 would be the P-Value for
>. But if this is the case, then the sum of the P-

values for > and < would be:

0.0647 + 0.9269 = 0.9916,

which fails to exceed one.

Thus, 0.1293 is the P-value for >; 0.2586 is the

P-value for 6=; and 0.9269 is the P-value for <.

Version 2 of Problem 7:

I performed Fisher’s Test for a balanced CRD.

You are given the following facts: p̂1 = 0.25
and p̂2 = 0.35.
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I used our website and obtained the P-values

for the three alternatives; they are 0.1135 and

0.9400. As you have no doubt noticed, I have

given you only two of the three P-values. Here

is your task:

Determine the third P-value and

match each P-value with its alterna-

tive in the table below.

Answer:

The first thing to note is that

x = p̂1 − p̂2 = 0.25 − 0.35 = −0.10

is a negative number. Thus, we know from the

symmetry (balanced study) that the P-value for

< will be at most 0.5 and that it will be smaller

than the P-value for>. Also, as always, the sum

of the P-values for > and < must exceed one.

Thus, 0.9400 cannot be the P-value for < and

0.1135 cannot be the P-value for >.

Suppose that 0.1135 is the P-value for 6=. Then

0.5(0.1135) = 0.0568 would be the P-Value for
>. But if this is the case, then the sum of the P-

values for > and < would be:

0.0568 + 0.9400 = 0.9968,

which fails to exceed one.

Thus, 0.1135 is the P-value for <; 0.2270 is the

P-value for 6=; and 0.9400 the P-value for >.

8. Problem 8: 4 points.

The smaller P-value is 0.2592 [0.2808] on Ver-

sion 1 [2].

Version 1 of Problem 8:

I performed Fisher’s Test for an unbalanced

CRD. You are given the following facts: p̂1 =
0.65 and p̂2 = 0.70.

I used our website and obtained the P-values

for the three alternatives; they are 0.2592 and

0.4704. As you have no doubt noticed, I have

given you only two of the three P-values. Here

is your task:

Match each P-value to its alternative.

Note that I am not asking you to determine the

third P-value; thus, one of your answers below

should be ‘unknown.’

Answer:

First note that

x = p̂1 − p̂2 = 0.65− 0.70 = −0.05

is a negative number.

Define the following:

A = P (X ≤ −0.05);B = P (X ≥ −0.05)

and C = P (X ≥ 0.05).

Then it follows that A is the P-value for <; B
is the P-value for >; and A + C is the P-value

for 6=. Note that if the sampling distribution of

X were symmetric, then A = C , but with an

unbalanced study, we cannot assume symmetry.

First, I note that one of the given P-values must

be for 6=, because otherwise the sum of the P-

values for > and < fails to exceed one.

Next, 0.2592 cannot be the P-value for 6=, be-

cause then, either it is the smallest P-value

and/or the sum of the others fails to exceed one.

It cannot be the smallest because, using my no-

tation above, A+ C must equal or exceed A.

Thus, 0.4704 is the P-value for 6= and 0.2592

is the P-value for <. The P-value for > is un-

known, although we know that it must exceed

1− 0.2592 = 0.7408.

Version 2 of Problem 8:

I performed Fisher’s Test for an unbalanced

CRD. You are given the following facts: p̂1 =
0.70 and p̂2 = 0.65.

I used our website and obtained the P-values

for the three alternatives; they are 0.2808 and

0.5398. As you have no doubt noticed, I have

given you only two of the three P-values. Here

is your task:

Match each P-value to its alternative.
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Note that I am not asking you to determine the

third P-value; thus, one of your answers below

should be ‘unknown.’

Answer:

First note that

x = p̂1 − p̂2 = 0.70 − 0.65 = 0.05

is a positive number.

Define the following:

A = P (X ≤ 0.05);B = P (X ≥ 0.05)

and C = P (X ≤ −0.05).

Then it follows that A is the P-value for <; B
is the P-value for >; and B + C is the P-value

for 6=. Note that if the sampling distribution of

X were symmetric, then B = C , but with an

unbalanced study, we cannot assume symmetry.

First, I note that one of the given P-values must

be for 6=, because otherwise the sum of the P-

values for > and < fails to exceed one.

Next, 0.2808 cannot be the P-value for 6=,

because then either it is the smallest P-value

and/or the sum of the others fails to exceed one.

It cannot be the smallest b/c, using my notation

above, B + C must equal or exceed B.

Thus, 0.5398 is the P-value for 6= and 0.2808

is the P-value for >. The P-value for < is un-

known, although we know that it must exceed

1− 0.2808 = 0.7192.

9. Problem 9: 4 points.

In Version 1 [2],

P (U < u) = 0.1346[0.1536].

Version 1 of Problem 9:

I performed a balanced CRD and obtained the

number u for the observed value of the test

statistic U . You are given the following two

probabilities.

• P (U < u) = 0.1346.

• P (U = u) = 0.0670.

Obtain the P-value for each of the alternatives

given below.

(a) >.

Answer:

The P-value is P (U ≥ u) =

1− P (U < u) = 1− 0.1346 = 0.8654.

(b) <.

Answer:

The P-value is P (U ≤ u) =

P (U < u) + P (U = u) =

0.1346 + 0.0670 = 0.2016.

(c) 6=.

Answer:

By symmetry the P-value equals twice

the smaller of the previous two answers:

2(0.2016) = 0.4032.

Version 2 of Problem 9:

I performed a balanced CRD and obtained the

number u for the observed value of the test

statistic U . You are given the following two

probabilities.

• P (U < u) = 0.1536.

• P (U = u) = 0.0794.

Obtain the P-value for each of the alternatives

given below.

(a) >.

Answer:

The P-value is P (U ≥ u) =

1− P (U < u) = 1− 0.1536 = 0.8464.

(b) <.

Answer:

The P-value is P (U ≤ u) =

P (U < u) + P (U = u) =

0.1536 + 0.0794 = 0.2330.
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(c) 6=.

Answer:

By symmetry the P-value equals twice

the smaller of the previous two answers:

2(0.2330) = 0.4660.
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