
NAME:

Online Statistics: 301 371 (Circle your course)

Final Exam; December 17–22, 2015; Professor Wardrop

There are three versions of each problem.

Some of you had an exam that was all one ver-

sion, but most of you had exams for which two

or three versions were represented. This process

is fair if you agree with me that, for every ques-

tion, the versions are of almost identical diffi-

culty.

Below I will give the detailed solution only

for the Version 1 questions; for Versions 2 and 3,

I will simply give the answers.

df: 1 2 3 4 5 6 7 8 9 10

95%: 12.706 4.303 3.182 2.776 2.571 2.447 2.365 2.306 2.262 2.228

90%: 6.314 2.920 2.353 2.132 2.015 1.943 1.895 1.860 1.833 1.812

df: 11 12 13 14 15 16 17 18 19 20

95%: 2.201 2.179 2.160 2.145 2.131 2.120 2.110 2.101 2.093 2.086

90%: 1.796 1.782 1.771 1.761 1.753 1.746 1.740 1.734 1.729 1.725

df: 21 22 23 24 25 26 27 28 29 30

95%: 2.080 2.074 2.069 2.064 2.060 2.056 2.052 2.048 2.045 2.042

90%: 1.721 1.717 1.714 1.711 1.708 1.706 1.703 1.701 1.699 1.697

df: 31 32 33 34 35 36 37 38 39 40

95%: 2.040 2.037 2.035 2.032 2.030 2.028 2.026 2.024 2.023 2.021

90%: 1.696 1.694 1.692 1.691 1.690 1.688 1.687 1.686 1.685 1.684

Values of z∗:

% for CI or PI: 80 90 95 98 99 99.73

z∗: 1.282 1.645 1.960 2.326 2.576 3.000
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Problems 1–5 on this exam will ask you to

refer to the data presented in the table below. Let

me describe it to you.

These are data on 24 students in my Statistics

class. Each student yields two numbers:

• x: the score on the first midterm exam; and

• y: the score on the second midterm exam.

The first student listed scored x = 49 and

y = 63 on the exams. The second student listed

scored x = 50 and y = 70; and so on, for all 24

students.

Note the following: I have sorted the data

according to the value of x, from smallest to

largest. This might prove helpful to you. Note

that the values of y have not been sorted for

you; this might prove annoying. The y’s are pre-
sented in bold-faced type which, perhaps, will

help you to avoid confusing x’s and y’s.
In the problems of this exam, you may always

assume that these n = 24 students are a ran-

dom sample from a large population of Statistics

students and that the population is so large that

the distinction between smart and dumb random

samples does not matter. Also, you may view

the numbers as measurements even though they

are actually counts.

Finally, below are some summary statistics

that you might find useful.

x̄ = 74.04, s1 = 13.51, ȳ = 76.96, s2 = 10.22.

Also, the correlation coefficient for these data is

r = 0.817.

x y x y x y
49 63 50 70 57 59

58 64 61 67 62 66

64 83 67 73 69 71

70 76 73 77 74 65

77 75 78 74 80 82

81 78 82 90 83 86

85 81 87 88 89 93

90 91 95 95 96 80

1. (6 points.) Three points for each part.

(a) I am interested in the population me-

dian of the scores on the first midterm

exam. Calculate the approximate

80% confidence interval estimate of

this number.

Answer:

k′ =
n + 1

2
− z∗

√
n

2
=

24 + 1

2
− 1.282

√
24

2
=

12.5− 3.14 = 9.36.

We round this down to obtain k = 9.
The CI ranges from the ninth smallest

to the ninth largest x values: [69, 81].

(b) I select a student at random from the

population (not one of the 24 listed).

Calculate the 84%PI for this student’s

score on the second midterm exam.

Answer:

The level of the PI is

1− 2k

n + 1
= 1− (2k/25).

Set this equal to 0.84 and solve for k,
obtaining k = 2. Thus, the PI ranges
from the second smallest to the sec-

ond largest y values: [63, 93].

2. (8 points.) Part (a) [(e)] is worth 2.5 [1.5]

points; all other parts are worth 1 point.

Now view the data on page 2 as regression

data.

(a) Determine the equation of the regres-

sion line. You will need this answer

to do the remainder of this prob-

lem. If you are unable to determine

the regression line, then use the line

ŷ = 34.92 + 0.568x.
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Answer:

b1 = r(s2/s1) = 0.817(10.22/13.51) =

0.618; b0 = ȳ − b1x̄ =

76.96− 0.618(74.04) = 31.20.

Thus,

ŷ = 31.20 + 0.618x.

(b) Find the subject who has x = 70.
Find the predicted score on the sec-

ond midterm for this student.

Answer:

ŷ = 31.20 + 0.618(70) = 74.46.

(c) Refer to the subject in (b); calculate

his/her residual.

Answer:

First, note from the listing of the data

that the subject with x = 70 has y =
76. Thus,

e = y − ŷ = 76− 74.46 = 1.54.

(d) I select a student at random from the

population and determine that her x is

65. What is her predicted score on the

second midterm?

Answer:

ŷ = 31.20 + 0.618(65) = 71.37.

(e) Refer to the student in (d). Given that

her residual is between 4 and 5, calcu-

late her score on the second midterm.

(Note: Scores must be whole num-

bers.)

Answer:

e = y − 71.37; thus, y = 71.37 + e.

From the given fact, y is between

75.37 and 76.37; hence, it is 76.

(f) I select a student at random from the

population and determine that his x is

40. What is his predicted score on the

second midterm?

Answer:

The smallest x in the data set is 49.

Thus, because we should not make

predictions outside the range of the

data, the correct answer is to refuse to

make a prediction.

3. (4 points.) Refer to the data on page 2. Let

µ1 [µ2] denote the population mean score

on the first [second] midterm exam.

Compare these means by constructing an

appropriate 95% CI.

Answer:

Clearly, we have paired data. Thus,

d̄ = x̄− ȳ = 74.04− 76.96 = −2.92.

Next, s2d =

s2
1
+ s2

2
− 2rs1s2 = (13.51)2 + (10.22)2

−2(0.817)(13.51)(10.22) =

286.97− 225.61 = 61.36.

Thus, sd =
√
61.36 = 7.83. Next, df =

n − 1 = 24 − 1 = 23, which gives t∗ =
2.069. The CI is

−2.92±2.069(7.83/
√
24) = −2.92±3.31.

Note: A frequent error was to view the

data as independent samples; this lost 2.5

points.

4. (6 points.) Part (a) [(b)] is worth 1 point

[3 points]. Parts (c) and (d) combined were

worth 2 points.

Below is a facsimile of the website we use

for calculating areas under a t-distribution

curve.
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Describe the random variable t-score

Degrees of freedom B
t score C

Cumulative probability: P (T ≤ t) D

I want you to explain how you would use

this site to obtain the P-value for the test

of the null hypothesis that µ1 = 76, where
µ1 is the population mean score on the first

midterm. In particular:

(a) What is the value that should be en-

tered for B?

Answer:

B = n− 1 = 24− 1 = 23.

(b) Calculate the value that should be en-

tered for C.

Answer:

t =
x̄− µ0

s1/
√
n
=

74.04− 76

13.51/
√
24

=

−1.96/2.7577 = −0.7103.

(c) For your value of C, is D (circle the

correct answer):

• Less than 0.5000;

• Equal to 0.5000; or

• Greater than 0.5000?

Answer:

Because t < 0, the area to its left is

less than 0.5000.

(d) Complete each row of the following

table using some arithmetic expres-

sion involving B, C and D. (As ex-

amples: B; or (B + C)D.)

Alternative P-value

> 1−D

< D

6= 2D

Note: I was extremely generous in

giving partial credit. For example, on

(c) I gave full credit to the answer that

was consistent with (b) or if it was

correct (and consistent or not). For

(d) I gave partial credit for some obvi-

ously wrong answers. For example, if

the answer for < was, say, (B + C)
(which makes no sense) I gave full

credit for the answer 2(B +C) for 6=,

even though it also makes no sense.

5. (5 points.) Part (a) [(b)] is worth 3 [2]

points.

Note: There are three correct answers to

both parts below; it depends on the ver-

sion of the data on your exam on page 2.

Refer to the data on page 2.

(a) Calculate the 90% CI for the popula-

tion mean score on the first midterm

exam.

Answer:

Data from Version 1:

x̄± t∗(s1/
√
n) =

74.04± 1.714(13.51/
√
24) =

74.04± 4.73.

Data from Version 2:

81.96± 1.714(10.63/
√
24) =

81.96± 3.72.

Data from Version 3:

72.75± 1.714(13.65/
√
24) =

72.75± 4.78.

(b) I plan to select one student at random

from the population. Use the formula

that assumes that the population is a
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normal curve to obtain the 90% PI

of the selected student’s score on the

second midterm.

Answer:

Data from Version 1:

ȳ ± t∗s2
√

1 + (1/n) =

76.96± 1.714(10.22)
√

1 + (1/24) =

76.96± 17.88.

Data from Version 2:

81.83± 1.714(9.92)
√

1 + (1/24) =

81.83± 17.35.

Data from Version 3:

74.75± 1.714(11.28)
√

1 + (1/24) =

74.75± 19.73.

6. (5 points.) This is the final question on

the data from the midterm exams. But it

has a new twist. Do not use the data on

page 2. Instead, I have two independent

random samples of students from this pop-

ulation. For the students in the first [sec-

ond] sample, I determine the scores on the

first [second] midterm exam. I obtain the

following summary statistics:

x̄ = 75.00, s1 = 14.25, n1 = 10 and

ȳ = 72.00, s2 = 10.13, n2 = 5.

Use these data to construct the 95% CI for

the difference in the population means.

Answer:

s2p =
9(14.25)2 + 4(10.13)2

9 + 4
=

2238.03

13
= 172.15.

Thus, sp =
√
172.15 = 13.12. Next,

df = 10 + 5− 2 = 13, giving t∗ = 2.160.

Finally, x̄− ȳ = 75.00− 72.00 = 3.00.

The CI is

3.00± 2.160(13.12)
√

(1/10) + (1/5) =

3.00± 15.52.

Note: Several persons used a paired data

analysis. I gave this 0 points b/c it was

wrong in so many ways: How can you have

paired data when n1 6= n2? What is the

value of r? Also, you are told they are in-

dependent samples.
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7. (4 points.) Two points for each part.

Ten researchers select random samples

from the same population. Each researcher

computes a CI for the mean of the popu-

lation. Thus, each researcher is estimating

the same number. Unfortunately, the lower

and upper bounds of the 10 confidence in-

tervals became disconnected. The 10 lower

bounds, sorted, are below.

209 210 216 224 233

236 249 254 267 277

The 10 upper bounds, sorted, are below.

260 262 271 305 319

327 331 333 386 393

(a) Given that µ = 275, how many of the

CIs are too large? How many of the

CIs are too small? How many are cor-

rect? Label your answers.

Answer:

One lower bound exceeds 275; thus,

one CI is too large. Three upper

bounds are smaller than 275; thus

three CIs are too small. The remain-

ing six CIs must be correct.

(b) Given that exactly three of the CIs

are too large, determine the interval of

possible values for µ.

Answer:

Lower bounds 254, 267 and 277 are

too large, but lower bound 249 is not

too large. Thus,

249 ≤ µ < 254.

8. (3 points.) Each part is worth one point.

Below is the table of population counts for

a disease (A means present) and its screen-

ing test (B means positive). Write your

answers below as as a decimal with three

digits, for example 0.131.

B Bc Total

A 45 10 55
Ac 65 980 1045
Total 110 990 1100

(a) What proportion of the population has

the disease?

Answer:

55/1100 = 0.050.

(b) Of those in the population who have

the disease, what proportion would

test negative?

Answer:

10/55 = 0.182.

(c) Of those in the population who would

test positive, what proportion has the

disease?

Answer:

45/110 = 0.409.
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9. (3 points.) An observational study yields

the following collapsed table.

Group S F Total

1 8 8 16

2 6 5 11

Total 14 13 27

Below are two partial component tables

for the above data. Complete these tables

so that Simpson’s Paradox is occurring.

Every cell count you use must be 1 or

larger; i.e., no zeroes allowed!

Be careful: There are 17 empty spaces

in the two tables below; you must place a

number in each space to receive full credit.

Answer:

First note that in the collapsed table,

p̂1 = 0.50 < 0.55 = p̂2.

Thus, for SP to occur we will need the re-

verse inequality in both subgroups. There

are many possible answers; one is below.

Subgroup A

Group S F Total

1 4 1 5

2 5 2 7

Total 9 3 12

Subgroup B

Group S F Total

1 4 7 11

2 1 3 4

Total 5 10 15

10. (4 points.) Hypothetical data. You are

given the following information about a re-

gression analysis. The subjects are under-

graduate men at UW–Madison. The vari-

ables are height in inches, X , and weight

in pounds, Y . Based on a random sample

of 13 men, I obtain the following regression

line:

ŷ = −300 + 6.5x.

I select an additional man at random from

the population.

My goal is to try to determine whether the

man weighsmore than the mean for men of

his height.

Given that the man I select is 68 inches tall

and weighs 156 pounds, what should I con-

clude, based only on these data?

Your answer should discuss the point esti-

mate of his weight and either a 95% CI or

95% PI, but not both, depending on which

one you think is more relevant.

You might want to use the following facts.

For the regression, s = 11.00 and the esti-

mated standard error of the fit for X = 68
is 5.63.

Answer:

For the man I select,

ŷ = −300 + 6.5(68) = 142.

Thus, his weight is larger than the point es-

timate of the mean weight for all men 68

inches tall. The 95% CI for this mean is

142± 2.201(5.63) = 142± 12.39 =

[129.61, 154.39].

Thus, his actual weight, 156, exceeds the

upper bound of this CI. I would assert that,

at the 95% confidence level, his weight

does exceed the mean.
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11. (4 points.) Two points for each part.

There is some uncertainty as to whether Al-

bert or Herbert is the father of a particu-

lar baby. Sadly, the only data available is

whether or not the baby has feature B. You

are given the following probabilities.

• According to a trusted detective,

in the absence of knowledge as to

whether or not the baby has featureB,

the probability that Albert is the father

equals 0.30.

• Based on genetics, given that Albert

is the father, there is a 20% chance the

baby will have feature B.

• Based on genetics, given that Herbert

is the father, there is a 60% chance the

baby will have feature B.

(a) Calculate the appropriate 2 × 2 table

of probabilities for this problem.

Answer:

Father B Bc Total

Albert 0.06 0.24 0.30

Herbert 0.42 0.28 0.70

Total 0.48 0.52 1.00

The above probabilities are obtained

as follows: 1.00 is implied; 0.30 is

given; 20% of 0.30 is 0.06; 0.24 and

0.70 are obtained by subtraction; 60%

of 0.70 is 0.42; 0.28 is obtained by

subtraction; 0.48 and 0.52 are ob-

tained by addition.

(b) The baby is observed not to have fea-

tureB. Given this information, calcu-

late the probability that Herbert is the

father.

Answer:

P (H|Bc) = P (HBc)/P (Bc) =

0.28/0.52 = 0.538.

12. (3 points.) An observational study yields

the following collapsed table.

Group S F Total

1 61 89 150

2 90 110 200

Total 151 199 350

Below are two component tables for these

data.

Subgp A Subgp B

Gp S F Tot Gp S F Tot

1 35 100 1 26 50

2 cA 60 2 cB 140

Tot 160 Tot 190

Determine all pairs of values of cA and cB
so that Simpson’s Paradox is occurring or

explain why Simpson’s Paradox cannot oc-

cur for these data. You must present com-

putations to justify your answer.

Answer:

First note that in the collapsed table,

p̂1 = 0.407 < 0.450 = p̂2.

Thus, for SP to occur we will need the

reverse inequality in both subgroups. We

need

cA/60 < 35/100; or cA < 21;

cB/140 < 26/50; or cB < 72.9; and

cA + cB = 90.

Three pairs satisfy these conditions:

(20,70), (19,71) and (18,72).
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13. (3 points.) You are given the following in-

formation about a regression analysis.

x̄ = 120 and ȳ = 160.

For a particular case, Bert, his x is 15 larger

than the mean of the x’s, his y is 35 larger

than the mean of the y’s, and his y is 5

larger than its value as predicted by the re-

gression line.

Calculate the equation of the regression

line.

Answer:

For Bert, x = 120 + 15 = 135, y = 160 +
35 = 195, and ŷ = y − 5 = 190. Thus, our
two equations are

190 = b0 + 135b1; and

160 = b0 + 120b1.

Subtracting the second equation from the

first, on each side, yields

30 = 15b1; or b1 = 2.

Plugging this into the first equation gives

190 = b0 + 135(2); or b0 = −80.

Thus,

ŷ = −80 + 2x.

14. (7 points.) Three points for each part and

one point for correctly identifying each an-

swer with its part.

Mary shoots 400 pairs of free throws, ob-

taining the results given in the table below.

First Second Shot

Shot S F Total

S 160 80 240

F 120 40 160

Total 280 120 400

There are two primary questions of interest

in data such as these.

(a) Does the outcome of Mary’s second

shot depend on the outcome of her

first shot?

(b) Is Mary better on her first or second

shot?

Investigate these questions with a pair of

99% CIs, making sure to tell me which in-

terval addresses which question.

Answer:

(a) Here we compare row proportions us-

ing the CI from Chapter 15. The point

estimate is

(160/240)− (120/160) = −0.083.

The CI is −0.083±

2.576

√

0.667(0.333)

240
+

0.75(0.25)

160
=

−0.083± 0.118.

We cannot conclude there is depen-

dence.

(b) The point estimate is

80− 120

400
= −0.100

and the half-width of the CI is

2.576

400

√

400(120 + 80)− (80− 120)2

399
=

0.090

Thus, the CI is

−0.100± 0.090.

Mary seems to be better on her second

shot.
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Answers to Version 2 Follow
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Problems 1–5 on this exam will ask you to

refer to the data presented in the table below. Let

me describe it to you.

These are data on 24 students in my Statistics

class. Each student yields two numbers:

• x: the score on the first midterm exam; and

• y: the score on the second midterm exam.

The first student listed scored x = 50 and

y = 70 on the exams. The second student listed

scored x = 68 and y = 79; and so on, for all 24

students.

Note the following: I have sorted the data

according to the value of x, from smallest to

largest. This might prove helpful to you. Note

that the values of y have not been sorted for

you; this might prove annoying. The y’s are pre-
sented in bold-faced type which, perhaps, will

help you to avoid confusing x’s and y’s.
In the problems of this exam, you may always

assume that these n = 24 students are a ran-

dom sample from a large population of Statistics

students and that the population is so large that

the distinction between smart and dumb random

samples does not matter. Also, you may view

the numbers as measurements even though they

are actually counts.

Finally, below are some summary statistics

that you might find useful.

x̄ = 81.96, s1 = 10.63, ȳ = 81.83, s2 = 9.92.

Also, the correlation coefficient for these data is

r = 0.405.

x y x y x y
50 70 68 79 71 83

72 90 74 86 76 71

77 76 78 63 79 81

80 77 81 73 82 90

83 87 84 82 85 84

87 91 88 74 89 92

90 65 92 94 93 89

94 72 96 96 98 99

1. (6 points.)

(a) I am interested in the population me-

dian of the scores on the first midterm

exam. Calculate the approximate

95% confidence interval estimate of

this number.

Answer:

k = 7 and the CI is

[77, 89].

(b) I select a student at random from the

population (not one of the 24 listed).

Calculate the 76%PI for this student’s

score on the second midterm exam.

Answer:

k = 3 and the PI is

[70, 94].
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2. (8 points.) Now view the data on page 2 as

regression data.

(a) Determine the equation of the regres-

sion line. You will need this answer

to do the remainder of this prob-

lem. If you are unable to determine

the regression line, then use the line

ŷ = 47.57 + 0.418x.

ŷ = 50.85 + 0.378x.

(b) Find the subject who has x = 78.
Find the predicted score on the sec-

ond midterm for this student.

Answer:

ŷ = 80.33.

(c) Refer to the subject in (b); calculate

his/her residual.

Answer:

e = 63− 80.33 = −17.33.

(d) I select a student at random from the

population and determine that her x is

75. What is her predicted score on the

second midterm?

Answer:

ŷ = 79.20.

(e) Refer to the student in (d). Given that

her residual is between 5 and 6, calcu-

late her score on the second midterm.

(Note: Scores must be whole num-

bers.)

Answer:

The value of y is between 84.20 and

85.20; hence, it is 85.

(f) I select a student at random from the

population and determine that his x is

40. What is his predicted score on the

second midterm?

Answer:

The smallest x in the data set is 50;

thus, the regression line should not be

used for x = 40. Thus, I can suggest

no predicted score.
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3. (4 points.) Refer to the data on page 2. Let

µ1 [µ2] denote the population mean score

on the first [second] midterm exam.

Compare these means by constructing an

appropriate 95% CI.

Answer:

s2d = 125.99; thus, sd = 11.22.

df = 23; thus, t∗ = 2.069.

The CI is

0.13± 4.74.

Note: A frequent error was to view the

data as independent samples; this lost 2.5

points.

4. (6 points.) Below is a facsimile of the web-

site we use for calculating areas under a t-

distribution curve.

Describe the random variable t-score

Degrees of freedom B
t score C

Cumulative probability: P (T ≤ t) D

I want you to explain how you would use

this site to obtain the P-value for the test

of the null hypothesis that µ1 = 76, where
µ1 is the population mean score on the first

midterm. In particular:

(a) What is the value that should be en-

tered for B?

Answer:

B = 23.

(b) Calculate the value that should be en-

tered for C.

Answer:

t = 2.75.

(c) For your value of C, is D (circle the

correct answer):

• Less than 0.5000;

• Equal to 0.5000; or

• Greater than 0.5000?

Answer:

Because t > 0, the area to its left is

greater than 0.5000.

(d) Complete each row of the following

table using some arithmetic expres-

sion involving B, C and D. (As ex-

amples: B; or (B + C)D.)

Answer:

Alternative P-value

> 1−D

< D

6= 2(1−D)
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5. (5 points.) Note: There are three correct

answers to both parts below; it depends

on the version of the data on your exam

on page 2.

Refer to the data on page 2.

(a) Calculate the 90% CI for the pop-

ulation mean score on the second

midterm exam.

Answer:

Data from Version 1:

ȳ ± t∗(s2/
√
n) =

76.96± 1.714(10.22/
√
24) =

76.96± 3.58.

Data from Version 2:

81.83± 1.714(9.92/
√
24) =

81.83± 3.47.

Data from Version 3:

74.75± 1.714(11.28/
√
24) =

74.75± 3.95.

(b) I plan to select one student at random

from the population. Use the formula

that assumes that the population is a

normal curve to obtain the 95% PI

of the selected student’s score on the

second midterm.

Answer:

Data from Version 1:

ȳ ± t∗s2
√

1 + (1/n) =

76.96± 2.069(10.22)
√

1 + (1/24) =

76.96± 21.58.

Data from Version 2:

81.83± 2.069(9.92)
√

1 + (1/24) =

81.83± 20.95.

Data from Version 3:

74.75± 2.069(11.28)
√

1 + (1/24) =

74.75± 23.82.

6. (5 points.) This is the final question on

the data from the midterm exams. But it

has a new twist. Do not use the data on

page 2. Instead, I have two independent

random samples of students from this pop-

ulation. For the students in the first [sec-

ond] sample, I determine the scores on the

first [second] midterm exam. I obtain the

following summary statistics:

x̄ = 76.00, s1 = 13.31, n1 = 12 and

ȳ = 74.00, s2 = 9.59, n2 = 6.

Use these data to construct the 95% CI for

the difference in the population means.

Answer:

df = 16; thus, t∗ = 2.120.

s2p = 150.54; thus, sp = 12.27;

The CI is

2.00± 13.01.

Note: Several persons used a paired data

analysis. I gave this 0 points b/c it was

wrong in so many ways: How can you have

paired data when n1 6= n2? What is the

value of r? Also, you are told they are in-

dependent samples.
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7. (4 points.) Eleven researchers select ran-

dom samples from the same population.

Each researcher computes a CI for the

mean of the population. Thus, each re-

searcher is estimating the same number.

Unfortunately, the lower and upper bounds

of the 11 confidence intervals became dis-

connected. The 11 lower bounds, sorted,

are below.

219 220 226 234 243 245

246 259 264 277 287

The 11 upper bounds, sorted, are below.

255 272 281 315 329 333

337 341 343 396 403

(a) Given that µ = 258, how many of the

CIs are too large? How many of the

CIs are too small? How many are cor-

rect? Label your answers.

Answer:

Four lower bounds exceed 258; thus,

four CIs are too large. One upper

bound is smaller than 258; thus one

CI is too small. The remaining six CIs

must be correct.

(b) Given that exactly three of the CIs are

too small, determine the interval of

possible values for µ.

Answer:

Upper bounds 255, 272 and 281 are

too small , but upper bound 315 is not

too small. Thus,

281 < µ ≤ 315.

8. (3 points.) Below is the table of popula-

tion counts for a disease (A means present)

and its screening test (B means positive).

Write your answers below as as a decimal

with three digits, for example 0.131.

B Bc Total

A 66 18 84
Ac 114 1002 1116
Total 180 1020 1200

(a) What proportion of the population has

the disease?

Answer:

84/1200 = 0.070.

(b) Of those in the population who have

the disease, what proportion would

test negative?

Answer:

18/84 = 0.214.

(c) Of those in the population who would

test positive, what proportion has the

disease?

Answer:

66/180 = 0.367.
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9. (3 points.) An observational study yields

the following collapsed table.

Group S F Total

1 8 8 16

2 6 7 13

Total 14 15 29

Below are two partial component tables

for the above data. Complete these tables

so that Simpson’s Paradox is occurring.

Every cell count you use must be 1 or

larger; i.e., no zeroes allowed!

Be careful: There are 17 empty spaces

in the two tables below; you must place a

number in each space to receive full credit.

Answer:

First note that in the collapsed table,

p̂1 = 0.50 > 0.46 = p̂2.

Thus, for SP to occur we will need the re-

verse inequality in both subgroups. There

are many possible answers; one is below.

Subgroup A

Group S F Total

1 1 3 4

2 3 6 9

Total 4 9 13

Subgroup B

Group S F Total

1 7 5 12

2 3 1 4

Total 10 6 16

10. (4 points.) Hypothetical data. You are

given the following information about a re-

gression analysis. The subjects are under-

graduate men at UW–Madison. The vari-

ables are height in inches, X , and weight

in pounds, Y . Based on a random sample

of 15 men, I obtain the following regression

line:

ŷ = −310 + 6.7x.

I select an additional man at random from

the population.

My goal is to try to determine whether the

man weighsmore than the mean for men of

his height.

Given that the man I select is 70 inches tall

and weighs 168 pounds, what should I con-

clude, based only on these data?

Your answer should discuss the point esti-

mate of his weight and either a 95% CI or

95% PI, but not both, depending on which

one you think is more relevant.

You might want to use the following facts.

For the regression, s = 12.00 and the esti-

mated standard error of the fit for X = 70
is 6.24.

Answer:

For the man I select,

ŷ = −310 + 6.7(70) = 159.

Thus, his weight is larger than the point es-

timate of the mean weight for all men 70

inches tall. The 95% CI for this mean is

159± 2.160(6.24) = 159± 13.47 =

[145.53, 172.47].

Thus, his actual weight, 168, falls within

the CI. Thus, I cannot conclude that he

weighs more than the mean.
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11. (4 points.) There is some uncertainty as to

whether Albert or Herbert is the father of a

particular baby. Sadly, the only data avail-

able is whether or not the baby has feature

B. You are given the following probabili-

ties.

• According to a trusted detective,

in the absence of knowledge as to

whether or not the baby has featureB,

the probability that Albert is the father

equals 0.40.

• Based on genetics, given that Albert

is the father, there is a 30% chance the

baby will have feature B.

• Based on genetics, given that Herbert

is the father, there is a 10% chance the

baby will have feature B.

(a) Calculate the appropriate 2 × 2 table

of probabilities for this problem.

Answer:

Father B Bc Total

Albert 0.12 0.28 0.40

Herbert 0.06 0.54 0.60

Total 0.18 0.82 1.00

The above probabilities are obtained

as follows: 1.00 is implied; 0.40 is

given; 30% of 0.40 is 0.12; 0.28 and

0.60 are obtained by subtraction; 10%

of 0.60 is 0.06; 0.54 is obtained by

subtraction; 0.18 and 0.82 are ob-

tained by addition.

(b) The baby is observed not to have fea-

tureB. Given this information, calcu-

late the probability that Herbert is the

father.

Answer:

P (H|Bc) = P (HBc)/P (Bc) =

0.54/0.82 = 0.659.

12. (3 points.) An observational study yields

the following collapsed table.

Group S F Total

1 74 76 150

2 95 105 200

Total 169 181 350

Below are two component tables for these

data.

Subgp A Subgp B

Gp S F Tot Gp S F Tot

1 54 100 1 20 50

2 cA 80 2 cB 120

Tot 180 Tot 170

Determine all pairs of values of cA and cB
so that Simpson’s Paradox is occurring or

explain why Simpson’s Paradox cannot oc-

cur for these data. You must present com-

putations to justify your answer.

Answer:

First note that in the collapsed table,

p̂1 = 0.493 > 0.475 = p̂2.

Thus, for SP to occur we will need the

reverse inequality in both subgroups. We

need

cA/80 > 54/100; or cA > 43.2;

cB/120 > 20/50; or cB > 48; and

cA + cB = 95.

Three pairs satisfy these conditions:

(44,51), (45,50) and (46,49).
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13. (3 points.) You are given the following in-

formation about a regression analysis.

x̄ = 150 and ȳ = 100.

For a particular case, Bert, his x is 20 larger

than the mean of the x’s, his y is 25 larger

than the mean of the y’s, and his y is 15

larger than its value as predicted by the re-

gression line.

Calculate the equation of the regression

line.

Answer:

For Bert, x = 150 + 20 = 170, y = 100 +
25 = 125, and ŷ = y − 15 = 110. Thus,
our two equations are

110 = b0 + 170b1; and

100 = b0 + 150b1.

Subtracting the second equation from the

first, on each side, yields

10 = 20b1; or b1 = 0.5.

Plugging this into the first equation gives

110 = b0 + 170(0.5); or b0 = 25.

Thus,

ŷ = 25 + 0.5x.

14. (7 points.) Mary shoots 500 pairs of free

throws, obtaining the results given in the ta-

ble below.

First Second Shot

Shot S F Total

S 180 120 300

F 90 110 200

Total 270 230 500

There are two primary questions of interest

in data such as these.

(a) Does the outcome of Mary’s second

shot depend on the outcome of her

first shot?

(b) Is Mary better on her first or second

shot?

Investigate these questions with a pair of

95% CIs, making sure to tell me which in-

terval addresses which question.

Answer:

(a) Here we compare row proportions us-

ing the CI from Chapter 15. The point

estimate is

(180/300)− (90/200) = 0.150.

The CI is 0.150±

1.96

√

0.6(0.4)

300
+

0.45(0.55)

200
=

0.150± 0.088.

We can conclude there is dependence.

(b) The point estimate is

120− 90

500
= 0.060

and the half-width of the CI is

1.96

500

√

500(120 + 90)− (120− 90)2

499
=

0.057

Thus, the CI is

0.060± 0.057.

Mary seems to be better on her first

shot.
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Problems 1–5 on this exam will ask you to

refer to the data presented in the table below. Let

me describe it to you.

These are data on 24 students in my Statistics

class. Each student yields two numbers:

• x: the score on the first midterm exam; and

• y: the score on the second midterm exam.

The first student listed scored x = 45 and

y = 55 on the exams. The second student listed

scored x = 50 and y = 71; and so on, for all 24

students.

Note the following: I have sorted the data

according to the value of x, from smallest to

largest. This might prove helpful to you. Note

that the values of y have not been sorted for

you; this might prove annoying. The y’s are pre-
sented in bold-faced type which, perhaps, will

help you to avoid confusing x’s and y’s.
In the problems of this exam, you may always

assume that these n = 24 students are a ran-

dom sample from a large population of Statistics

students and that the population is so large that

the distinction between smart and dumb random

samples does not matter. Also, you may view

the numbers as measurements even though they

are actually counts.

Finally, below are some summary statistics

that you might find useful.

x̄ = 72.75, s1 = 13.65, ȳ = 74.75, s2 = 11.28.

Also, the correlation coefficient for these data is

r = 0.697.

x y x y x y
45 55 50 71 55 69

59 49 60 68 62 78

63 64 64 79 65 60

68 82 73 65 74 75

75 70 76 83 79 80

81 67 82 92 83 88

84 81 85 76 86 89

87 77 94 85 96 91

1. (6 points.)

(a) I am interested in the population me-

dian of the scores on the first midterm

exam. Calculate the approximate

99% confidence interval estimate of

this number.

Answer:

k = 6 and the CI is

[62, 84].

(b) I select a student at random from the

population (not one of the 24 listed).

Calculate the 76%PI for this student’s

score on the second midterm exam.

Answer:

k = 3 and the PI is:

[62, 84].
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2. (8 points.) Now view the data on page 2 as

regression data.

(a) Determine the equation of the regres-

sion line. You will need this answer

to do the remainder of this prob-

lem. If you are unable to determine

the regression line, then use the line

ŷ = 29.21 + 0.626x.

Answer:

ŷ = 32.85 + 0.576x.

(b) Find the subject who has x = 73.
Find the predicted score on the sec-

ond midterm for this student.

Answer:

ŷ = 74.90.

(c) Refer to the subject in (b); calculate

his/her residual.

Answer:

e = 65− 74.90 = −9.90.

(d) I select a student at random from the

population and determine that her x is

80. What is her predicted score on the

second midterm?

Answer:

ŷ = 78.93.

(e) Refer to the student in (d). Given that

her residual is between 4 and 5, calcu-

late her score on the second midterm.

(Note: Scores must be whole num-

bers.)

Answer:

The value of y is between 82.93 and

83.93; hence, it is 83.

(f) I select a student at random from the

population and determine that his x is

35. What is his predicted score on the

second midterm?

Answer:

The smallest x in the data set is 45.

Thus, because we should not make

predictions outside the range of the

data, the correct answer is to refuse to

make a prediction.
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3. (4 points.) Refer to the data on page 2. Let

µ1 [µ2] denote the population mean score

on the first [second] midterm exam.

Compare these means by constructing an

appropriate 95% CI.

Answer:

s2d = 98.92; thus, sd = 9.95.

df = 23; thus, t∗ = 2.069.

The CI is

−2.00± 4.20.

Note: A frequent error was to view the

data as independent samples; this lost 2.5

points.

4. (6 points.) Below is a facsimile of the web-

site we use for calculating areas under a t-

distribution curve.

Describe the random variable t-score

Degrees of freedom B
t score C

Cumulative probability: P (T ≤ t) D

I want you to explain how you would use

this site to obtain the P-value for the test

of the null hypothesis that µ1 = 76, where
µ1 is the population mean score on the first

midterm. In particular:

(a) What is the value that should be en-

tered for B?

Answer:

B = 23.

(b) Calculate the value that should be en-

tered for C.

Answer:

t = −1.17.

(c) For your value of C, is D (circle the

correct answer):

• Less than 0.5000;

• Equal to 0.5000; or

• Greater than 0.5000?

Answer:

Because t < 0, the area to its left is

less than 0.5000.

(d) Complete each row of the following

table using some arithmetic expres-

sion involving B, C and D. (As ex-

amples: B; or (B + C)D.)

Alternative P-value

> 1−D

< D

6= 2D
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5. (5 points.) Note: There are three correct

answers to both parts below; it depends

on the version of the data on your exam

on page 2.

Refer to the data on page 2.

(a) Calculate the 95% CI for the pop-

ulation mean score on the second

midterm exam.

Answer:

Data from Version 1:

ȳ ± t∗(s2/
√
n) =

76.96± 2.069(10.22/
√
24) =

76.96± 4.32.

Data from Version 2:

81.83± 2.069(9.92/
√
24) =

81.83± 4.19.

Data from Version 3:

74.75± 2.069(11.28/
√
24) =

74.75± 4.76.

(b) I plan to select one student at random

from the population. Use the formula

that assumes that the population is a

normal curve to obtain the 95% PI of

the selected student’s score on the first

midterm.

Answer:

Data from Version 1:

x̄± t∗s1
√

1 + (1/n) =

74.04± 2.069(13.51)
√

1 + (1/24) =

74.04± 28.53.

Data from Version 2:

81.96± 2.069(10.63)
√

1 + (1/24) =

81.96± 22.45.

Data from Version 3:

72.75± 2.069(13.65)
√

1 + (1/24) =

72.75± 28.82.

6. (5 points.) This is the final question on

the data from the midterm exams. But it

has a new twist. Do not use the data on

page 2. Instead, I have two independent

random samples of students from this pop-

ulation. For the students in the first [sec-

ond] sample, I determine the scores on the

first [second] midterm exam. I obtain the

following summary statistics:

x̄ = 77.00, s1 = 12.62, n1 = 14 and

ȳ = 73.00, s2 = 9.11, n2 = 7.

Use these data to construct the 95% CI for

the difference in the population means.

Answer:

df = 19; thus, t∗ = 2.093.

s2p = 135.18; thus, sp = 11.63;

The CI is

4.00± 11.27.

Note: Several persons used a paired data

analysis. I gave this 0 points b/c it was

wrong in so many ways: How can you have

paired data when n1 6= n2? What is the

value of r? Also, you are told they are in-

dependent samples.
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7. (4 points.) Twelve researchers select ran-

dom samples from the same population.

Each researcher computes a CI for the

mean of the population. Thus, each re-

searcher is estimating the same number.

Unfortunately, the lower and upper bounds

of the 12 confidence intervals became dis-

connected. The 12 lower bounds, sorted,

are below.

229 230 236 244 253 255

256 269 274 287 297 302

The 12 upper bounds, sorted, are below.

280 282 291 325 339 343

347 351 353 406 413 422

(a) Given that µ = 285, how many of the

CIs are too large? How many of the

CIs are too small? How many are cor-

rect? Label your answers.

Answer:

Three lower bounds exceed 285; thus,

three CIs are too large. Two upper

bounds are smaller than 285; thus two

CIs are too small. The remaining

seven CIs must be correct.

(b) Given that exactly three of the CIs

are too large, determine the interval of

possible values for µ.

Answer:

Lower bounds 287, 297 and 302 are

too large, but lower bound 274 is not

too large. Thus,

274 ≤ µ < 287.

8. (3 points.) Below is the table of popula-

tion counts for a disease (A means present)

and its screening test (B means positive).

Write your answers below as as a decimal

with three digits, for example 0.131.

B Bc Total

A 89 28 117
Ac 181 1002 1183
Total 270 1030 1300

(a) What proportion of the population has

the disease?

Answer:

117/1300 = 0.090.

(b) Of those in the population who have

the disease, what proportion would

test negative?

Answer:

28/117 = 0.239.

(c) Of those in the population who would

test positive, what proportion has the

disease?

Answer:

89/270 = 0.330.
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9. (3 points.) An observational study yields

the following collapsed table.

Group S F Total

1 7 4 11

2 8 5 13

Total 15 9 24

Below are two partial component tables

for the above data. Complete these tables

so that Simpson’s Paradox is occurring.

Every cell count you use must be 1 or

larger; i.e., no zeroes allowed!

Be careful: There are 17 empty spaces

in the two tables below; you must place a

number in each space to receive full credit.

Answer:

First note that in the collapsed table,

p̂1 = 0.64 > 0.62 = p̂2.

Thus, for SP to occur we will need the re-

verse inequality in both subgroups. There

are many possible answers; one is below.

Subgroup A

Group S F Total

1 1 2 3

2 4 4 8

Total 5 6 11

Subgroup B

Group S F Total

1 6 2 8

2 4 1 5

Total 10 3 13

10. (4 points.) Hypothetical data. You are

given the following information about a re-

gression analysis. The subjects are under-

graduate men at UW–Madison. The vari-

ables are height in inches, X , and weight

in pounds, Y . Based on a random sample

of 11 men, I obtain the following regression

line:

ŷ = −320 + 6.8x.

I select an additional man at random from

the population.

My goal is to try to determine whether the

man weighs less than the mean for men of

his height.

Given that the man I select is 66 inches tall

and weighs 118 pounds, what should I con-

clude, based only on these data?

Your answer should discuss the point esti-

mate of his weight and either a 95% CI or

95% PI, but not both, depending on which

one you think is more relevant.

You might want to use the following facts.

For the regression, s = 13.00 and the esti-

mated standard error of the fit for X = 66
is 6.52.

Answer:

For the man I select,

ŷ = −320 + 6.8(66) = 128.8.

Thus, his weight is smaller than the point

estimate of the mean weight for all men 66

inches tall. The 95% CI for this mean is

128.8± 2.262(6.52) = 128.8± 14.74 =

[114.06, 143.54].

Thus, his actual weight, 118, falls within

the CI. Thus, I cannot conclude that he

weighs less than the mean.

27



11. (4 points.) There is some uncertainty as to

whether Albert or Herbert is the father of a

particular baby. Sadly, the only data avail-

able is whether or not the baby has feature

B. You are given the following probabili-

ties.

• According to a trusted detective,

in the absence of knowledge as to

whether or not the baby has featureB,

the probability that Albert is the father

equals 0.60.

• Based on genetics, given that Albert

is the father, there is a 45% chance the

baby will have feature B.

• Based on genetics, given that Herbert

is the father, there is a 25% chance the

baby will have feature B.

(a) Calculate the appropriate 2 × 2 table

of probabilities for this problem.

Answer:

Father B Bc Total

Albert 0.27 0.33 0.60

Herbert 0.10 0.30 0.40

Total 0.37 0.63 1.00

The above probabilities are obtained

as follows: 1.00 is implied; 0.60 is

given; 45% of 0.60 is 0.27; 0.33 and

0.40 are obtained by subtraction; 25%

of 0.40 is 0.10; 0.30 is obtained by

subtraction; 0.37 and 0.63 are ob-

tained by addition.

(b) The baby is observed not to have fea-

tureB. Given this information, calcu-

late the probability that Herbert is the

father.

Answer:

P (H|Bc) = P (HBc)/P (Bc) =

0.30/0.63 = 0.476.

12. (3 points.) An observational study yields

the following collapsed table.

Group S F Total

1 80 120 200

2 105 145 250

Total 185 265 450

Below are two component tables for these

data.

Subgp A Subgp B

Gp S F Tot Gp S F Tot

1 40 120 1 40 80

2 cA 100 2 cB 150

Tot 220 Tot 230

Determine all pairs of values of cA and cB
so that Simpson’s Paradox is occurring or

explain why Simpson’s Paradox cannot oc-

cur for these data. You must present com-

putations to justify your answer.

Answer:

First note that in the collapsed table,

p̂1 = 0.40 < 0.42 = p̂2.

Thus, for SP to occur we will need the

reverse inequality in both subgroups. We

need

cA/100 < 40/120; or cA < 33.3;

cB/150 < 40/80; or cB < 75; and

cA + cB = 105.

Three pairs satisfy these conditions:

(33,72), (32,73) and (31,74).
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13. (3 points.) You are given the following in-

formation about a regression analysis.

x̄ = 220 and ȳ = 260.

For a particular case, Bert, his x is 10 larger

than the mean of the x’s, his y is 40 larger

than the mean of the y’s, and his y is 10

larger than its value as predicted by the re-

gression line.

Calculate the equation of the regression

line.

Answer:

For Bert, x = 220 + 10 = 230, y = 260 +
40 = 300, and ŷ = y − 10 = 290. Thus,
our two equations are

290 = b0 + 230b1; and

260 = b0 + 220b1.

Subtracting the second equation from the

first, on each side, yields

30 = 10b1; or b1 = 3.

Plugging this into the first equation gives

290 = b0 + 230(3); or b0 = −400.

Thus,

ŷ = −400 + 3x.

14. (7 points.) Mary shoots 600 pairs of free

throws, obtaining the results given in the ta-

ble below.

First Second Shot

Shot S F Total

S 300 100 400

F 160 40 200

Total 460 140 600

There are two primary questions of interest

in data such as these.

(a) Does the outcome of Mary’s second

shot depend on the outcome of her

first shot?

(b) Is Mary better on her first or second

shot?

Investigate these questions with a pair of

80% CIs, making sure to tell me which in-

terval addresses which question.

Answer:

(a) Here we compare row proportions us-

ing the CI from Chapter 15. The point

estimate is

(300/400)− (160/200) = −0.050.

The CI is −0.050±

1.282

√

0.75(0.25)

400
+

0.8(0.2)

200
=

−0.050± 0.046.

We can conclude there is dependence.

(b) The point estimate is

100− 160

600
= −0.100

and the half-width of the CI is

1.282

600

√

600(100 + 160)− (100− 160)2

599
=

0.034

Thus, the CI is

−0.100± 0.034.

Mary seems to be better on her second

shot.
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