
Solutions to the Second Midterm Exam; Statistics 301 [371],

Lecture 1 [5]; Fall 2015; Professor Wardrop

November 20, 2015

There are three versions of each problem. Some of

you had an exam that was all one version, but most

of you had exams for which two or three versions

were represented. This process is fair if you agree

with me that, for every question, the versions are of

almost identical difficulty.

For each problem below, first read the information

in the preamble and then find the solution that fits

your personal exam.

Before I get to the solutions, I want to make a few

general comments. As a whole, the class did very

well on problems 3–10 and quite poorly on problems

1 and 2. Problems 1 and 2 refer to a given table of

Binomial probabilities. It was the same table for all

three versions of problems 1 and 2, and I reproduce

it below.

There was a similar table in the practice midterm

with only one difference. In the practice midterm the

entries, as noted in the column headings, were vari-

ous P (X = x). In the table below, the entries are

P (X ≥ x). Even a cursory inspection of the table

should reveal that the entries are way too large to be

probabilities of individual values of X; i.e., the col-

umn totals are clearly much larger than 1! Despite

this obvious property of the entries, a majority of the

students treated the entries as probabilities of indi-

vidual values of X!

Binomial Probabilities for n equal to 20

p = 0.30 p = 0.40 p = 0.50
x P (X ≥ x) P (X ≥ x) P (X ≥ x)

0 1.0000 1.0000 1.0000
1 0.9992 1.0000 1.0000
2 0.9924 0.9995 1.0000
3 0.9645 0.9964 0.9998
4 0.8929 0.9840 0.9987
5 0.7625 0.9490 0.9941
6 0.5836 0.8744 0.9793
7 0.3920 0.7500 0.9423
8 0.2277 0.5841 0.8684
9 0.1133 0.4044 0.7483
10 0.0480 0.2447 0.5881
11 0.0171 0.1275 0.4119
12 0.0051 0.0565 0.2517
13 0.0013 0.0210 0.1316
14 0.0003 0.0065 0.0577
15 0.0000 0.0016 0.0207
16 0.0000 0.0003 0.0059
17 0.0000 0.0000 0.0013
18 0.0000 0.0000 0.0002
19 0.0000 0.0000 0.0000

1



1. Problem 1: 8 points. The target for α in

part (a) is 0.1200 [0.0500; 0.0600] in Version 1

[2; 3].

Part (a) [(b); (c)] is worth 4 [2; 2] points.

Version 1:

(a) For the given alternative, the critical re-

gion will be (X ≥ c), for some value of c.
The value of α will be the P (X ≥ c)
given that the null is correct; i.e., given

that p = 0.30. Thus, you simply examine

the entries in the first column of probabil-

ities until you find a value as close as pos-

sible to 0.1200. Thus, the critical region is

(X ≥ 9) and α = 0.1133.

(b) The power is P (X ≥ 9) given that p =
0.50; thus, it is 0.7483.

Grading Note: If the student incorrectly

summed probabilities in part (a), two

points were lost; if the student repeated

this error in part (b), no points were lost.

Curiously, some students summed in (a),

but calculated (b) correctly; they were

given back one of the two points lost in

(a). In my opinion, I was very generous in

giving partial credit on (a) and (b).

(c) The critical region for the given alternative

is (X ≤ c) for some value of c. Next, note
that

P (X ≤ c) = 1− P (X ≥ c+ 1).

Thus, the directive translates into: find a

value (c + 1) such that P (X ≥ c + 1)
given p = 0.40 is as close as possible to

0.9400. By inspection of the table,

P (X ≥ 5) = 0.9490.

Thus, the critical region is (X ≤ 4) and

α = 1− 0.9490 = 0.0510.

Grading Note: There was a great deal

of work in (c) for only two points. I had

planned to give three points for (c), but the

huge majority of the class used (X ≥ c) as
the critical region, an answer that I could

not find any justification to reward. Thus,

to minimize the damage to total scores, I

reduced part (c) to two points.

I am very disappointed that so many stu-

dents’ answers are consistent with the no-

tion, “This problem superficially looks

like the one on the practice exam; I will

answer it exactly the same way!”

Version 2:

(a) For the given alternative, the critical re-

gion will be (X ≥ c), for some value of c.
The value of α will be the P (X ≥ c)
given that the null is correct; i.e., given

that p = 0.30. Thus, you simply examine

the entries in the first column of probabil-

ities until you find a value as close as pos-

sible to 0.0500. Thus, the critical region is

(X ≥ 10) and α = 0.0480.

(b) The power is P (X ≥ 10) given that p =
0.40; thus, it is 0.2447.

Grading Note: See Version 1.

(c) The critical region for the given alternative

is (X ≤ c) for some value of c. Next, note
that

P (X ≤ c) = 1− P (X ≥ c+ 1).

Thus, the directive translates into: find a

value (c + 1) such that P (X ≥ c + 1)
given p = 0.50 is as close as possible to

0.9400. By inspection of the table,

P (X ≥ 7) = 0.9423.

Thus, the critical region is (X ≤ 6) and

α = 1− 0.9423 = 0.0577.

Grading Note: See Version 1.

2



Version 3:

(a) For the given alternative, the critical re-

gion will be (X ≥ c), for some value of c.
The value of α will be the P (X ≥ c)
given that the null is correct; i.e., given

that p = 0.40. Thus, you simply examine

the entries in the second column of prob-

abilities until you find a value as close as

possible to 0.0600. Thus, the critical re-

gion is (X ≥ 12) and α = 0.0565.

(b) The power is P (X ≥ 12) given that p =
0.50; thus, it is 0.2517.

Grading Note: See Version 1.

(c) The critical region for the given alternative

is (X ≤ c) for some value of c. Next, note
that

P (X ≤ c) = 1− P (X ≥ c+ 1).

Thus, the directive translates into: find a

value (c + 1) such that P (X ≥ c + 1)
given p = 0.30 is as close as possible to

0.9600. By inspection of the table,

P (X ≥ 3) = 0.9645.

Thus, the critical region is (X ≤ 2) and

α = 1− 0.9645 = 0.0355.

Grading Note: See Version 1.

2. Problem 2: 7 points. The event of in-

terest is P (7 ≤ X ≤ 12) [P (4 ≤ X ≤ 9);
P (6 ≤ X ≤ 11)] on Version 1 [2; 3].

Part (a) [(b)] is worth 3 [2] points.

Version 1:

(a) We need to write the event of interest in

terms so that we can use the table of prob-

abilities; i.e., we need to write it in terms

of P (X ≥ x). With this in mind,

P (7 ≤ X ≤ 12) =

P (X ≥ 7)− P (X ≥ 13) =

0.7500 − 0.0210 = 0.7290.

(b) In the end, whichever outcome we label

a success doesn’t really matter. Thus,

counting successes with p = 0.70 is

equivalent to counting failures with p =
0.30. All you need to do is convert the

event of interest from successes to fail-

ures. Obtaining between 11 and 15 suc-

cesses is the same event as obtaining be-

tween (20 − 15 = 5) and (20 − 11 = 9)
failures. Thus, the answer is

P (Y ≥ 5)− P (Y ≥ 10) =

−.7625 − 0.0480 = 0.7145.

Version 2:

(a) We need to write the event of interest in

terms so that we can use the table of prob-

abilities; i.e., we need to write it in terms

of P (X ≥ x). With this in mind,

P (4 ≤ X ≤ 9) =

P (X ≥ 4)− P (X ≥ 10) =

0.8929 − 0.0480 = 0.8449.

(b) In the end, whichever outcome we label

a success doesn’t really matter. Thus,

counting successes with p = 0.60 is

equivalent to counting failures with p =
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0.40. All you need to do is convert the

event of interest from successes to fail-

ures. Obtaining between 6 and 12 suc-

cesses is the same event as obtaining be-

tween (20 − 12 = 8) and (20 − 6 = 14)
failures. Thus, the answer is

P (Y ≥ 8)− P (Y ≥ 15) =

0.5841 − 0.0016 = 0.5825.

Version 3:

(a) We need to write the event of interest in

terms so that we can use the table of prob-

abilities; i.e., we need to write it in terms

of P (X ≥ x). With this in mind,

P (6 ≤ X ≤ 11) =

P (X ≥ 6)− P (X ≥ 12) =

0.5836 − 0.0051 = 0.5785.

(b) In the end, whichever outcome we label

a success doesn’t really matter. Thus,

counting successes with p = 0.60 is

equivalent to counting failures with p =
0.40. All you need to do is convert the

event of interest from successes to fail-

ures. Obtaining between 7 and 14 suc-

cesses is the same event as obtaining be-

tween (20 − 14 = 6) and (20 − 7 = 13)
failures. Thus, the answer is

P (Y ≥ 6)− P (Y ≥ 14) =

0.8744 − 0.0065 = 0.8679.

3. Problem 3: 4 points. The trials begin 00
[10; 01] on Version 1 [2; 3].

Each answer is worth 1 point.

Version 1:

By counting,

x = 18, r = 27, v = 3 and w = 5.

Note: If the sequence begins and ends with the

same response (either both successes or both

failures), then r will be an odd number; other-

wise, it will be even. This is a useful check, be-

cause people often miscount by 1 and this will

catch it.

Version 2:

By counting,

x = 22, r = 19, v = 5 and w = 7.

Note: If the sequence begins and ends with the

same response (either both successes or both

failures), then r will be an odd number; other-

wise, it will be even. This is a useful check, be-

cause people often miscount by 1 and this will

catch it.

Version 3:

By counting,

x = 26, r = 22, v = 7 and w = 4.

Note: If the sequence begins and ends with the

same response (either both successes or both

failures), then r will be an odd number; other-

wise, it will be even. This is a useful check, be-

cause people often miscount by 1 and this will

catch it.
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4. Problem 4: 6 points. The denominator

of each fraction is 90 [110; 72] on Version 1 [2;

3].

Each part is worth 2 points.

Version 1:

(a) We write P (X1 = X2) as

P (X1 = 1,X2 = 1)+

P (X1 = 2,X2 = 2)+

P (X1 = 3,X2 = 3) =

(2 + 6 + 20)/90 = 28/90.

(b) We write P (X1 +X2 = 4) as

P (X1 = 1,X2 = 3)+

P (X1 = 2,X2 = 2)+

P (X1 = 3,X2 = 1) =

(10 + 6 + 10)/90 = 26/90.

(c) From the margins we see that 20% of the

cards must be marked 1; 30% of the cards

must be marked 2; and 50% of the cards

must be marked 3. If we try (2,3,5) then

we can check that the probabilities match

those given. For example,

P (X1 = 1,X2 = 3) =

(2/10)(5/9) = 10/90.

Version 2:

(a) We write P (X1 = X2) as

P (X1 = 1,X2 = 1)+

P (X1 = 2,X2 = 2)+

P (X1 = 3,X2 = 3) =

(20 + 12 + 2)/110 = 34/110.

(b) We write P (X1 +X2 = 4) as

P (X1 = 1,X2 = 3)+

P (X1 = 2,X2 = 2)+P (X1 = 3,X2 = 1) =

(10 + 12 + 10)/110 = 32/110.

(c) From the margins we see that (5/11) of

the cards must be marked 1; (4/11) of the
cards must be marked 2; and (2/11) of the
cards must be marked 3. If we try (5,4,2)

then we can check that the probabilities

match those given. For example,

P (X1 = 1,X2 = 3) =

(5/11)(2/11) = 10/110.

Version 3:

(a) We write P (X1 = X2) as

P (X1 = 1,X2 = 1)+

P (X1 = 2,X2 = 2)+

P (X1 = 3,X2 = 3) =

(2 + 12 + 6)/72 = 20/72.

(b) We write P (X1 +X2 = 4) as

P (X1 = 1,X2 = 3)+

P (X1 = 2,X2 = 2)+

P (X1 = 3,X2 = 1) =

(6 + 12 + 6)/72 = 24/72.

(c) From the margins we see that (2/9) of the
cards must be marked 1; (4/9) of the cards
must be marked 2; and (3/9) of the cards
must be marked 3. If we try (2,4,3) then

we can check that the probabilities match

those given. For example,

P (X1 = 1,X2 = 3) =

(2/9)(3/8) = 6/72.
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5. Problem 5: 3 points. The smallest P-

value is 0.2524 [0.3142; 0.1694] on Version 1

[2; 3].

Version 1:

First, note that

x = p̂1 − p̂2 = 0.35 − 0.40 = −0.05

is a negative number. Define

B = P (X ≤ −0.05) and C = P (X ≥ −0.05).

We have the following facts.

Alternative: > < 6=
P-value: C B 2B

Note that we get 2B for 6= because balance im-

plies symmetry. We know that B + C > 1 and

that 2B ≤ 1; thus

B ≤ 0.5000 < C.

First suppose that 0.7360 is the second given P-

value. It is too large to be B. If it were 2B,

then B = 0.3680 and the remaining number,

0.2524, must be C; but this violates the fact that

B +C > 1. Thus, C = 0.7360. But B must be

either 0.2524 or 0.2524/2; in either case, B +
C < 1.

Thus, 0.7360 cannot be the second P-value; the

second P-value is 0.8248.

Repeating the above argument, we see that C =
0.8248 and the remaining number, 0.2524, must

be 2B or B. If it were 2B, then B + C < 1;
thus, B = 0.2524 and 2B = 0.5048.

Version 2:

First, note that

x = p̂1 − p̂2 = 0.425 − 0.375 = 0.050

is a positive number. Define

C = P (X ≤ 0.05) and B = P (X ≥ 0.05).

We have the following facts.

Alternative: > < 6=
P-value: B C 2B

Note that we get 2B for 6= because balance im-

plies symmetry. We know that B + C > 1 and

that 2B ≤ 1; thus

B ≤ 0.5000 < C.

First suppose that 0.6700 is the second given P-

value. It is too large to be B. If it were 2B,

then B = 0.3500 and the remaining number,

0.3142, must be C; but this violates the fact that

B +C > 1. Thus, C = 0.6700. But B must be

either 0.3142 or 0.3142/2; in either case, B +
C < 1.

Thus, 0.6700 cannot be the second P-value; the

second P-value is 0.7900.

Repeating the above argument, we see that C =
0.7900 and the remaining number, 0.3142, must

be 2B or B. If it were 2B, then B + C < 1;
thus, B = 0.3142 and 2B = 0.6284.

Version 3:

First, note that

x = p̂1 − p̂2 = 0.60− 0.70 = −0.10

is a negative number. Define

B = P (X ≤ −0.10) and C = P (X ≥ −0.10).

We have the following facts.

Alternative: > < 6=
P-value: C B 2B

Note that we get 2B for 6= because balance im-

plies symmetry. We know that B + C > 1 and

that 2B ≤ 1; thus

B ≤ 0.5000 < C.

First suppose that 0.8100 is the second given P-

value. It is too large to be B. If it were 2B,

then B = 0.4050 and the remaining number,

0.1694, must be C; but this violates the fact that
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B +C > 1. Thus, C = 0.8100. But B must be

either 0.1694 or 0.1694/2; in either case, B +
C < 1.

Thus, 0.8100 cannot be the second P-value; the

second P-value is 0.9100.

Repeating the above argument, we see that C =
0.9100 and the remaining number, 0.1694, must

be 2B or B. If it were 2B, then B + C < 1;
thus, B = 0.1694 and 2B = 0.3388.

6. Problem 6: 8 points. The number of

reps is 2,000 [4,000; 5,000] on Version 1 [2; 3].

Parts (a) and (b) are worth 3 points each; parts

(c) and (d) are worth 1 point each.

Version 1:

(a) Because this question asks you about U ,

but not R1, the relevant counts are in

the row totals: 1,100 successes (rejection

of null) and 900 failures. Thus, p̂ =
1100/2000 = 0.550.

The 98% confidence interval is

0.550 ± 2.326

√

0.55(0.45)

2000
=

0.550 ± 0.026.

(b) Following the formula given in the notes

for the exam, the nearly certain interval is

375 − 75

2000
± 3

2000

√
375 + 75 =

0.150 ± 0.032.

(c) All of the numbers in the interval in (b)

are positive; thus, based on the nearly cer-

tain interval states that U is more powerful

than R1.

(d) We want the count for the cell in which:

R1 rejects and U does not; it is 75.

Version 2:

(a) Because this question asks you about U ,

but not R1, the relevant counts are in

the row totals: 1,600 successes (rejection

of null) and 2,400 failures. Thus, p̂ =
1600/4000 = 0.400.

The 90% confidence interval is

0.400 ± 1.645

√

0.4(0.6)

4000
=

0.400 ± 0.013.

(b) Following the formula given in the notes

for the exam, the nearly certain interval is

500− 100

4000
± 3

4000

√
500 + 100 =

0.100 ± 0.018.

(c) All of the numbers in the interval in (b)

are positive; thus, based on the nearly cer-

tain interval states that U is more powerful

than R1.

(d) We want the count for the cell in which:

R1 rejects and U does not; it is 100.

Version 3:

(a) Because this question asks you about U ,

but not R1, the relevant counts are in

the row totals: 1,500 successes (rejection

of null) and 3,500 failures. Thus, p̂ =
1500/5000 = 0.300.

The 80% confidence interval is

0.300 ± 1.282

√

0.3(0.7)

5000
=

0.300 ± 0.008.

(b) Following the formula given in the notes

for the exam, the nearly certain interval is

575− 125

5000
± 3

5000

√
575 + 125 =

0.090 ± 0.016.

(c) All of the numbers in the interval in (b)

are positive; thus, based on the nearly cer-

tain interval states that U is more powerful

than R1.

(d) We want the count for the cell in which:

R1 rejects and U does not; it is 125.
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7. Problem 7: 4 points. Jane’s number of

successes is 490 [540; 600] on Version 1 [2;3].

Version 1:

Before she collects data, Jane plans to observe

X, the total number of successes. The sampling

distribution of X is the Poisson with parameter

θ, where θ = 7λ, where λ is the rate per hour.

She observes X = 490. Thus, the 90% confi-

dence interval for θ is

490 ± 1.645 ±
√
490 =

490 ± 36.41.

We obtain the 90% confidence interval for λ by

dividing this interval by the number of hours ob-

served, 7, which yields:

70± 5.20.

Version 2:

Before she collects data, Jane plans to observe

X, the total number of successes. The sampling

distribution of X is the Poisson with parameter

θ, where θ = 6λ, where λ is the rate per hour.

She observes X = 540. Thus, the 95% confi-

dence interval for θ is

540 ± 1.96 ±
√
540 =

540 ± 45.54.

We obtain the 95% confidence interval for λ by

dividing this interval by the number of hours ob-

served, 6, which yields:

90± 7.59.

Version 3:

Before she collects data, Jane plans to observe

X, the total number of successes. The sampling

distribution of X is the Poisson with parameter

θ, where θ = 5λ, where λ is the rate per hour.

She observes X = 600. Thus, the 99% confi-

dence interval for θ is

600 ± 2.576 ±
√
600 =

600± 63.10.

We obtain the 99% confidence interval for λ by

dividing this interval by the number of hours ob-

served, 5, which yields:

120± 12.62.

8. Problem 8: 4 points. Your problem 8 is

the same version as your problem 7.

Version 1:

We note that

x = 490 and r′ = t2/t1 = 14/7 = 2.

Thus, the 90% prediction interval is

2(490) ± 1.645
√

2(490)(3) =

980 ± 89.2.

Version 2:

We note that

x = 540 and r′ = t2/t1 = 15/6 = 2.5.

Thus, the 95% prediction interval is

2.5(540) ± 1.96
√

2.5(540)(3.5) =

1350 ± 134.7.

Version 3:

We note that

x = 600 and r′ = t2/t1 = 15/5 = 3.

Thus, the 98% prediction interval is

3(600) ± 2.326
√

3(600)(4) =

1800 ± 197.4.
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9. Problem 9: 4 points. Vince counts four
[six; three] successes on Version 1 [2;3].

Version 1:

Before he collects data, Vince plans to observe

X, the total number of successes. The sampling

distribution of X is the Poisson with parame-

ter θ, where θ = 20λ, where λ is the rate per

minute.

For X = 4 successes, the website gives an up-

per confidence bound; call it b:

θ ≤ b.

We can write this as

20λ ≤ b or λ ≤ b/20.

We are given that

b/20 = 0.3462 or b = 6.924.

Replacing θ by np = 500p (this is the approxi-

mation), we get

500p ≤ 6.924 or p ≤ 0.0138.

Version 2:

Before he collects data, Vince plans to observe

X, the total number of successes. The sampling

distribution of X is the Poisson with parame-

ter θ, where θ = 10λ, where λ is the rate per

minute.

For X = 6 successes, the website gives an up-

per confidence bound; call it b:

θ ≤ b.

We can write this as

10λ ≤ b or λ ≤ b/10.

We are given that

b/10 = 0.8776 or b = 8.776.

Replacing θ by np = 400p (this is the approxi-

mation), we get

400p ≤ 8.776 or p ≤ 0.0219.

Version 3:

Before he collects data, Vince plans to observe

X, the total number of successes. The sampling

distribution of X is the Poisson with parameter

θ, where θ = 5λ, where λ is the rate per minute.

For X = 3 successes, the website gives an up-

per confidence bound; call it b:

θ ≤ b.

We can write this as

5λ ≤ b or λ ≤ b/5.

We are given that

b/5 = 1.4068 or b = 7.034.

Replacing θ by np = 600p (this is the approxi-

mation), we get

600p ≤ 7.034 or p ≤ 0.0117.
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10. Problem 10: 4 points. The number of

casts is 1,000 [1,100; 1,200] on Version 1 [2;3].

Part (a) is worth 3 points and part (b) is worth 1

point.

Version 1:

(a) This is prediction problem with p = 1/6
known. The 95% prediction interval is

1000(1/6) ± 1.96
√

1000(1/6)(5/6) =

166.67 ± 23.1.

(b) The observed number of times Bill ob-

tained a 6, 239, is much larger than the up-

per bound of the prediction interval. This

earned one-half point. To obtain the other

one-half point you needed to say that per-

haps the assumption that p is known is

wrong.

Version 2:

(a) This is prediction problem with p = 1/6
known. The 95% prediction interval is

1100(1/6) ± 1.96
√

1100(1/6)(5/6) =

183.33 ± 24.2.

(b) The observed number of times Bill ob-

tained a 1, 233, is much larger than the up-

per bound of the prediction interval. This

earned one-half point. To obtain the other

one-half point you needed to say that per-

haps the assumption that p is known is

wrong.

Version 3:

(a) This is prediction problem with p = 1/6
known. The 95% prediction interval is

1200(1/6) ± 1.96
√

1200(1/6)(5/6) =

200 ± 25.3.

(b) The observed number of times Bill ob-

tained a 3, 130, is much smaller than

the lower bound of the prediction interval.

This earned one-half point. To obtain the

other one-half point you needed to say that

perhaps the assumption that p is known is

wrong.
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