
Solutions to the First Midterm Exam; Statistics 371;

Lecture 3; Fall 2014; Professor Wardrop

October 13, 2014

There are two versions of each problem. All prob-

lems on a given page are the same version. For ex-

ample, because problems 2–4 are all on page 3 of the

exam, they are all the same version on each exam.

Some of you had an exam that was all Version 1 [2],

but most of you had exams for which each version

was represented. This process is fair if you agree

with me that, for every question, the versions are of

almost identical difficulty.

I am ending this page now so that the page

splits later will make the rest of this document

easier to read.
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1. Problem 1: 6 points.

The density scale histograms on the two ver-

sions have identical shapes. On Version 1 [2],

the point of symmetry is 20.0 [40.0] and the

width of each interval is 2.0 [4.0].

Each part is is worth 1.5 points. A key idea

for part (a) is that a histogram being symmet-

ric does not imply that the data set is symmet-

ric. This is because histograms typically group

data.

Version 1:

(a) Both ii and iii could be true.

The key is to realize that the numbers in

the two center positions are in the interval

[19.0,21.0]. Thus, the median cannot be

smaller than 19.0, but either of the other

values is possible.

(b) 1,464.

The area of the rectangle is 2(0.0732) =
0.1464. This is the relative frequency

of the interval. Thus, the frequency is

10,000(0.1464) = 1,464.

(c) 0.2620.

From (b), the r.f. of the interval

[21.0, 23.0] is 0.1464. The height of the

rectangle above [23.0, 25.0] is, by sym-

metry of the histogram, 0.0578. Thus, the

r.f. of this interval is 2(0.0578) = 0.1156.
Thus, the r.f. of interest is:

0.1464 + 0.1156 = 0.2620.

(d) 5.0.

According to the empirical rule, approxi-

mately 68% of the data will lie in the in-

terval

w̄ ± s = 20.0 ± s.

Because the histogram is bell-shaped and

n is so large, we anticipagte that the ap-

proximation will be good.

First, note that 3.0 is too small for s be-

cause the interval [17.0, 23.0] clearly con-

tains much less than 68% of the data.

Similarly, 7.0 is too large for s because the
interval [13.0, 27.0] clearly contains much

more than 68% of the data.

Thus, by the process of elimination, s =
5.0.

Version 2:

(a) Both i and ii could be true.

The key is to realize that the numbers in

the two center positions are in the inter-

val [38.0,42.0]. Thus, the median cannot

be larger than 42.0, but either of the other

values is possible.

(b) 0.1584.

The area of the rectangle is 4(0.0396) =
0.1584. This is the relative frequency of

the interval.

(c) 4,204.

From (b), the r.f. of the interval

[38.0, 42.0] is 0.1584. The height of

the rectangle above [34.0, 38.0] is, by

symmetry of the histogram, 0.0366. Thus,

the r.f. of the intervals from 30.0 to 42.0 is

4(0.0289 + 0.0366) + 0.1584 =

4(0.0655) + 0.1584 = 0.4204.

Thus, the frequency of interest is

10,000(0.4204) = 4,204.

(d) 10.0.

According to the empirical rule, approxi-

mately 68% of the data will lie in the in-

terval

w̄ ± s = 40.0± s.

Because the histogram is bell-shaped and

n is so large, we anticipagte that the ap-

proximation will be good.

First, note that 6.0 is too small for s be-

cause the interval [34.0, 46.0] clearly con-

tains much less than 68% of the data.

Similarly, 14.0 is too large for s because

the interval [26.0, 54.0] clearly contains

much more than 68% of the data.

Thus, by the process of elimination, s =
10.0.
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2–4. Problems 2–4: 10 points total.

Subject 1 is assigned to treatment 2 [1] on Ver-

sion 1 [2.].

Version 1:

The first step in finding the table for the clone-

enhanced study is to enter the actual data:

Sbjt: 1 2 3 4 5 6

Tr. 1: 11 21 29

Tr. 2: 20 25 13

For problem 2, for each subject the response on

treatment 1 minus the response on treatment 2

must equal zero:

Sbjt: 1 2 3 4 5 6

Tr. 1: 20 11 25 13 21 29

Tr. 2: 20 11 25 13 21 29

For problem 3, for each subject the response on

treatment 1 minus the response on treatment 2

must equal +4:

Sbjt: 1 2 3 4 5 6

Tr. 1: 24 11 29 17 21 29

Tr. 2: 20 7 25 13 17 25

For problem 4, for each subject the response on

treatment 1 minus the response on treatment 2

must equal +6 [−4] for the men [women]:

Sbjt: 1 2 3 4 5 6

Tr. 1: 26 11 31 10 21 29

Tr. 2: 20 14 25 13 15 32

Version 2:

The first step in finding the table for the clone-

enhanced study is to enter the actual data:

Sbjt: 1 2 3 4 5 6

Tr. 1: 25 18 36

Tr. 2: 16 30 34

For problem 2, for each subject the response on

treatment 1 minus the response on treatment 2

must equal zero:

Sbjt: 1 2 3 4 5 6

Tr. 1: 25 16 30 18 36 34

Tr. 2: 25 16 30 18 36 34

For problem 3, for each subject the response on

treatment 1 minus the response on treatment 2

must equal +3:

Sbjt: 1 2 3 4 5 6

Tr. 1: 25 19 33 18 36 37

Tr. 2: 22 16 30 15 33 34

For problem 4, for each subject the response on

treatment 1 minus the response on treatment 2

must equal −4 [+5] for the men [women]:

Sbjt: 1 2 3 4 5 6

Tr. 1: 25 21 26 18 36 39

Tr. 2: 29 16 30 13 40 34
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5. Problem 5: 11points.

The number of runs is 1,000 [2,000] in Ver-

sion 1 [2].

Version 1:

(a) We begin by computing the frequency of

(U ≥ 0.25):

121 + 73 + 55 + 23 + 7 + 2 = 281.

Thus, the r.f., 281/1000 = 0.281, is the
approximate P-value.

(b) We compute the frequency of (U ≤
−0.50):

65 + 18 + 7 + 3 = 93.

Thus, the r.f., 93/1000 = 0.093, is the ap-
proximate P-value.

(c) We compute the frequency of (U ≥ 0.55):

55 + 23 + 7 + 2 = 87,

and add to it the frequency of (U ≤
−0.55):

18 + 7 + 3 = 28,

obtaining 87 + 28 = 115. Thus, the r.f.,

93/1000 = 0.115, is the approximate P-

value.

(d) For (a), we get

0.281±3

√

0.281(0.719)

1000
= 0.281±0.043.

In a similar way, the answer for (b) is

0.093 ± 0.028 and the answer for (c) is

0.115 ± 0.030.

Version 2:

(a) We begin by computing the frequency of

(U ≥ 0.25):

242 + 151 + 114 + 49 + 16 + 5 = 577.

Thus, the r.f., 577/2000 = 0.2885, is the
approximate P-value.

(b) We compute the frequency of (U ≤
−0.50):

126 + 33 + 12 + 5 = 176.

Thus, the r.f., 176/2000 = 0.088, is the
approximate P-value.

(c) We compute the frequency of (U ≥ 0.55):

114 + 49 + 16 + 5 = 184,

and add to it the frequency of (U ≤
−0.55):

33 + 12 + 5 = 50,

obtaining 184 + 50 = 234. Thus, the r.f.,
234/2000 = 0.117, is the approximate P-

value.

(d) For (a), we get

0.288±3

√

0.288(0.712)

2000
= 0.288±0.030.

In a similar way, the answer for (b) is

0.088 ± 0.019 and the answer for (c) is

0.117 ± 0.021.
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6. Problem 6: 10 points.

The total number of subjects, n equals 35 [37]

in Version 1 [2].

Version 1:

The 35 sorted responses consists of 1 in posi-

tions 1–10; 2 in positions 11–22; and 3 in posi-

tions 23–35. Thus, the ranks are

(1 + 10)/2 = 5.5; (11 + 22)/2 = 16.5; and

(23 + 35)/2 = 29.

(a) Using the ranks derived above,

r1 = 3(5.5)+3(16.5)+6(29) = 240 and

r2 = 7(5.5) + 9(16.5) + 7(29) = 390.

(b) In order to compare treatments, we need

to compute mean ranks:

r̄1 = 240/12 = 20.0 and

r̄2 = 390/23 = 16.96.

Thus, based on ranks, treatment 1 gives

larger responses than treatment 2.

(c) First, note that the values of ti are 10, 12

and 13. Thus,

∑

(t3i − ti) = (103 − 10) + (123 − 12)+

(133 − 13) = 4890.

The first piece of the variance is:

12(23)(36)

12
= 828,

and the second piece is:

12(23)(4890)

12(35)(34)
= 94.51.

Thus, the variance is:

828 − 94.51 = 733.49,

and the standard deviation is:

√
733.49 = 27.08.

Version 2:

The 37 sorted responses consists of 1 in posi-

tions 1–11; 2 in positions 12–23; and 3 in posi-

tions 24–37. Thus, the ranks are

(1 + 11)/2 = 6; (12 + 23)/2 = 17.5; and

(24 + 37)/2 = 30.5.

(a) Using the ranks derived above,

r1 = 9(6)+7(17.5)+9(30.5) = 451 and

r2 = 2(6) + 5(17.5) + 5(30.5) = 252.

(b) In order to compare treatments, we need

to compute mean ranks:

r̄1 = 451/25 = 18.04 and

r̄2 = 252/12 = 21.00.

Thus, based on ranks, treatment 2 gives

larger responses than treatment 1.

(c) First, note that the values of ti are 11, 12

and 14. Thus,

∑

(t3i − ti) = (113 − 11) + (123 − 12)+

(143 − 14) = 5766.

The first piece of the variance is:

25(12)(38)

12
= 950,

and the second piece is:

25(12)(5766)

12(37)(36)
= 108.22.

Thus, the variance is:

950 − 108.22 = 841.78,

and the standard deviation is:

√
841.78 = 29.01.
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7. Problem 7: 5 points.

In retrospect, I am amazed that I assigned only

five points to this problem! It should have been

worth much more. Oh, well.

Parts (a) and (d) are worth one point each, while

parts (b) and (c) are worth 1.5 points each.

Version 1 [2] had n equal to 8 [9].

Version 1:

(a) We obtain

x̄ = (8 + 9 + 10)/3 = 9 and

ȳ = (3 + 3 + 10 + 3 + 4)/5 = 4.6,

yielding, u = 9− 4.6 = 4.4.

(b) We need to sort the combined data:

Resp.: 3 3 3 4 8 9 10 10

Pos.: 1 2 3 4 5 6 7 8

Rank: 2 2 2 4 5 6 7.5 7.5

Treat.: 2 2 2 2 1 1 1 2

Thus,

r1 = 5 + 6 + 7.5 = 18.5 and

r2 = 2 + 2 + 2 + 4 + 7.5 = 17.5.

(c) The values of ti larger than 1 are: 2, 3.

Thus,

∑

(t3
i
− ti) = (8− 2) + (27 − 3) = 30.

Thus, the variance is

3(5)(9)

12
−
3(5)(30)

12(8)(7)
= 11.25−0.67 = 10.58.

(d) We obtain

x̄ = (8 + 3 + 10)/3 = 7 and

ȳ = (3 + 9 + 3 + 10 + 4)/5 = 5.8,

yielding, u = 7− 5.8 = 1.2.

Version 2:

(a) We obtain

x̄ = (10 + 11 + 12)/3 = 11 and

ȳ = (5 + 3 + 12 + 5 + 3 + 2)/6 = 5,

yielding, u = 11− 5 = 6.

(b) We need to sort the combined data:

Rs.: 2 3 3 5 5 10 11 12 12

Ps.: 1 2 3 4 5 6 7 8 9

Rk: 1 2.5 2.5 4.5 4.5 6 7 8.5 8.5

Tt.: 2 2 2 2 2 1 1 1 2

Thus,

r1 = 6 + 7 + 8.5 = 21.5 and

r2 = 1+2.5+2.5+4.5+4.5+8.5 = 23.5.

(c) The values of ti larger than 1 are: 2, 2, 2.

Thus,

∑

(t3
i
− ti) = 3(8− 2) = 18.

Thus, the variance is

3(6)(10)

12
−
3(6)(18)

12(9)(8)
= 15−0.375 = 14.625.

(d) We obtain

x̄ = (5 + 10 + 12)/3 = 9 and

ȳ = (3 + 11 + 5 + 3 + 2 + 12)/6 = 6,

yielding, u = 9− 6 = 3.
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8. Problem 8: 2 points.

I forgot to state that you must assume that the

Skeptic was correct. Thus, if you lost points on

this problem and you can explain the assump-

tions that led to your answer, then you might

obtain additional credit.

Problems 7 and 8 are the same version on your

exam.

Version 1:

In the actual data, the actual sum of the x’s is
27 yielding an actual u∗ = 4.4. It is easy to see

that in order to obtain a value of u that equals or

exceeds 4.4, we need an assignment for which

the sum of the x’s is 27 or larger. Thus, the

responses on treatment 1 need to be:

8, 9, 10; 8, 10, 10; or 9, 10, 10.

These are obtained with assignments:

1, 5, 7; 1, 4, 5; 1, 4, 7; or 4, 5, 7.

Version 2:

In the actual data, the actual sum of the x’s is
33 yielding an actual u∗ = 6. It is easy to see

that in order to obtain a value of u that equals

or exceeds 6, we need an assignment for which

the sum of the x’s is 33 or larger. Thus, the

responses on treatment 1 need to be:

10, 11, 12; 10, 12, 12; or 11, 12, 12.

These are obtained with assignments:

2, 4, 9; 2, 4, 5; 2, 5, 9; or 4, 5, 9.

9. Problem 9: 3 points.

In Version 1 [2], P (U < u) is equal to 0.1436

[0.1219].

Version 1:

(a) The P-value is

P (U ≥ u) = 1− P (U < u) =

1− 0.1436 = 0.8564.

(b) The P-value is

P (U ≤ u) = 0.1436 + 0.0472 = 0.1908.

(c) A balanced study implies that the sam-

pling distribution of U is symmetric

around 0. Thus, the P-value is obtained by

doubling the smaller of the previous two

answers:

2(0.1908) = 0.3816.

(Note: If this value was larger than 1, then

the P-value would be 1.)

Version 2:

(a) The P-value is

P (U ≥ u) = 1− P (U < u) =

1− 0.1219 = 0.8781.

(b) The P-value is

P (U ≤ u) = 0.1219 + 0.0365 = 0.1584.

(c) A balanced study implies that the sam-

pling distribution of U is symmetric

around 0. Thus, the P-value is obtained by

doubling the smaller of the previous two

answers:

2(0.1584) = 0.3168.

(Note: If this value was larger than 1, then

the P-value would be 1.)
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10. Problem 10: 3 points.

Problems 9 and 10 are the same version on your

exam.

For both versions, n1 = 2 and n2 = 4. Thus, all
possible assignments consist of two integers, as

illustrated in the statement of the problem; i.e.,

I was not trying to trick you. Thus, any answer

like 1,2,3,4 must be wrong.

Both parts of this problem, however, are tricky.

Version 1:

(a) We must put the two men, denoted 1 and

3, on treatment 2. Thus, the answer is all

pairs of subjects that avoid 1 and avoid 3.

These are:

2, 4; 2, 5; 2, 6; 4, 5; 4, 6; and 5, 6.

(b) We must put subjects 2, 4 and 6 on

the same treatment, which must be treat-

ment 2 because n1 = 2. These assign-

ments are:

1, 3; 1, 5; and 3, 5.

Version 2:

(a) We must put the two men, denoted 2 and

4, on treatment 2. Thus, the answer is all

pairs of subjects that avoid 2 and avoid 4.

These are:

1, 3; 1, 5; 1, 6; 3, 5; 3, 6; and 5, 6.

(b) We must put subjects 1, 3 and 5 on

the same treatment, which must be treat-

ment 2 because n1 = 2. These assign-

ments are:

2, 4; 2, 6; and 4, 6.
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