
Notes for the Midterm Exam; Statistics 371; Lecture 4; Spring 2014

Chapters 1 and 2: The CRD with a Numerical Response. Suppose we have a set ofm obser-

vations, denoted by

w1, w2, . . . wm.

The mean of these m is equal to their sum divided by m; it is denoted by w̄. Observation wi has

deviation wi − w̄. The variance, s2, and standard deviation, s, are measures of spread that are

functions of the deviations. (You will not be asked to compute s2 or s for a set of data.)
The Empirical Rule (ER) provides an interpretation of the numerical value of the standard

deviation, s; in particular, it states that:

1. Approximately 68% of the observations lie in the closed interval [w̄ − s, w̄ + s],

2. Approximately 95% of the observations lie in the closed interval [w̄ − 2s, w̄ + 2s], and

3. Approximately 99.7% of the observations lie in the closed interval [w̄ − 3s, w̄ + 3s].

You must know how to evaluate the ER for a particular set of data; i.e., by counting the number of

observations in the interval of interest.

The sorted data (smallest to largest) is denoted by:

w(1), w(2), . . . , w(m).

(Note the parentheses in the subscripts.) The median is the number in the center position. Indeed:

• If the sample sizem is an odd integer, define k = (m+ 1)/2, which will be an integer.

w̃ = w(k)

• If the sample sizem is an even integer, define k = m/2, which will be an integer.

w̃ = (w(k) + w(k+1))/2

Regarding histograms of data, you need to know:

• For a frequency histogram, the height of a rectangle equals the frequency of its class interval;

• For a relative frequency histogram, the height of a rectangle equals the relative frequency of

its class interval; and

• For a density histogram, the area of a rectangle equals the relative frequency of its class

interval.
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Chapter 3: Randomization, Probability and Sampling Distributions. Suppose that we plan

to perform a completely randomized design (CRD) with with n1 [n2] units assigned to treatment 1

[2] and a total of n = n1 + n2 units being studied. Number the units 1, 2, . . . , n. An assignment is

any collection of n1 numbers from the collection 1, 2, . . . , n. For example, if n1 = n2 = 3, then
1,4,6 is an assignment; namely, the assignment that places units 1, 4 and 6 on treatment 1 and the

remaining units—2, 3 and 5—on treatment 2.

A test statistic is a rule that takes as input the data generated by a CRD and yields as output a

number that summarizes the data in a meaningful way. The number we obtain from a particular set

of data is called the observed value of the test statistic. The test statistic introduced in Chapter 3

has observed value u = x̄− ȳ and is denoted by U .

The sampling distribution of the test statistic U is a compilation of the values of U , taken over

all possible assignments. The sampling distribution cannot be obtained without introducing an

assumption. The assumption we need is that the Skeptic’s Argument is correct. (The Skeptic’s

Argument is stated below under Chapter 5.)

Chapter 4: Approximating a Sampling Distribution. A (computer) simulation experiment

looks at some assignments instead of all assignments. Each examined assignment is selected at

random from the collection of all possible assignments. The relative frequency of occurrence of

the event B in a simulation experiment is an approximation of the probability of the event B.

The precision of this approximation can be investigated by computing the nearly certain interval.

In particular, let r̂ denote the relative frequency of occurrence of the event B in a simulation

experiment with m runs. Let r denote the probability of the event B. The nearly certain interval

for r is

r̂ ± 3

√

r̂(1− r̂)

m
.

Chapter 5: A Statistical Test of Hypotheses. Given the exact (or an approximate) sampling

distribution for U , you need to know how to apply the formulas for finding a P-value. In particular,

if u is the actual observed value of the test statistic U , then the rules are:

• For the alternative >, the P-value is equal to P (U ≥ u).

• For the alternative <, the P-value is equal to P (U ≤ u).

• For the alternative 6= the P-value is equal to: 1 if u = 0; otherwise:

P (U ≥ |u|) + P (U ≤ −|u|).

If the sampling distribution is symmetric around zero, then these two terms are the same

number; if not, then they might be different numbers.

The fixed treatment effect assumption is a popular possibility for an alternative. It states that if

the clone-enhanced study could be performed (i.e., each unit gives a response to both treatments),

then for every unit the response on treatment 1 minus the response on treatment 2 would be a
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constant. If, for example, we denote this constant by the number c, then we say that we have a

fixed treatment effect of (size) c. Note that c can be a positive number or a negative number, but it

cannot be zero—if it were zero then the Skeptic’s Argument would be correct.

Chapter 6: The Sum of Ranks Test. Given data from a CRD, you need to know how to assign

ranks: combine the data into one data set; sort the data; assign positions; assign ranks (all tied

observations receive the same rank, with the rank equal to the mean of the positions). After as-

signing ranks, you need to know how to calculate r1 and r2 and the proper way to compare them

descriptively, namely with r̄1 and r̄2.

Chapter 7: Visualizing a Sampling Distribution. Given the sampling distribution of a random

variable X , calculate the distances between successive sorted possible values. For example, if the

sorted possible values of X are:

0, 2, 4, 7, 9 and 10

then the distances are 2, 2, 3, 2 and 1. The minimum of these distances is called δ. For my example,

δ = 1.
A probability histogram is a collection of rectangles on the number line. There is a rectangle

centered at every possible value ofX . The rectangle centered at the number x extends from x−δ/2
to x+ δ/2 and its height equals P (X = x)/δ.

The mean of the sampling distribution for R1 is

µ = µ = n1(n+ 1)/2.

The variance of the sampling distribution for R1 is

σ2 =
n1n2(n+ 1)

12
− n1n2

∑

(t3
i
− ti)

12n(n− 1)
.

You need to be able to evaluate this expression. In particular, given data from a CRD, you need

to know how to calculate the values of the ti’s. Remember all ti’s that equal one can be ignored

because they do not affect the variance.

Chapters 8 and 9: Dichotomous Responses; Critical Regions and Statistical Power. Given

the exact sampling distribution for U and a target value of α, you need to be able to find the critical
region for the alternative > and for the alternative <.

• If the alternative is > and α = 0.05, then you need to be able to find the number c that

satisfies:

P (X ≥ c) = 0.05.

• If the alternative is < and α = 0.05, then you need to be able to find the number c that

satisfies:

P (X ≤ c) = 0.05.
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• In each of the cases above, you will need to use trial-and-error to obtain the value of c. Also,
you need to be able to do this for any value of α, not just 0.05. Also, the above can be applied
to the test statistic R1.

More often, I do not give you the exact sampling distribution of U or R1. I will give you my

findings based on a computer simulation experiment. For example, I might give you the following

table obtained under the assumption that the Skeptic is correct.

R1

U Fail to Reject H0 Reject H0 Total

Fail to reject H0 a = 9,374 b = 126 a+ b = 9,500

Reject H0 c = 128 d = 372 c + d = 500

Total a + c = 9,502 b+ d = 498 m = 10,000

Make sure you knowwhat all of these numbers/cells represent. For example, for 9,374 assignments

both tests correctly fail to reject; for 498 assignments test R1 incorrectly rejects; and for 128

assignments R1 correctly fails to reject while U incorrectly rejects.

If instead of the Skeptic being correct, a particular version of the alternative is correct, we get

a table with the same labels, but now the topic is power.

R1

U Fail to Reject H0 Reject H0 Total

Fail to reject H0 a = 7,500 b = 100 a+ b = 7,600

Reject H0 c = 300 d = 2,100 c+ d = 2,400

Total a+ c = 7,800 b+ d = 2,200 m = 10,000

As with the earlier table, you need to know what each number/cell represents. In this table, the

approximate powers are 0.2400 for U and 0.2200 for R1. If we denote the exact powers by rU and

rR, respectively, then the nearly certain interval for rU − rR is:

(c− b)/m± (3/m)
√
b+ c.

The nearly certain interval for rR − rU is

(b− c)/m± (3/m)
√
b+ c.

Note that both of these intervals are approximations to and simplifications of the intervals given in

the Course Notes. In my opinion the approximation is good providedm ≥ 1,000.

Miscellaneous Remember that for a balanced CRD, the exact sampling distribution of U (X for

Fisher’s test) is symmetric around 0.

You will not be asked any questions about output from vassarstats.
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