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Abstract

The representer theorem plays an outsized role in a large class of learning problems.

It provides a means to reduce infinite dimensional optimization problems to tractable fi-

nite dimensional ones. This article reviews the representer theorem for various learning

problems under the reproducing kernel Hilbert spaces framework. We present solutions

to the penalized least squares and penalized likelihood for nonparametric regression,

and support vector machines for classification as a solution to the penalized hinge loss.

We discuss extensions of the representer theorem for regression with functional data.
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1 What Is A Representer Theorem

Briefly, a representer theorem tells us that the solutions to some regularization functionals

in high or infinite dimensional spaces lie in finite dimensional subspaces spanned by the

representers of the data. It effectively reduces the computationally cumbersome or infeasible

problems in high or infinite dimensional spaces to optimization problems on the scalar co-

efficients. This neat and striking result first appeared in the work of Kimeldorf and Wahba
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[1, 2]. The widespread applications of the representer theorem started much later in the late

1980s with the explosion in large complex data and computational power.

Suppose our task is to learn a function f in a model space based on data. Learning in

high or infinite dimensional spaces is usually ill-posed and regularization is commonly used

to overcome this problem. A regularization functional is a map from the model space to real

line with two components:

C(f |data) + λJ(f) (1)

where C(f |data) is a cost function measuring goodness-of-fit to data and J(f) is a penalty

to prevent overfitting as well as to incorporate prior knowledge such as smoothness of the

function. The tuning parameter λ balances the trade-off between two conflicting components

in (1). In their original work, Kimeldorf and Wahba considered the Sobolev space as the

model space, least squares as the cost, and J(f) =
∫ b
a
(Lf)2 as the penalty where L is a linear

differential operator [1, 2]. Much research has been devoted to extending one or both of these

two components for different purposes [3, 4, 5, 6, 7, 8, 9, 10, 11, 12]. Necessary and sufficient

conditions for the representation theorem to hold have also been studied [8, 13, 14]. We

limit the scope of our review to regularization problems in Reproducing Kernel Hilbert

Spaces (RKHS) for function estimation and classification. The purpose is to illustrate

the usefulness of the representer theorem. We do not intend to cover all extensions of the

representer theorem which is next to impossible.

We first provide a brief review of the RKHS in Section 2. Sections 3 and 4 present

the representer theorem for nonparametric regression and classification. Section 5 presents

various extensions of the representer theorem for regression with functional data.
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2 What is an RKHS?

In this section we provide a brief review of the RKHS. Details about the RKHS can be

found in Aronszajn [15] and Wahba [4]. Readers familiar with RKHS may skip this sec-

tion. Formally, an RKHS is a Hilbert space of functions on some domain T in which all

the evaluation functionals are bounded linear functionals. This means that, by the Riesz

representation theorem, for every t ∈ T there exists a representer δt in the space such that

for any g in the space, 〈g, δt〉 = g(t), where 〈·, ·〉 is the inner product in the space. Let

Kt ≡ δt. The bivariate function K(s, t) = δt(s) is called the reproducing kernel (RK) of the

RKHS since it has the reproducing property: 〈Ks, f〉 = f(s) and 〈Ks, Kt〉 = K(s, t).

The RK K(s, t) is symmetric and positive definite: K(s, t) = K(t, s), and for any

t1, · · · , tr ∈ T and a1, · · · , ar ∈ R,

∑
i,j=1,··· ,r

aiajK(ti, tj) ≥ 0. (2)

Every RKHS has a unique RK that is positive definite. Conversely, the Moore-Aronszajn

theorem [16] states that for every positive definite function, K(·, ·), there exists a unique

RKHS with K as its RK. In practice we usually assume that the RK is known. Therefore,

the representer of any bounded linear functional can be obtained explicitly in terms of the

RK.

We note that there is no assumption on the nature of T which allows us to deal with

functions defined on different domains in a unified manner. In practice the domain may be

an interval of the real line, d-dimensional Euclidean space, a circle, or a sphere [4, 17, 18].
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3 Nonparametric Regression

3.1 Penalized least squares

Denote {(xi, yi), i = 1, · · · , n} as n observations of a covariate x ∈ X and a response y ∈ R.

A nonparametric regression model assumes that

yi = f(xi) + εi, i = 1, · · · , n, (3)

where εi are iid random errors with mean zero. The goal of regression analysis is to model

and estimate the function f . We assume that f ∈ H where H is an RKHS of functions from

X to R. Since the space H is usually infinite dimensional, certain regularization is necessary

for estimation. We estimate f as the solution to the penalized least squares

min
f∈H

{
1

n

n∑
i=1

(yi − f(xi))
2 + λJ(f)

}
(4)

where the first part measures the goodness-of-fit, and J(f) is a square seminorm penalty

[17]. Let H = H0 ⊕H1 where H0 = {f : J(f) = 0} is a finite dimensional space with basis

functions φ1, · · · , φm and H1 is an RKHS with RK denoted as K1. Let ξi(·) = K1(xi, ·) for

i = 1, · · · , n be representers.

Theorem 1. (Representer Theorem) The solution to (4), f̂ , is a linear combination of the

basis functions φ1, · · · , φm and representers ξ1, · · · , ξn:

f̂ =
m∑
ν=1

dνφν +
n∑
j=1

cjξj. (5)

[Proof] Any f ∈ H can be expressed as f =
∑m

ν=1 dνφν +
∑n

j=1 cjξj + ρ where ρ ∈ H is

orthogonal to the space spanned by φ1, · · · , φm and ξ1, · · · , ξn. Then the penalized least

squares (4) reduces to

n∑
i=1

(
yi − 〈Kxi ,

m∑
ν=1

dνφν +
n∑
j=1

cjξj + ρ〉

)2

+ λ
n∑
i=1

n∑
j=1

cicjK1(xi, xj) + λ‖ρ‖2 (6)
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where Kx(·) = K(x, ·) and K(x, z) =
∑m

ν=1 φν(x)φν(z) +K1(x, z) is the RK of H. Note that

Kxi belongs to the subspace spanned by φ1, · · · , φm and ξ1, · · · , ξn. Therefore, ρ drops out

the first term in (6) since it is orthogonal to Kxi . Consequently ρ = 0 and the conclusion

follows.

Remarks

1. The representer theorem was first derived by Kimeldorf and Wahba [1, 2] in the setting

of Chebyshev splines. The results for general RKHS first appeared in [4].

2. The significance of the representer theorem is that the solution in an infinite dimen-

sional space falls in a finite dimensional space. This property makes it possible to

compute estimates of general regularization problems in infinite dimensional spaces.

3. The proof of Theorem 1 is quite simple, considering how important it turned out to

be. Two key facts used in the proof are the reproducing property and orthogonality.

The proofs for various extensions usually follow similar arguments.

4. The solution to (4) is unique when the least squares has a unique minimizer in H0 [17].

5. The least squares in (4) may be replaced by weighted least squares when observations

are heteroscedastic and/or correlated. The representer theorem still holds [18]. In fact

the representer theorem holds when the least squares is replaced by a general cost

function c((x1, y1, f(x1)), · · · , (xn, yn, f(xn))) and the penalty is replaced by g(J(f))

where g is a strictly monotone increasing function on [0,∞] [7].

In some applications the function f is observed through bounded linear functionals

Li : H → R plus random errors:

yi = Lif + εi, i = 1, · · · , n. (7)
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Model (3) is a special case of model (7) with Li being the evaluational functional: Lif =

f(xi). The estimate of f , f̂ , is a solution to the penalized least squares with f(xi) being

replaced by Lif in (4). Define new representers as ξi(·) = Li(z)K1(z, ·) for i = 1, · · · , n where

Li(z) indicates that Li is applied to what follows as a function of z. Then the representer

theorem holds with simple adjustment of the proof: since Li are bounded linear functionals,

by the Riesz representation theorem, there exist representers ηi ∈ H such that Lif = 〈ηi, f〉.

Then ηi(x) = 〈ηi, Kx〉 = LiKx =
∑m

ν=1(Liφν)φν(x) + ξi(x). Write any f ∈ H as f =∑m
ν=1 dνφν +

∑n
j=1 cjξj + ρ where ρ ∈ H is orthogonal to the space spanned by φ1, · · · , φm

and ξ1, · · · , ξn. Then Liρ = 〈ηi, ρ〉 = 0 and J(f) =
∑n

i=1

∑n
j=1 cicj〈ξi, ξj〉 + ‖ρ‖2. The

conclusion follows.

The representer theorem reduces the difficult computational problems in high or infinite

dimensional spaces to optimization problems on the scalar coefficients c = (c1, · · · , cn)T and

d = (d1, · · · dm)T . Letting T be the n ×m matrix with the iνth entry φν(xi) and Σ be the

n × n matrix with the ijth entry K1(xi, xj), we need to compute c and d as minimizers of

‖y − Td − Σc‖2 + λcTΣc. The computational details for c and d can be found in Wahba

[4], Gu [17], and Wang [18].

The penalty J(f) penalizes departure from the null space H0. The choice of the penalty

depends on several factors such as the domain of the function X , prior knowledge about the

function f , and the purpose of the study. For example, one may choose J(f) to incorporate

indefinite information that f is close to, but not necessarily in, the space H0 (often called

L-spline). One may also test the hypothesis that f is a parametric model in the space H0

against the general alternative that f ∈ H and f /∈ H0 [19, 18]. To penalize all function in

H, one may set J(f) = ‖f‖2 and H0 as an empty set.

The well-known polynomial spline assumes that X = [a, b], H is the Sobolev space

Wm
2 [a, b] =

{
f : f, f ′, · · · , f (m−1) are absolutely continuous,

∫ b

a

(f (m))2dx <∞
}
,
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and J(f) =
∫ b
a
(f (m))2dx penalizing the roughness of the function measured by squared mth

derivative. The null space H0 consists of polynomials of degree m−1 or less. The thin-plate

spline assumes that X = Rd, H = {f : Jdm(f) <∞}, J(f) = Jdm(f), and 2m > d where

Jdm(f) =
∑

α1+···+αd=m

m!

α1! . . . αd!

∫ ∞
−∞
· · ·
∫ ∞
−∞

(
∂mf

∂xα1
1 . . . ∂xαd

d

)2 d∏
j=1

dxj.

The null space H0 consists of polynomials in d variables of total degree up to m− 1. Other

smoothing spline models including periodic spline, spherical spline, and L-spline with differ-

ent penalties J(f) can be found in Wahba [4], Gu [17], and Wang [18].

The tuning parameter λ in (4) balances the trade-off between goodness-of-fit and penalty.

How to choose λ is a separate topic in itself. The commonly used methods in spline smoothing

include the Generalized Cross Validation (GCV), Generalized Maximum Likelihood (GML),

and unbiased risk [20, 21, 4, 17, 18].

3.2 Smoothing spline ANOVA

Consider model (3) where f is a function of multiple covariates denoted as a vector x =

(x1, · · · , xd) ∈ X = X1 × · · · × Xd and X1, · · · ,Xd are arbitrary sets. A smoothing spline

ANOVA (SS ANOVA) decomposition expresses a function in the tensor product RKHS

H = H1 ⊗ · · · ⊗ Hd as

f(x1, · · · , xd) = µ+
d∑

k=1

fk(xk) +
∑
k<l

fkl(xk, xl) + · · ·+ f1···d(x1, · · · , xd) (8)

where µ represents the grand mean, fk(xk) represents the main effect of xk, fkl(xk, xl) repre-

sents the two-way interaction between xk and xl, and the remaining terms represent higher-

order interactions. The SS ANOVA decomposition leads to a hierarchical structure that

facilitates model selection and interpretation as the classical ANOVA models. To overcome

the curse of dimensionality problem, as in classical ANOVA, high-order interactions are often
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dropped from the model space. A model consisting of any subset of components in the SS

ANOVA decomposition (8) is referred to as an SS ANOVA model. Given an SS ANOVA

model, we can regroup and write the model space as

M = H0 ⊕H1 ⊕ · · · ⊕ Hq, (9)

where H0 is a finite dimensional space containing functions that are not penalized, and

H1, · · · ,Hq are orthogonal RKHS’s with RKs Kj for j = 1, · · · , q. See Wahba [4], Gu [17],

and Wang [18] for details about the SS ANOVA models.

Given observations {(xi, yi), i = 1, · · · , n}, the estimate of the multivariate function f ,

f̂ , is the solution to the following penalized least squares:

min
f∈M

{
1

n

n∑
i=1

(yi − f(xi))
2 +

q∑
j=1

λj‖Pjf‖2
}

(10)

where Pj is the projection operator onto Hj and λj’s are the tuning parameters which allows

different penalties for components in different spaces. Let H∗1 = H1 ⊕ · · · ⊕ Hq, λj = λ/θj,

and define a new inner product in H∗1 as

〈f, g〉∗ =

q∑
j=1

θ−1j 〈f, g〉.

Then it is easy to verify that the RK of H∗1 under the new inner product is K∗1 =
∑q

j=1 θjK
j

and the penalized least squares reduces to

min
f∈M

{
1

n

n∑
i=1

(yi − f(xi))
2 + λJ(f)

}
(11)

where J(f) = ‖P ∗1 f‖2 and P ∗1 is the projection in M = H0 ⊕H∗1 onto H∗1. From Theorem

1, the estimate f̂(x) has the same representation as equation (5) where φ1, · · · , φm are basis

functions of H0 and ξi(·) = K∗1(xi, ·) =
∑q

j=1 θjK
j(xi, ·).
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3.3 Penalized likelihood

The likelihood function may be used as the cost function when the distribution is known.

One important example is the nonparametric regression in exponential family. Assume that

yi are generated from a distribution in the exponential family with the conditional density

function

g(y|x) = exp

{
yf(x)− b(f(x))

a(φ)
+ c(y, φ)

}
, (12)

where f(x) = h(E(y|x)), h is the canonical link, a > 0, b, and c are known functions, and φ

is either known or a nuisance parameter. The goal is to model and estimate the function f .

Given observations {(xi, yi), i = 1, · · · , n} and assuming that f ∈ H, we estimate f as the

solution to the following penalized likelihood

min
f∈H

{
−

n∑
i=1

(yif(xi)− b(f(xi))) + λJ(f)

}
(13)

where the first term is part of the negative log likelihood with components c(yi, φ) being

removed since they are independent of f and the component a(φ) being absorbed into λ.

Again, the representer theorem holds [3]: the solution to (13) has the representation (5)

where φ1, · · · , φm and ξ1, · · · , ξn are defined in Section 3.1.

Another important example is the condition density estimation. Denote g(y|x) as the

conditional density of y given x. To deal with the constraints of the density function, assume

that g > 0 and consider the logistic transformation [17]

g(y|x) =
exp{f(x, y)}∫
Y exp{f(x, y)}dy

.

The bivariate function f is free of constraints. A model space for f may be derived through

SS ANOVA decomposition with certain terms being removed for identifiability [17]. Denote

the model space for f as M given in (9). Given observations {(xi, yi), i = 1, · · · , n}, we
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estimate f as the solution to the following penalized likelihood

min
f∈M

{
−

n∑
i=1

[
f(xi, yi)− log

∫
Y

exp{f(xi, y)}dy
]

+

q∑
j=1

λj‖Pjf‖2
}

(14)

where the first term is the negative log likelihood, and Pj is the projection operator onto Hj.

The representer theorem no longer holds for this situation since the cost function depends on

f through the integral
∫
Y exp{f(xi, y)}dy. Nevertheless, the representer theorem provides an

approximate estimate. Let φ1, · · · , φm be basis functions of H0 and ξi(·) =
∑q

j=1 θjK
j(zi, ·)

where zi = (xi, yi) and λj = λ/θj. An approximate solution based on the form of the

representer theorem is f̂(x, y) =
∑m

ν=1 dνφν(x, y) +
∑r

j=1 cj ξ̃j(x, y) where {ξ̃1, · · · , ξ̃r} is a

subset of {ξ1, · · · , ξn}. The approximate estimate f̂ has nice theoretical properties [17].

This example illustrates that the influence of the representer theorem is not limited to

situations when solutions to regularization problems fall in finite dimensional spaces. For

many complicated applications where there is no finite dimensional solution, the representer

theorem can be used to derive approximate estimates with theoretical guarantees [17].

4 Classification

4.1 Soft and hard classification

The goal of classification is to assign an observation to one of the two or more categories.

We consider binary classification problem in this section. Based on the training sample

{(xi, yi), i = 1, · · · , n} where yi are class labels taking values 1 or −1, the task is to create

a classification rule labeling a new observation as one of the two categories.

Denote p(x) = P (y = 1|x) as the conditional probability and f(x) = log{p(x)/(1−p(x))}

as the log odds ratio. The function f(x) describes how the relative risk of two categories

varies with x which are of interest in a wide range of applications. Treating yi as binary
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data with binomial distribution in the exponential family, the negative log likelihood is

log(1 + exp{yif(xi)}). Results in Section 3.3 assures that the penalized likelihood estimate

of f in an RKHS has the representation (5).

Under the assumption of equal costs of misclassification for both kinds of misclassification,

the optimal classification rule is to label an observation as 1 when f̂(x) > 0 and −1 when

f̂(x) < 0 [6, 22]. This approach, often referred to as soft classification, estimates the logit

function f first and then perform classification. A misclassification happens when −yf̂(x) >

0, that is, the signs of y and f̂(x) do not match. This suggests that one may consider a

cost function in a form of V (yf(x)) for the purpose of minimizing classification error. The

quantity yf(x) is commonly referred to as the functional margin.

The SVM was proposed in Boser, Guyon and Vapnik [23], and Vapnik [24] with a geo-

metrical interpretation of finding a separating hyperplane in a multidimensional input space.

In a meeting in Mt. Holyoke it came about that the SVM could be obtained as the solution

to an optimization problem in an RKHS with the hinge loss function V (u) = (1−u)+ where

(u)+ = u when u > 0 and (u)+ = 0 otherwise. Specifically, we find f ∈ span{1} ⊕ H as the

solution to

min
f∈span{1}⊕H

{
n∑
i=1

(1− yif(xi))+ + λ‖Pf‖2
}

(15)

where P is the projection operator onto H. The representer theorem again holds [6]:

f̂(x) = d+
n∑
i=1

ciK(xi, x)

where K is the RK of the RKHS H. The SVM provides a classification rule that directly

targets on the classification decision boundary. This approach is often referred to as hard

classification since it does not produce the probability estimation.
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4.2 Multicategory classification

Many classification problems involve more than two categories. Suppose that there are k > 2

categories. Denote pj(x) as the conditional probability that y belong to class j given x. If

the misclassification costs are all equal, then the Bayes decision rule assigns a new x to the

class with the largest pj(x).

As in the binary classification, the soft classification approach models and estimates the

probabilities pj(x) first and then use them for classification. Let fj(x) = log{pj(x)/p1(x)}

be the odds ratio between classes j and 1, j = 2, · · · , k. Let yij = 1 if the ith observation

is in class j and 0 otherwise for i = 1, · · · , n and j = 2, · · · , k. Assume that fj ∈ Hj. The

penalized likelihood estimates f̂j’s of fj’s are solutions to

min
f2∈H2,··· ,fk∈Hk

{
n∑
i=1

[
−

k∑
j=2

yijfj(xi) + log
(
1 +

k∑
j=2

exp{fj(xi)}
)]

+
k∑
j=2

λjJj(fj)

}
, (16)

where xi is the feature of the ith observation, Jj(fj)’s are square seminorm penalties and

λj’s are smoothing parameters. The representer theorem in this case states that [25]

f̂j(x) =

mj∑
ν=1

dνjφνj(x) +
n∑
i=1

cijK1j(xi, x), (17)

where φ1j, · · · , φmjj are basis functions of the null space Hj0 = {h : Jj(h) = 0} and K1j is

the RK of Hj 	Hj0.

To obtain a symmetric generalization of the two class SVM to the multicategory case,

define yij = 1 if the ith observation is in class j and yij = −1/(k− 1) otherwise, i = 1, · · · , n

and j = 1, · · · , k. Let L be the k × k matrix with 0 on the diagonal and 1 elsewhere, a

cost matrix when all of the misclassification costs are equal. Denote the jrth elements of

L as Ljr. Consider k separating functions fj ∈ span{1} ⊕ H with sum-to-zero constraint∑k
j=1 fj(x) = 0. The multicategory SVM is the solution to

min
f1,··· ,fk∈span{1}⊕H

{
1

n

n∑
i=1

k∑
j=1

Lcat(i)j(fj(xi)− yij)+ + λ

k∑
j=1

‖Pfj‖2
}

(18)
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under constraint
∑k

j=1 fj(x) = 0, where cat(i) = v if the ith observation is from category

v, and P is the projection operator onto H. Denote K as the RK of H. The representer

theorem in this case states that the optimization problem (18) is equivalent to finding fj’s

of the form

fj(x) = dj +
n∑
i=1

cijK(xi, x)

with the sum-to-zero constraint at xi for i = 1, · · · , n [26].

5 Functional Regression

Functional data analysis (FDA) deals with data that are functions [27, 28, 29]. We consider

functional regression that investigates the relationship between a covariate x and a response

y where at least one of the x and y is a function.

First consider the case when y is a scalar and x is a real-valued function on an arbitrary

domain T . Denote the observations as {(xi, yi), i = 1, · · · , n}. Consider the model

yi = F (xi) + εi, i = 1, · · · , n, (19)

where x ∈ X and F is a functional that maps X to R. The goal is to model and estimate

the functional F .

One simple model assumes that X is a Hilbert space (e.g. L2(T )) with inner product

〈·, ·〉X and

F (x) = α + 〈x, β〉X (20)

where β ∈ H, H ⊂ X is an RKHS of real-valued functions on the domain T [27, 30, 18].

The estimates of the scalar α and function β are solution to the penalized least squares

min
α∈R,β∈H

{
n∑
i=1

(yi − α− 〈xi, β〉X )2 + λJ(β)

}
(21)
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where J(β) is a square seminorm penalty. Assuming that Liβ ≡ 〈xi, β〉X for i = 1, · · · , n

are bounded linear functionals on H, then by the results in Section 3, the estimate of β is

a linear combination of φ1, · · · , φm and ξ1, · · · , ξn where φ1, · · · , φm are basis functions of

H0 = {β : J(β) = 0}, ξi(t) = 〈xi(·), K1(t, ·)〉X , and K1 is the RK of H1 = H	H0.

Model (20) may be too restrictive for some applications. One may adopt the RKHS

approach by considering F as a function on the domain X of functions [31]. Assume that

F ∈ H where H is an RKHS with functions (functionals) on X . Since the representer

theorem holds for arbitrary domain, so the solution to the penalized least squares

min
f∈H

{
n∑
i=1

(yi − F (xi))
2 + λJ(F )

}
(22)

is a linear combination of φ1, · · · , φm and ξ1, · · · , ξn where φ1, · · · , φm are basis functions

of H0 = {F : J(F ) = 0}, ξi(x) = K1(xi, x), and K1 is the RK of H1 = H 	 H0. Preda

[31] considered the Gaussian kernel K1(x, z) = exp{−‖x − z‖2X/(2σ2)} and inhomogeneous

polynomial kernel K1(x, z) = (c + 〈x, z〉X )d where ‖ · ‖X and 〈·, ·〉X are the norm and inner

product of the space X , σ and c are real numbers and d is a natural number.

Next consider the case when y is a function on an arbitrary domain W and x ∈ X is

either a scalar or a function. Wahba [5] proposed the following discrete approach. Denote

observations as {(xi, yi(wij)), i = 1, · · · , n; j = 1, · · · , Ji} where functions yi are observed

at discrete points wij while xi is observed in whole if it is a function. Assume the model

yi(wij) = f(wij, xi) + εij, i = 1, · · · , n; j = 1, · · · , Ji, (23)

where f is a bivariate function (functional) on W × X and εij are iid random errors with

mean zero. Let K((w, x), (u, z)) be an RK where (w, x), (u, z) ∈ W × X . For a fixed x,

let kx(w, u) = K((w, x), (u, x)). Since kx is a positive definite function on W ×W , there

exists an RKHS denoted as Hkx such that its RK is kx. It was shown that for each fixed

(w∗, x∗) ∈ W × X , the RK K defines an Hkx-valued function of x [5]. That is, letting
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K(w∗,x∗)(w, x) = K((w, x), (w∗, x∗)), K(w∗,x∗)(·, x) is an element of Hkx for each x ∈ X .

Let HK be the linear span of all such Hkx-valued functions K(w∗,x∗)(·, x) for all (w∗, x∗) ∈

W×X which is closed with respect to the inner product 〈K(w,x), K(u,z)〉K = K((w, x), (u, z)).

Assuming that f ∈ HK , the estimate of f , f̂ , is the solution to

min
f∈HK

{
n∑
i=1

Ji∑
j=1

(yi(wij)− f(wij, xi))
2 + λ‖f‖2K

}
. (24)

Then the estimate has a representation [5]

f̂(·, x) =
n∑
i=1

Ji∑
j=1

cijK(wij ,xi)(·, x). (25)

This approach starts with the RK K on W × X . One example is to assume that K is the

product of RK’s on W and X : K((w, x), (u, z)) = KW(w, u)KX (x, z). This is equivalent

to assuming that f belong to the tensor product of two RKHS’s with RK’s KW and KX

respectively. SS ANOVA decomposition may be applied to the tensor product space to

construct different models for f . If KX is isotropic (i.e. KX (x, z) = E(‖x − z‖)X ), then

K((w, x), (u, x)) does not depend on x and consequently Hkx does not depend on x.

Finally consider the case when both x and y are functions. To model and estimate the

map F from X to Y nonparametrically, Lian [32] and Kadri et al [33] extended the RKHS

from function space to function-valued space. Assume that x ∈ X and y ∈ Y where X

and Y are separable Hilbert spaces of real-valued functions. Denote L(Y) as the set of

bounded linear operators from Y to Y . An L(Y)-valued kernel K is a map from X × X

to L(Y). Such a kernel is positive definite on X if (i) K(x, z) = K(z, x)∗ for any x, z ∈ X

where the superscript ∗ denotes the adjoint operator; and (ii) for any z1, · · · , zr ∈ X and

u1, · · · , ur ∈ Y , the matrix with the ijth entry 〈K(zi, zj)ui, uj〉Y is positive semi-definite. A

function-valued Hilbert space H of functions (operators) from X to Y is an RKHS if there

exists a positive definite L(Y)-valued kernel K on X ×X such that (a) K(·, x)y ∈ H for any

x ∈ X and y ∈ Y ; and (b) 〈F,K(x, ·)y〉H = 〈F (x), y〉Y for any x ∈ X , y ∈ Y , and F ∈ H.
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Similar to the classical RKHS, every function-valued RKHS has a unique L(Y) valued RK

that is positive definite, and every positive definite L(Y)-valued kernel K is associated with

a functional-valued RKHS with K as its RK.

The estimate of F , F̂ , is the solution to

min
F∈H

{
n∑
i=1

‖yi − F (xi)‖2Y + λ‖F‖2H

}
. (26)

Lian [32] and Kardi et al [33] extended the representer theorem under this setting:

F̂ (x) =
n∑
i=1

K(xi, x)ui, ui ∈ Y . (27)

To apply the representer theorem one needs a specific form of the RK which is usually dif-

ficult to construct under this setting. Note that ui ∈ Y are functions rather than scalars.

Computation of these function “coefficients” are not straightforward. Methods for the RK

construction and computation of functions ui are given in Kadri [33]. In particular, a sepa-

rable kernel construction assumes that [33]

K(x, z) = KX (x, z)T (28)

where KX is a scalar-value kernel on X and T is an operator in L(Y). Lian [32] considered

a spacial case of (28) with KX (x, z) = E(‖x − z‖X ) and T = I where E is a real valued

positive definite function and I is the identity operator.

In this section we have seen that the RKHS can be used to model functional regres-

sion nonparametrically. The technical difficulty lies in the construction of flexible RKs for

different applications where future research is needed.
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