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Figure 10: Swiss Roll with Noisy Data Unrolled

learning algorithms including the Support Vector Machine and SS-ANOVA
models can be built using the embedded coordinates and newbies in conjunc-
tion with an RBF kernel for the embedded coordinates. The same tuning
issues exist as we have seen so far, with the addition of the neighbor index
k. This program has not been carried out to our knowledge, but it would be
interesting to see how it might work on problems for which the RMU is more
appropriate than the RKE for embedding. Certainly the two approaches can
be compared on the same data set.
Here we just show plots of the embedding for the unrolled noisy Swiss roll.
Noisy data was added to the Swiss roll by modifying 20% of the pairwise
distances by a uniform random number between .85 and 1.15; the results of
the unrolling are given in Figure 10. The k index was taken as k-nearest
neighbor and chosen subjectively, as was A here. The eigenvalues of the
resulting Ry are plotted on a log scale in Figure 11. Two large eigenvalues
make clear that that the unrolled figure sits in a two-dimensional space.
The hanging eigenvalue is computational zero and reflects the constraint
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Figure 11: Eigenvalues of the embedding kernel
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E-R=0.

5. Conclusions, Further Work

The three papers discussed here provide an overall scheme for including
discrete, heterogenous, scattered, noisy dissimilarity data into nonparamet-
ric classification and regression models, in the context of Reproducing Kernel
Hilbert Space methods. These models, which comprise tradeoffs between fit
to the data, however defined, and complexity/wiggliness/degrees of freedom
of the solution are typically obtained via the solution of an optimization
problem. They comprise a large subset of the approaches known as statistical
learning and statistical model building, but of course only scratch the surface.
As attendees at the 2009 Joint Statistical Meetings may have observed, this
class of methods is engaging a large number of Statistics researchers in many
fields of application. Application to indirectly sensed observations [41] go
back to the 1970’s, as do solving the optimization problems with inequality
constraints [42] and other side conditions, and these models could be brought
up to date by merging them with dissimilarity observations via the methods
discussed here. More recently, data sets with extremely large numbers of can-
didate attribute variables, as occur in genetics data, have given rise to many
problems and techniques for variable selection, in particular with penalties
involving absolute value norms and other norms which induce sparsity, and
these can be merged with the methods described here. Methods for deal-
ing with missing or noisy components in the direct attributes [26] have the
potential for being included.

In some examples it is important to be able to consider interactions be-
tween the dissimilarity information and direct information, and this appears
to be straightforward. When dealing with ordered dissimilarity information,
it may be appropriate to tune the scale, for example scores like very close,
close, distant, very distant; the four scores could be coded as 1, 1 + 4y,
1401+ 609, 1+ 01 4+ 92 + 03. where the §’s are positive numbers to be chosen
(tuned).

The RKE method is a relative of multidimensional scaling (MDS), an-
other very old method [15]. In MDS, dissimilarity data is given, a desired
dimension d for Euclidean space is pre-selected and an algorithm finds a set
of position coordinates in Euclidean d space that best fits the dissimilarity
data according to a given criterion, for example least squares. The choice of
dimension of the embedding space is essentially the tuning parameter, since
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the higher the dimension, the better the fit on training data, while too low a
dimension may “oversmooth”, or rather “overproject” the data with a bias
towards reducing fitted dissimilarity. The RKE has the ability to “smooth”
over higher dimensions if that is warranted, rather than slicing them off, but
if the data firmly sits in a low dimensional space, that will be evident by ex-
amining the eigenvalue plot. For unsupervised data, the tuning parameter(s)
in RKE may be chosen by CV2, a cross validation approach involving leav-
ing out pairs [4] Section A.2, [23] Section 3.5, or [44]. The actual resulting
pattern of eigenvalues appears to be relatively insensitive to A over several
orders of magnitude near the minimum. However, if the RKE is part of a
supervised or semisupervised model, it is advisable to tune it along with the
other tunable parameters of the model according to the target of the model,
and in this case the estimated target of the model can be sensitive to the
RKE tuning parameters. Applications based on MDS abound, for example
multidimensional unfolding [8]. In multidimensional unfolding, the graph of
the connected pairs has a special structure; there are n, objects of type A and
ng objects of type B, dissimilarities are observed between all pairs consisting
of one member of type A and the other member of type B. The goal is to
estimate “distances” between members within the two types. [11] gives an
interesting application of multidimensional unfolding, which the authors call
antigenic maps, which estimates differences among influenza viruses (type
A) based on the results of binding assay data points (type B). They provide
a two dimensional map of the results. It would be interesting to compare
multidimensional unfolding examples with tuned RKE.
Many extensions are ripe for application.
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Table 2: Matern RBF’s and their Fourier Transforms

A. Radial Basis Functions and the Matern Class

Since the coordinates obtained via the RKE or RMU are based on dis-
tances, and are unique only up to rotation, only radial basis functions (RBF’s),
which depend only on distances between the two arguments of the RK are
appropriate. According to [37] any 7(7) of the form

r(r) = /0 b Mh(w)dw (29)

(wr) @272

where J, is the Bessel function of first kind of vth order, generates an RBF
kernel on Euclidean d space according to R(s,t) = r(r) with 7 = ||s —

t||. The Gaussian RBF r(r) = e s probably the most popular or
familiar RBF in machine learning, with the single scale parameter o2, but it
is not the only good choice. The Matern family of RBF’s [29] [38] provides
a two parameter family of RBF’s, with a scale parameter and a parameter
which can be thought of as controlling the number of derivatives at the
origin, equivalently the rate of decay of the Fourier transform of the RBF.
Table A gives five Matern RBF’s and their Fourier transforms (h(w)). The
Fourier transforms may be compared to that of the Gaussian: 7(7) = e~ ~

W2 . o . . .
\/ge_ﬁ. Results can be quite sensitive to the scale parameter, either in the
Gaussian (¢?) or a Matern kernel («). The Gaussian kernel is infinitely
differentiable at the origin, and representers obtained from it will share that
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property, while the members of the Matern family have an increasing number
of derivatives at the origin as the order goes up, beginning with no derivatives
for the m = 0 case. In the pedigree study [5], some experimentation showed
that a tuned Gaussian kernel was inferior to the third order Matern kernel
that was used in the paper.
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