DEPARTMENT OF STATISTICS
University of Wisconsin

1300 University Ave.

Madison, WI 53706

TECHNICAL REPORT NO. 1119

April 11, 2006

Kernel Regularization and Dimension Reduction

Fan Lul
Departments of Statistics, University of Wisconsin, Madison, WI

Siindiiz Keles 2
Department of Statistics and Department of Biostatistics and Medical Informatics, University of
Wisconsin, Madison, WI

Yi Lin?®
Department of Statistics, University of Wisconsin, Madison, WI

Stephen J. Wright
Department of Computer Sciences, University of Wisconsin, Madison, WI

Grace Wahba !
Department of Statistics, Department of Computer Sciences and Department of Biostatistics
and Medical Informatics, University of Wisconsin, Madison, WI

Key Words and Phrases: Kernel Regularization, Regularized Kernel Estimate (RKE), multidi-
mensional scaling (MDS), manifold unfolding, positive definite matrices, noisy dissimilarity data,
convex cone programming.

!Research supported in part by NSF Grant DMS0072292, NIH &¥09946, and ONR Grant NO0014-06-1-0095.

2Research supported in part by Wisconsin Alumni Researchdriion.

Research supported in part by NSF Grant DMS0134987.

“Research supported in part by NSF Grants ATM-0296033, CNS857, CCF-0113051, ANI-0330538, DMS-0427689,
CCF-0430504, and DOE Grant DE-FG02-04ER25627.



Kernel Regularization and Dimension Reduction

Fan Lu, Sunduz Keles, Yi Lin, Stephen J. Wright and Graahbé
University of Wisconsin, Madison, 53706, USA

Abstract (i,7) entry of K and B;; is a symmetric matrix of dimensiov
. . with all elements) exceptB;; (i, 4) = Bi;(j,j) = 1, Bi;(i,7) =
It is often possible to use expert knowledge or other souocﬁesBZ.j (4,4) = —1. The inner (dot) product of two matrices of the

information to obtain dissimilarity measures for pairs bfexts,

same dimensions is defined as: B = 3~ . A(i,j) - B(i,7) =

which serve as pseudo-distances between the objects. VWentheg A7 B). There are essentially no restrictions on the set of

similarity information is available as the data, there ave tif-
ferent types of problems of interest. The first is to estinfate
position configuration for all objects in a low dimensionpbse
while respecting the dissimilarity information. This isuadly for
the purposes of visualizing the data and/or conductindhéursta-
tistical analysis, such as clustering or classification.ltimen-
sional Scaling (MDS), which is still an active research atess
been traditionally used to tackle this problem. In the sddype
of problems, the high dimensional data points are assuméd t
on a low dimensional manifold and the goal is to unfold the m
ifold in order to recover the underlying intrinsic low dinsanal
structure.

We provide a novel, unified framework called Kernel Regu

larization to optimally solve both types of problems. Adved
optimization techniques are utilized to obtain the globalus

tions accurately and efficiently. The proposed method can n

urally accommodate the dissimilarity information with piiy
crude, noisy, incomplete, inconsistent and weighted obsens.
Various favorable operating characteristics and progertif the
method are illustrated using both simulated and real dasa se

1 Dissimilarity Information and
Regularized Kernel Estimate

Given a set ofV objects, suppose we have obtained a measure

dissimilarity, d;;, for certain object pair$:, j). We introduce the
class of Regularized Kernel Estimates (RKEs), which we éeim
solutions to optimization problems of the following form:
KITElgnN L(wij,dij,tiij(K)) +)\J(K),
(i,5)€Q

@)

pairs other than requiring that the graph of the objects witins
connected by edges be connected. A pair may have repeated ob-
servations, which just yield an additional term in (1) focleaep-
arate observation. If the pair set induces a connected gthgh
the minimizer of (1) will have no local minima.

Although it is usually natural to require the observed digsi
larity information{d;; } to satisfyd;; > 0 andd;; = d;;, the gen-
eral formulation above does not require these propertidmli.

%The observed dissimilarity information may be incompleteétt
Athe restriction noted), it may not satisfy the triangle inality,

or it may be noisy. It also may be crude, as for example when
it encodes a small number of coded levels such as “very close”
close”, “distant”, and “very distant”.

% Procrustes Measures

A reasonable measure of the distance/dissimilarity betwe®
kernel matrices is needed to check convergence and chézacte
the goodness of fit for different estimates. In some relatecat
ture, such a measure is called Procrustes measure.

A suitable measure proposed in [1] is based on the positional
differences after matching two gram matrices under tréiosia
rotation, and reflection. Supposkand B are two centered gram

rr(])rfltrices, then the measure is calculated as follows:

G(A, B) = trace(A) + trace(B) — 2 trace(A%BA%)%.

The normalized version of this measure is simply:

ol

v (A, B) = G(A, B)/(trace(A)trace(B))=. 2

whereSy is the convex cone of all real nonnegative definite m%: . . - . .
. . . ; . ) Iy Iternatively, if we care only about the pairwise distane®ima-
trices of dimensionV, Q is the set of pairs for which we utilize . ) .
tion, we can introduce another normalized measure:

dissimilarity information, andL is some reasonable loss func-
tion, convex ind;;, whered,; is the dissimilarity induced byx.

J is some reasonable convex kernel penalty (regularizingg-fu

tion and\ is a tuning parameter balancing fit to the data and the
penalty onk. Thew;; are weights that may, if desired, be associ-

ated with particulafi, j) pairs. The natural induced dissimilarity,wheredij A anddz-j p are pairwise squared distance between object
which is a real squared distance admitting of an inner prodsic ¢ andj, induced byA and B, respectively. Bothy,, and~, will be

dij = K(i,9)+K(j,j)—2K (3, j) = Bi;- K, whereK (i, j) isthe close to zero if kernelsl and B represent close configurations.

va(A, B) = z |dija —dijn|/ Z %(dijA +dijs), @)

i<j i<j



3 General Convex Cone Problem The reason that we use trace as the kernel regularizatian fun
tion is very intuitive. (There turned out to be some theaadtev-
In the next two sections, we will introduce two specific formudence, which we won't discuss here, to support this choidé
lations of (1) to solve the two types of problems introduced iyant to obtain low rank kernels as RKE solutions. But rankois n
the Abstract. Both formulations can be converted into aated a nice function to optimize with since it is discontinuousl aon-
general convex cone programming problem, which we now spegnvex. So we use trace, which is a continuous and lineas (thu
ify here. This problem, which is central to modern optimiaat convex) function of the kernel, as a simple approximatiothe
research, involves some unknowns that are vectors in Eaglidrank. Another inspiration is from the idea of LASSO [7]. Sénc
space and others that are symmetric matrices. These unknowg want to promote the sparsity among eigenvalues of the esti
are required to satisfy certain equality constraints aedatso re- mated kernel, the LASSO idea suggests to regularizé,therm
quired to belong to cones of a certain type. The cones have giehe eigensequence vector (i.e., trace of the kerneRausbf the
common feature that they all admit a self-concordant befuigc- |, norm (i.e., rank of the kernel).
tion, which allows them to be solved by interior-point methohat «Newbie” Problem (out-of-sample extension) We now consider
are efficient in both theory and practice [2]. the situation in which a solutio& y of (5) is known for some set
To describe the cone programming problem, we define sogfe objects. We wish to augment the optimal kernel (by one
notation. LetR” be Euclidearp-space and lef’, be the non- row and column), without changing any of its existing eletsen

negative orthant ink”, that is, the set of vectors iR” whose to account for a new object (a newbie). That is, we wish to find a
components are all nonnegative. We dgf be the second-order new “pseudo-optimal” kernek x 1 of the form:

cone of dimensiowy, which is the set of vectorgs = (a:(l), o

z(g)) € RY that satisfy the conditiom(1) > X9, 2(6)%]%. We Ryt — { Ky b" } .0 ©)
defineS, to be the cone of symmetric positive semidefinite s * b c | =7

matrices of real numbers. Inner products between two veet@

defined in the usual way and we use the dot notation for condighereb € RY andc is a scalar) that solves the following opti-
tency with the matrix inner product notation. The generaivex Mization problem:

cone problem is then:

ming>op Y ey Wi |di,n+1 — Bint1 - Ky @)
ns g
: X . ) 1 —bTKEb >
Jmin_ 20’ X]+z;cz Tit+g-z 4 s.t. b€ RangéKn), c¢—b' Kb >0,
ns J= n 1=
S-t'z Ao X+ i:am_ it gr-z=by, Vr where K3 is the pseudo-inverse ok and ¥ is a subset of
= s P ’ {1,2,..., N} of sizet. The quantitiesv;, i € ¥ are the weights
X; €8s, V53 @i €Qq Vi; 2€ Py assigned to the dissimilarity data for the new point. The-con

straints in this problem are the necessary and sufficierdiions
Here,C;, A,; are real symmetric matrices (not necessarily posbr . , to be positive semidefinite. Again, this constrained op-
tive semidefinite) of dimension; andci, a-; € R*, g, g- € timization problem and its quadratic loss variant can benfdated
RP, by € R*. as convex cone programming problems (see [6]). Their glsbal
The global solution of a convex cone programming problem Cltions can be obtained in polynomial time.

be obtained numerically using publicly available softwsweh as Choosing Elements of2 and Tuning \. See [6].
SDPT3 [3] and DSDP5 [4].

4 RKE for Multidimensional Scaling - 7.

2 DBt
MDS Problem. The goal of this task (see [5]) is to estimate full . " et 3
position configuration for all objects in a preferably lowrgin- 0 258 o
sional space while respecting all dissimilarity infornoatiavail- e ot + % o
able, whatever “local” or “global” (corresponding to disslar or ol . 0 © %
similar pairs). More details on the material presented is $ec-

tion can be found in our paper [6]. -4 -2 0 2 4

Formulation. We describe a specific formulation of (1), based

on a linearly weighted, loss, and use the trace function in thé-igure 1: Noisy Clusters: Original data.Black stars are three
regularization term to promote dimension reduction. Tiselteng left-out “newbies” from three clusters respectively.

problem is as follows:

. An Example of Simulated Clusters We simulated three clus-
?é% < wis|dij = Big - K| + Atrace(K). ®) ters in theptwo-dimensional Euclidean space. The data dd3t

(L) of them in total, are random samples from three distinctriiva
Both this formulation and the variant of it, in which a quaéra ate normal distributions. To check the ability of our metHod
loss function is used in place of theloss function can be posedrecovering the clustering structure under noise, we obthihe
as convex conic optimization problems (see [6]). dissimilarity data using the following procedure. We firdidad



two noisy coordinates to each data point. These two noisy c
ordinates follow two independent normal distributionshwiela-
tively small variances. The squared Euclidean distanceseas

all pairs of data points, i.ed;;s in our notation, were then binned
into 10 equal sized bins over the interval from the minimum to the
maximum of those positivé;;s. The value of eacld;; was then
replaced by the center value of the bin which it belongs tas &h
an analog of the scenario where only ranks are provided aghe
tance/dissimilarity measure. The noigy; s were then treated as
observed dissimilarity data. Note that the binning procecere
can introduce very none-Euclidean noise.
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L@ vp = 0.090 andvy; = 0.0309, while whenX = 400, we have
e ~vp = 0.0089 and~y,; = 0.0269. This suggests that tuningin a
“a® o proper way can improve the accuracy of the estimated kernel.
0 L ke Protein Clustering and Visualization with RKE for MDS . One
o 0.© % of the challenging problems of contemporary biology is iirifey
molecular functions of unannotated proteins. A widely usec
Rank cessful method of protein function prediction is based @usace
similarity. Statistically significant sequence similgritvhich is
typically based on a pairwise alignment score between twe pr
Figure 2:Noisy Clusters: Effect of on the Regularized Kernelteins, forms the basis for inferring the same function. Twajan
Estimate.The two upper plots are RKE results with= 0.1. The related problems exist for predicting function from seqeeriThe
upper left one is the eigensequence plot. The upper righionéirst problem is the clustering of large number of unlabeleat p
the plot of the first two principal coordinates for recovecedfig-  tein sequences into subfamilies for the purpose of easitapdse
uration and “newbies”. The two lower plots are RKE resultthwi searches and grouping similar proteins together. The sgmai-
A = 400. lem is concerned with assigning new unannotated proteitiseto
closest class, given the labeled or clustered training deéeshow
In this simulation, we used all distinct pairwise squares- dihere that RKE methodology provide an efficient way to represe
tances. We also saved aside one data point from each clastegach protein sequence with a feature vector in an apprepudstr-
test our “newbie” algorithm. The RKE and newbie formulatondinate system by utilizing the pairwise dissimilarity beem pro-
we used for this example are quadratic-loss formulatiossrileed tein sequences.
in the Appendix of [6]. The original clusters are displayad-ig- We illustrate the utility of RKE methodology using a dataskt
ure 1, with different colors and symbols for different ckrst The globins that was first analyzed in [8] by a profile HMM approach
true newbie positions are marked with black stars. The sahe cThe dataset, distributed with the HMMER2 software pack&je [
ors and marks are used for the RKE recovered configurationshas a total of 630 globin sequences. The globin family is gelar
the upper right and lower right plots of Figure 2. In Figurdétz family of heme-containing proteins with many sub-familidisis
upper two plots are RKE results with= 0.1, while the lower two mainly involved in binding and/or transportation of oxygefor
are RKE results withh = 400. As we can see from Figure 2, bothllustration purposes, we randomly choose 280 sequences fr
the recovered configurations and the newbie positions éng fathese data so that three large sub-classes of the globityféahi
close to the truth. However, the estimated kernel wita 0.1 has pha chains, beta chains, myoglobins) are included alonly avit
many eigenvalues besides the most significant two, cornespoheterogeneous class containing various types of chains s&lec-
ing to small noisy dimensions; whereas for the estimatedétertion resulted in a total of 112 “alpha-globins”, 101 “betiaigns”,
with A = 400, most of these noisy eigenvalues “dropped” to ma&0 “myoglobins”, and 27 “globins” (the heterogeneous dlathe
chine zero. This clearly shows the desired effect of theetrag- proportion of sequences in each class were taken to be pimelr
ularization term promoting dimension reduction. Moregvenen to the class sizes in the original dataset. We used the RK#iler
A = 0.1, we get the Procrustes measures as defined in Sectidings (5) and (7) for this application. TH& oconduct or pack-
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that only observed dissimilarities between neighborssgloairs)
appear in the sum of loss, is essential. Second, choosingthel
regularization function to be negative average squaredidean
distances among all objects, which after simple calcutatican
be shown to be proportional {dVI — F) - K, whereN is again
the number objectd] is N-dimensional identity matrix and is
N by N matrix with all elements being, is also crucial. The RKE
formulation for manifold-unfolding problem is then:

> wijldiy — By - K| = 2MNI — E) - K.
(i,§)EQ

(®)

Again, this formulation can be posed as a convex cone program
ming problem (see [12]) which can be solved globally in pokyn
mial time.

“Newbie” Problem. The formulation is similar to (7) with the
only exception thafv is constructed locally.

Choosing Elements of2 and Tuning \. See [12].

Figure 4: 3D representation of the sequence space for 280 ~ -

teins from the globin family.Different subfamilies are encod
with different colors: Red symbols are alpha-globin subfar
blue symbols are beta-globins, purple symbols represemt-
globin subfamily, and green symbols, scattered in the raidite ¢
heterogeneous group encompassing proteins from othersuba
families within the globin family. Here, hemoglobin zetaadts
are represented by the symbiglfish myoglobins are marked |
the symbolO, and the diverged alpha-globiHBAMRANCA is
shown by the symbat. Hemoglobin alpha-D chains, embedc
within the alpha-globin cluster, are highlighted using tihe sym-
bol A.

agepai r seqsi m[10] was used to obtain global pairwise ali
ment (BLAST [11]) scores for all pairs oV = 280 sequence:
For more implementation details and interesting findingsugh
our RKE results, see [6]. Note that Figure 3 clearly shows
desired dimension reduction effect of the chosen kernallaeg
ization function (trace).

5 RKE for Manifold Unfolding

Figure 5:Positioning test globin sequences in the coordinate sys-
tem of 280 training sequences from the globin familfae new-

bie algorithm is used to locate one Hemoglobin zeta chaicil
circle), one Hemoglobin theta chain (black star), and sen
Leghemoglobins (black triangles) into the coordinate esysof

Manifold Unfolding Problem . One special case of the dimensiothe training globin sequence data.

reduction problem arises often when the goal is to find a nmegni

ful/expected low-dimensional structure behind high-disienal
observations, or more precisely, to recover a low-dimeraipa-
rameterization of high-dimensional data assuming all iz tle
on a low-dimensional manifold. In several recent papers [$2]
and its references), a large family of algorithms has beepqgsed
to solve this particular type of dimension reduction prablgere-
inafter, manifold-unfolding problem), in the spirit of m@gstruct-
ing the manifold structure globally, but respecting onlgdbin-

Unfolding the Noisy Wisconsin Roll This example is specially
designed to show the robustness of our method, when comfmared
the method recently proposed in [13], which has a basic ithea s
ilar to ours. We consider two types of noise, which are imgose
on the pairwise distances between neighbors after the @hne
bors are selected. In this example, the data points are sdropl

a “Wisconsin roll” (see Figure(@)), which is a Swiss roll except
there is a window in the shape of letter ‘W’ punched out (thas n

formation from the observed data. More details on the malterpoints will be sampled within ‘W’) which can be seen clearly i

presented in this section can be found in our paper [12].

the roll is flatten out. To impose the first type of noise, twemer-

Formulation. We refer to [12] for a detailed derivation of thecent of the selected pairwise distances are multiplied hyifaum
formulation and emphasize the central ideas here. Firgdit random number over the interval frobg5 to 1.15. The second
“locally”, i.e., constructing2 or choosingw;; appropriately so type of noise is introduced to all chosel; s (between chosen
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Figure 6: Wisconsin Roll.(a) Scatter plot of original data points; (b) True paranigégion; (c) & (d) Eigensequence of the solution
kernel and Regularized Kernel Embedding of the Wisconsithwith first type of noise and\ = 0.002; (e) & (f) Similar to (c) & (d)
but for Wisconsin Roll with second type of noise akd-= 0.0025.

neighbors) using the binning procedure as used in the stetilaprimal problem is suspected of being infeasible”. Theseltes
example in Section section:mds. are expected because when a certain level of noise is ditiett!
A random sample of 861 points was used for this example withsed on the distance information, it is very likely that no- E
the neighborhood size set to he= 6. In both of these noisy sit- clidean metric can fit the noisy distance data (for instahc¢kei
uations, our method successfully (wikhin a proper range) con- triangle inequality is violated somewhere). Then probletiup
verges to a global optimum with only two significant dimemsio in [13] is infeasible in the sense that no solution can satéifthe
(see eigensequences plots displayed in Figui@sshd Ge)). The constraints simultaneously.
Procrustes measure in Table 1 below shows our solution is v&ixing a Broken Stick. Here, we describe a toy example for the
close to the truth, although the recovered embeddings sliowrpurpose of highlighting the difference between our methutitae
Figures §d) and § f) are slightly distorted from the truth as inmethod proposed in [13]. The primary difference betweenire
Figure §b) due to the imposed noise. methods is that for the method in [13] local distances arereefl
rigidly whereas we relax this requirement. We want to shaoat th

Table 1: Procrustes Measure between Estimate and Truth this relaxation can be very important for manifold-unfaolgliprob-

1st type of noise casé 2nd type of noise cas¢ lems even in the cases without noise.
T 0.0055 0.0030 The data points are randomly sampled on two branches of a
Y 0.0154 0.0112 ‘broken stick’ (see top right plot in Figure 7). One branclfresm

the origin to the point1, 1) and the other is fronfl, 1) to (2, 0).
On the contrary, the algorithm in [13] fails to converge hesmit We force the sample to include the poifit 1). The manifold-
tries to solve an infeasible primal problem for which theldsa unfolding goal here is to flatten out the stick. If any of thirpéor
unbounded. For the solvers we used, DSDP5 reported “ DSD®1ich the squared distance is selected to fit, has one memdver f
Dual Unbounded, Primal Infeasible” and SDPT3 reported Stothe left branch and the other member from the right branam th



the method in [13] will not be able to flatten out the stick. Bar hodology and the applications including the clusteringrot@ns
method, a smalk will not flatten out the stick either, but a suffi-at the top level of the protein hierarchy and genome sequence
ciently largeX will. The result from employing the method in [13]covering through manifold unfolding. We are also working on
with & = 5 is almost visually indistinguishable from the plot in Figdeveloping systematic tuning methods for the RKEs. Futumekw
10. Withk = 5 and too small @ = 1e — 5) , our method also of interestincludes exploring the properties of the akiues pro-
fails to flatten out the stick but recovers the original broktick. vided here and their applications in other contexts.
As can be seen in the upper left corner of Figure 7, two outistan
ing eigenvalues are obtained. However, witlsufficiently large
(A = 0.3), we see only one outstanding eigenvalue thus we oReferenceS
tain the one dimensional flattened stick on the lower righheo ) o o .
of Figure 7. As expected, within our regularized kernel edabe [1] R. Slbson. Studies in .thcle robustness of multldlmgn.shona
ding framework, the smoothness/dimensionality is cofecbby scal_lng: Prqcrustes statistickournal of the Royal Statistical
the smoothing/tuning parameter Society Series, Bl0:234-238, 1978.
[2] Y. Nesterov and A. Nemirovskiilnterior-Point Polynomial
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[8] A. Krogh, M. Brown, I. S. Mian, K. Sjlander, and D. Haus-
sler. Hidden markov models in computational biology: Ap-
plications to protein modelingJournal of Molecular Biol-
ogy, 235:1501-1531, 1994.

i i [9] S.R. Eddy. Profile hidden markov modeBioinformatics

6 Discussion 14:755-763, 1998.

In this paper, we developed a general framework called keege [10] R. C. Gentleman, V. J. Carey, D. J. Bates, B. M. Bolstad,

ularization. We also described two special formulationsthef M. Dettling, et al. Bioconductor: Open software develop-
framework for solving two different problems where dimemsi ment for computational biology and bioinformati€denome
reduction is promoted through regularizing the kernelnestes. Biology, 5(10):doi:10.1186/gb—2004-5-10-r80, 2004.
Our methods are robust against noise and provide globat sqfl] S. F. Atschul, W. Gish, W. Miller, E. W. Myers, and D.J.
tion via modern convex cone programming techniques. It iglwo Lipman. A basic local alignment search toallournal of

mentioning that if we choose to impose the centering commstra Molecular biology 215:403-410, 1990.
E - K = 0 (although we can do without this) in problem (8);12] F. Ly, V. Lin, and G. Wahba. Robust manifold unfolding
the kernel regularization function for manifold unfoldihgcomes with kernel regularization. Technical Report 1108, Depart
J(K) = =2(NI - E) - K = =2NI - K = —2NtracgK). In- ment of Statistics, University of Wisconsin-Madison, Madi
terestingly, in problem (5), the kernel regularization dtion we son, WI, Oct 2005.
use to promote dimension reduction is trace instead of tga-ne
tive trace (with a constant multiplier). So, the trace regahtion
function with different signs in front of it both actually @mote
dimension reduction but only in different scenarios.

Current work in progress includes extensions of both the met

[13] K. Q. Weinberger, F. Sha, and L. K. Saul. Learning a kerne
matrix for nonlinear dimensionality reductio®roceedings

of the Twenty First International Conference on Machine
Learning (ICML-04) pages 839-846, 2004.



