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ABSTRACT
Let ®(x,y,p,1) be a meteorological field of interest, say, height, temperature, a component of the
wind field, etc. We suppose that data {&;}), concerning the field of the form &, = L,® + ¢ are
given, where each L, is an arbitrary continuous linear functional and ¢, is a measurement error. The
data &, may be the result of theory, direct measurements, remote soundings or a combination of these.
We develop a new mathematical formalism exploiting the method of Generalized Cross Validation (GCV),
and some recently developed optimization results, for analyzing this data. The analyzed field &, .,
is the solution to the minimization problem: Find & in a suitable space of functions to minimize
N
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Functions of d = 1, 2 or 3 of the four variables x, y, p, t are also considered. The approach can be
used to analyze temperature fields from radiosonde-measured temperatures and satellite radiance
measurements simultaneously, to incorporate the geostrophic wind approximation and other information.
In a test of the method (for d = 2) simulated 500 mb height data were obtained at discrete points cor-
responding to the U.S. radiosonde network, by using an analytic representation of a 500 mb wave and
superimposing realistic random errors. The analytic representation was recovered on a fine grid with
what appear to be impressive results. An explicit representation for the minimizer of Eq. (1) is found, and
used as the basis for a direct (as opposed to iterative) numerical algorithm, which is accurate and
efficient for N* somewhat less than the high-speed storage capacity of the computer. The results extend
those of Sasaki and others in several directions. In particular, no starting guesses and no preliminary
interpolation of the data is required, and it is not necessary to solve a boundary-value problem or even
assume boundary conditions to obtain a solution. Different types of data can be combined in a natural
way. Prior climatologically estimated covariances are not used. This method may be thought of as a very
general form of low-pass filter. The parameter A controls the half-power point of the implied data filter,
while m controls the rate of *‘roll off** of the power spectrum of the analyzed field. From another point
of view, A and m play the roles of the most important free parameters in an (implicit) prior covariance.
The correct choice of the parameter A and to some extent m is important. These parameters are estimated
Sfrom the data being analyzed by the GCV.method. This method estimates A and m for which the implied
data filter has maximum internal predictive capability. This capability is assessed by the GCV method
by implicitly leaving out one data point at a time and determining how well the missing datum can be

predicted from the remaining data. The numerical algorithm given provides for the efficient calculation
of the optimum A and m.

where
J m(d)) =

1. Introduction

Sasaki (1960) introduced the idea of numerical
variational analysis for the objective analysis of
meteorological fields. In the most general form of
variational analysis considered here we seek a func-
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tion ®(x,y,p,t) of four variables representing a
meteorological field of interest, say, height, tem-
perature or a component of the wind field, as a func-
tion of ground projection coordinates (x,y), the
vertical coordinate p and time 7. This function should
be suitably close to the height, temperature or wind
field as measured at a finite set of positions, pressures
and times, it should reflect known behavior of such
fields, and it should be **smooth’’ in some sense.
For an example of known behavior, if we fix p at
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500 mb, then ® is the 500 mb geopotential height.
Letting ® = ®(x,y,po,?), then the sum of the tend-
ency and horizontal advection

A/t + ¢ (dD/9x) + c,(9D/dy)

should be small, where ¢, and ¢, are the x and y
components of the wind velocity. Sasaki and others
have incorporated weak (i.e., approximate) and
strong (i.e., exact) constraints involving the tend-
ency, the advection, the geostrophic wind, balance,
horizontal momentum, adiabatic energy, and the
hydrostatic and continuity equations (Sasaki, 1971;
Lewis, 1972; Lewis and Grayson, 1972; Achte-
meier, 1975).

Using the sum of the tendency and advection as
a weak constraint, Sasaki (1971) suggests finding
® to minimize

J@) = j j J {[a(cb ~ &y
; a[(9—?+012§+ c,,?i‘i)z]
“lalG) rel)

+ as(—ag—)-)2 Hdtdxdy, (1.1
dy

where a, a, a,, a, are smoothing parameters to be
determined, ® is the observed height field data, c,
and ¢, are the (observed) components of wind
velocity, and R is the spatial and temporal region
of interest. The first term represents the desire that
® be close to the data, the second, that the sum
of the tendency and horizontal advection is small
and the third, that the function be smooth in x,
y and ¢.

Since ®, ¢, and ¢, are only measured at a (rela-
tively sparse) set of irregularly spaced points,
Sasaki assumed that the data have been interpolated
to a grid sufficiently fine for numerical analytic pur-
poses. After some simplifying assumptions, the
Euler equation for the minimizer of (1.1) was ob-
tained by Sasaki (1971) and the minimizer is found
to satisfy an elliptic partial differential equation with
some boundary conditions. Various authors using
this and other constraints (see, e.g., Lewis and Gray-
son, 1972) have chosen values for the smoothing
parameters, and solved the resulting Euler equa-
tions numerically to obtain an objectively analyzed
field.

In this paper we develop a general mathematical
formalism basically embodying Sasaki’s approach
with the following five modifications:
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1) It is not necessary to first interpolate the data
to a grid to obtain ®; raw data is used directly.

2) The problem of providing or enforcing bound-
ary data is eliminated.

3) The main unknown smoothing parameters are
estimated from the data to be analyzed, rather than
from historical data or by guesswork.

4) The method provides a technique whereby raw
indirect data, such as satellite radiance data, can be
combined with direct data such as balloon tempera-
ture data in a single analysis procedure. This can
be done without preconverting the radiance data to
temperatures.

5) Discretization is the last step rather than the
first, so this source of error does not propagate
through the analysis. This can be important (see
Nitta and Hovermale, 1969).

The method to be described avoids the problem
of solving partial differential equations numerically.
However, it has its own challenging numerical prob-
lems which we have been able to solve simply using
existing packages for medium sized (but not large)
data sets.

To introduce our general method, we begin with
the simplest nontrivial example. We fix time as well
as pressure and suppose that ® = ®(x,y) is the 500
mb height at (x,y) at time r = 0. We ignore the tend-
ency and advection (second term) in (1.1) and suppose
observations ®(x;,y;) =®;, i=1, 2,...,N, of
the 500 mb height at the N stations with coordinates
(x3,y1),i = 1,2, ..., N, are given. We want to ob-
tain a function ® which is smooth and such that
®(x;,y;) = &;,i = 1,2, ..., N.Consider the mini-
mization of

N
N7 Y [@(x;,y) — D + N (D),

i=1

(1.2)

where

o[ - (2o 0

and \ is given.

If one attempts to minimize (1.2) by, for example,
writing the Euler equation one finds that the solu-
tion involves a Green’s function for the Laplacian
operator A, AP = #*P/dx% + 3?P/dy?, and, un-
fortunately, this Green’s function is not bounded.
Sasaki (1971) observes a similar phenomenon [see
paragraph which includes Eq. (32)] but ignores it.
For this and other reasons to be discussed, we seek
to find the minimizer (in a suitable space of func-
tions) of

N
N1 Z [(I)(xi’yi) - (~Di]2 + )\Jm(¢)’

m=2,3,..., (1.4)
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where X
w0 =[G o)

9P
+
( ay*

or, more generally,
amd

o= || 5 (e
=2,3,....

If J,,(®) is small, then ® will be smooth.

We have deliberately omitted any mention of the
domain of integration. If the domain of integration
in (1.5) and (1.6) is taken as a bounded region R
then it can be shown that the minimizer of (1.4)
satisfies

Am@ = 0" (x,}’) * (xi!yi)y i = 1’ 2: LRI ’N’

)2] dxdy (1.5)

2
) dxdy,

(1.6)

where A is the Laplacian, i.e.,
2 2@
AD = P I ’
ox? ay?

and it satisfies the natural (Neumann) boundary
conditions. This result in a similar problem appears
in Dyn and Wahba (1979). We avoid the necessity of
solving a boundary-value problem by letting the
domain of integration be —» < x,y < . The bound-
ary conditions are shifted to <«. The solution will be
defined for —» < x,y < «. However, we will only
compute it on R and, of course, it will only have
meaning if there are data points not too far from the
boundary. We are also assuming here that the world
is flat in R, although the entire analysis that we do
here can be done on the sphere [for the theory, see
Wahba (1979¢)].

The solution, which we call ®y ,, ,, to the problem
is as follows: Find ® in a suitable space X to mini-
mize

N
N7 ¥ [P(xiy0) — CI-)i]Z

i=1

(0w oM m ond
I o
—o Jew p=0 14 ax"ay"""

This was obtained by Duchon (1976a) and further
studied by Meinguet (1978, 1979) and Wahba
(1979a,b). It is known as a ‘‘thin plate spline’’ and
is a natural generalization to two dimensions of
the one-dimensional smoothing polynomial spline
(Reinsch, 1967).

We will give an explicit computable formula for
@, ... later. Problems in assigning boundary values
are eliminated, and no preliminary analysis of the
raw data is used.

)2 dxdy. (1.7)
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®, ., may be considered as the result of apply-
ing a low-pass filter to the data. In frequency space
it can be shown that A controls the half-power point
of the filter and m the steepness of the roll-off [see
Wagner (1971), Craven and Wahba (1979) and Wahba
(1978a)]. In one dimension the filter function f(v)
as a function of wavenumber v looks like f(v)
= 1/(1 + Av®™). We choose A and m from the data
by the GCV (generalized cross-validation) method
(Craven and Wahba, 1979; Golub et al., 1979)
which proceeds as follows. The criteria for a good
choice of A and m is taken to be the ability to predict
the value of the field where data are withheld.

To estimate this predictive ability from the data
let &, , be the function which is the minimizer of
(1.7) with the kth data point omitted. If A and m are
good choices, then on the average &), \(xx,¥r)
— &, should be small and we measure this by the
ordinary cross-validation function

N ~
VaA) = N1 Y [@F, \(xeye) — P2 (1.8)
k=1 _

This expression is difficult to compute; furthermore,
effects of unequal spacing of data points are not
suitably accounted for. For these and other techni-
cal reasons recounted in Craven and Wahba (1979)
-and Golub et al. (1979), one should measure the
ability of ®y ,, ) to predice missing data by the gen-
eralized cross-validation function (GCVF)

V(N
(1.9

N
=N Y [@Fualxeyie) — PulPwi(m,)),
, k=1

where the w,(m,\) are certain weights which have
been given in Craven and Wahba (1979) and Golub
et al. (1979). V,.(\) turns out to have a collapsed
representation which is relatively easy to compute.
Foreachm = 2, 3,4 ..., upto some preset maxi-
mum, V,(\) is computed as a function of A and
the value A(m) of A minimizing V ,,(A) is determined.
Then m is selected by comparing V,(A(m)) over m.
A computer implementation of this example has
been made and applied to data simulated from a
mathematical model for a 500 mb height field. The
results are presented in Section 4.

We next generalize this approach to allow the
imposition of weak constraints. Continuing with
p = 500 mb, r = 0, we consider as an example the
geostrophic wind approximation

u, ~ —f-19®dy, v, ~f 10D/dx,

where @ is the 500 mb height, #, and v, are eastward
and northward components of the geostrophic wind,
and f is the Coriolis parameter. If the eastward
and northward components of the wind are meas-
ured at each station, one can seek ® to minimize
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where N = 3n, &, is the measured 500 mb height
and #&;, D; are the observed wind components at
station i. o,% is a weight which is, ideally, the mean-
square error in the measured height field. o,? is the
sum of the mean-square error in the measured east-
ward component of the wind and the mean-square
error in the geostrophic approximation to the true
eastward wind. o3% has the corresponding meaning
for the northward component of the wind.

For m = 3 an explicit formula for the minimizer
Dy x Of (1.10) will be given.

Since we are going to choose A from the data, it
is only necessary that o,% 0,2 and o,%/0,? are known
reasonably well. Assuming all mean-square errors
are known, it has been suggested by Reinsch (1967)
and others to choose \ so that the first three terms
in (1.10) with ® replaced by ®y ., sum to 1. How-
ever, it has been shown (see Wahba, 1975; Craven
and Wahba, 1979) that this will lead systematically
to undersmoothing.

The idea of the generalized cross-validation func-
tion extends to the choice of A and m in the
minimizer of (1.10) and we can obtain the GCVF
Va(XN) which can be minimized to estimate good
values of m and A\.

In this example where o2, 0,% and o5®> may be
different the minimizer of the GCVF estimates A
and m which best predict missing data points,
inversely weighted by the appropriate o

We next turn to the analysis of a temperature
field using both direct (balloon) and remote (satellite
radiance) data. We assume that all data are
measured at # = 0 and that ®(x,y,p) represents the
temperature. The data consist of direct measure-
ment of the temperature from station i at pressure
D;:, and indirect satellite measurements of radiances
I,(v) at frequency v and subsatellite point (x;,y,).
In the simplest case (cloudless, looking down),
after some linearization and approximations,® a
known function r(v) of the measured radiance
I,(v) can be related to the temperature ® by

—fz')i)2+ N p(P), (1.10)

Yy

Po
rz(v)=j Kwp)®yop)dp,  (L11)

0

—_———

3 In the process of linearizing to obtain (1.11) a first-guess
field is used. One could obtain this first-guess field by analyzing
the balloon data alone by leaving out the radiance data in what
follows [second term in (1.12)].
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where K(v,p) is known for each frequency v = »,,
., v, (see Fritz et al., 1972).
Thus we seek @ to minimize

N7 Y o D(x1,yi,00) — Pucl® + N7 Y 0,72

ik Ly

Po 2
x U K(,p)®(xy0,p)dp —n(v)]

0
+ A (P) (1.12)

where N is the total number of observations and

m!
2 - (a laylex ')
artoztaz=m 1-042.423-

o

In(®) =

m 2
x m (___a_(’l__) dxdydp. (1.13)
axalayazapas

~

We will give an expiicit formulia for the minimizer
Dy s of (1.12) and the GCVF V,(\) for this prob-
lem for m = 2. In theory, there is no difficulty in
adding weak temperature constraints, or in carrying
out the analysis in three space variables and one
time variable with direct data, indirect data and weak
constraints. (A finite number of strong constraints
can be added, too, and we briefly indicate how.) In
practice, the method has computational limits. The
computation of ®y ., requires the solution of a
linear system of dimension close to the number N
of ‘‘data’” and ‘‘weak constraint” terms. The com-
putation of the GCVF required the solution of an
eigenvalue problem of size N. We are obtaining very
good results with N up to as large as 140 with present
methods on the Univac 1110 at the University of
Wisconsin, Madison, but improved algorithms will
have to be developed to go beyond this point on this
size machine. There is reason to believe that this can
be done. Some algorithms handling four times as
many points in certain special cases have been
developed by Paihua (1978). Other numerical
methods suitable for large data sets are suggested
in Wahba (1980a,b). ®y .., is found in terms of coef-
ficients of certain basis functions, so that the bulk
of the numerical work is only done once for each
set of data. ®y .., and in certain cases its deriva-
tives, can be evaluated on a fine grid essentially
for ‘‘free.”’

We briefly mention the relationship of this work
to some other approaches in the literature. Fritsch
(1971) discusses a related form of two-dimensional
spline objective analysis. Wagner (1971) analyzed
some of Sasaki’s variational objective analysis
methods from the point of view of their properties
as low-pass filters and experimented with the param-
eter which controls the half-power point of the filter
(here )\), with the equivalent of our m = 2. The
Fields of Information Blending developed by M.
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Holl and associates also has the capability of blend-
ing different types of data. In our notation Holl’s
approach is to minimize a discrete approximation
to the ® which minimizes

N
Y o HLi® - D)?
i=1
[see Holl (1976), Eq. (5)]. The data are assembled
on a regular discrete grid and ® is computed only on
the same grid. Derivatives are replaced by finite
differences. Some of the smoothing is effected by the
fact that there are more terms in the sum above than
there are grid points on which @ is to be computed
and, in addition, the system of equations to be solved
to obtain the minimizer is solved approximately by
iterative techniques, where the choice of weighting
parameters and number of iterations will have a
filtering effect (see, also, Wahba, 1980a, Section 8).
The discussion would not be complete without
noting that, in general, variational objective analysis
methods involving a quadratic non-negative definite
penalty term like AJ,,(®) are intimately related to
certain forms of (Gandin) optimum objective anal-
ysis methods. We illustrate this remark by a simple
discretized example. Consider a vector of variables
of interest x = (x,, X2, . . . , X,)'. Suppose z; = x;
+ e;is observed fori = 1, . . . , n, where the ¢; are
supposed to be zero mean independent Gaussian
random variables with variance o*. Suppose that the
x; have a prior Gaussian distribution with Ex; = 0
and Ex;x; = o;;, where E is mathematical expec-
tation. Letting % be the n X n matrix with ijth
entry o;;, then the conditional expectation £ of x
given the dataz = (z,, .. ., z,)  is

¢ = X3 + o?l) 7z,

where I is the n X n identity matrix. However,
it is also true that X given above is the solution to
the minimization problem: find x to minimize

n ,
n=t Y (x; — z)? + M (x),
i=1
where J(x) = x'27x and A = o%*n. Returning to
functions ®(x,y) for example, there is a prior
covariance on ®(x,y) such that ®y ,, ,, the minimizer
of (1.7), has the property that @y ,..\(x,y) is the con-
ditional expectation of ®(x,y) given the data z;
= ®(x;,y;) + e;, where the ¢; are independent zero
mean Gaussian (error) random variables with com-
mon variance o?. The theory behind this remark
can be found in Kimeldorf and Wahba (1970, 1971)
and Wahba (1978b, 1979¢). The choice of m controls
the rate of decay of the power spectrum of the
signal with wavenumber, equivalently the shape of
the low-pass filter in the frequency domain. Thiebaux
(1980) discusses the relationship of m to prior
covariances in some related but slightly different
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examples. Details for low-pass filtering on the sphere
by variational methods may be found in Wahba
(1979c, Section 4.3). ,

In Section 2 we provide the solution to a general
minimization problem of which all the previously
mentioned problems are special cases. In Section 3
we describe the GCVF which allows the estimation
of A and m from the data being analyzed. In Sec-
tion 4, results of a Monte Carlo test of the method
is given, using realistic simulated 500 mb height data
where the ‘‘true’’ field is known. Numerical methods
used are somewhat nonstandard and are described
in some detail in the Appendlces

Analys1s of the height field via mlmmlzatlon of
(1.4) is an isotropic method. Thiebaux (1977) has
provided some evidence that an improved analysis
may be obtained using methods which have different
north-south and east-west scales. This feature may
be incorporated here by making a change of scale
x — kx and y — k7 'y. A good scale parameter k
may be estimated by GCV simultaneously with A
and m. Some very preliminary numerical results
with actual reported 500 mb height data from the
U.S. rawinsonde network suggests that the & =
(i.e., isotropic) analysis can be improved upon by
estimating k (see Wendelberger, 1981). We do not
discuss anisotropic methods further here.

Kreiss (1979a,b) notes that for successful numeri-
cal solution of certain differential equations related
to numerical weather forecasting, it is desirable to
have initial conditions that have certain continuity
properties. We conjecture that the methods sug-

. gested here can be used to provide these initial

conditions.

2. Solution of a general minimization problem

In this section we give a solution to a general
minimization problem of which the minimization
problems of Eqgs. (1.7), (1.10) and (1.12) are spe-
cial cases.

Our results hold in any number of dimensions,
where most meteorological problems of interest will
involve d = 2, 3 or 4. The d = 1 case results in the
familiar polynomial smoothing spline (see Reinsch,
1967). We will say a function u of d variables x;,

Xoy . - ., Xg 18 ‘‘smooth’’ if J,,(u), defined by
m!

Jlw) = Y ——m—

it ag=m Q0. " Qg

am 2
xJ...[( u )dxl...dxd’
axyre - 9xy
R4

is small.

We seek to find a « which is simultaneously com-
patible with the data z,, z,, . . . , zy, and is appro-
priately smooth. The data are assumed to be

Z2; = Liu + e;,
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where the L; are (any) continuous linear functionals
of u and the ¢; are measurement errors. A rigorous
definition of a continuous linear functional as being
used here is given in Appendix A, but we note
the most useful ones here. Lett* = (x,*, . . ., x5%)
be a fixed point in d dimensions. Then

Lu = u(t*)

is a continuous linear functional for each fixed t*
provided

2m ~d >0
and
Fu
Lu= ———Mm
Oxf- - -9xy (X =t
with a; + -+ + a4 = k is also a continuous linear

functional for each fixed t*, provided
2m — 2k —d > 0.

This allows incorporation of the winds as estimates
of the gradient of the pressure field via the geo-
strophic approximation. L of the form

Lu = J . -JK(xl, e xU(X, .., xg)dXy  rdxg

Q

is a continuous linear functional if, for example,
() is a bounded set and

J'--JiK(x,,..‘

Q

s xd)ldxl' ‘ 'dxd < o,

This allows merging of radiance data with direct
temperature data in the objective analysis of tem-
perature fields. We remark that Lu = u(t*) is not
a continuous linear functional if m = 1,d = 2, and
this leads to the difficulties mentioned previously
in regard to the minimization of (1.2).

We suppose that the e; are independent zero mean
errors with Ee> = o2. We seek to find u in a suit-
able (Hilbert) space of functions (defined in Ap-
pendix A) to minimize

N

N1 Y (Lu = z;)%0:7% + N alu). 2.1

i=1 ‘
In this Section A and m are fixed. In Section 3 we
show how to choose A and m. We will give an ex-
plicit formula for the u which minimizes (2.1) for
general L;. The special cases (1.7), (1.10) and (1.12)
and others of interest can then be deduced. Com-
putational algorithms are discussed in the Appendices
and a numerical test of the method on simulated
500 mb height data is given in Section 4.

The minimizer, call it uy,, of (2.1), is expressible
in terms of polynomials of total degree less than m,
and the fundamental solutions of the iterated
Laplacian. Before stating the result, we define some
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notation. In d-dimensional space there are

M=(d+m—l)
d

polynomials of total degree less than or equal to
m — 1. We let {¢,}!L, be these M polynomials. For
example, ifd =2, m = 3, then M = 6 and

by(x1,x0) = 1,
Ba(X1,X) = X5
Oy(x1,x2) = x,%,
Pel(x1,x9) = Xx5°

Observe that J,.(¢,) = 0, v = 1,2, . .. ; M, so that
polynomials of total degree < m — 1 are considered
infinitely smooth by this method. We define the
Laplacian A by

ba(x1,X2) = X,

2.2)
bs(x1,x3) = X1Xg

d62
Au=3 “

2
k=1 0X;

If u and all its derivatives up to order m — 1 are
continuous and are zero at infinity, then by inte-
gration by parts, one has

Jn(u) = J . J ulb™udx,- - dxg.
R
Thus, the iterated Laplacian A™ would play a role
in an Euler equation approach for the solution of
the variational problem (2.1), although we do not
use that method to obtain the solution.

Letting s = (yy, . . . Va), t = (x4, . . ., xqg) and

d
ls - tl = [2 (x; = y)*'2,

then the fundamental solution of the iterated
Laplacian is given by E,(s,t) defined by

En(s.t) = E([s — t]), 2.3)

where

0,72 ¢ Inr, d even,

(_1)d/2+1+m
22111-1,”.11/2(",1 — 1)!(m — d/2)!
O™ d odd, 6, =

m

E(r) =

I(d/2 — m)
2mpd2(m — 1)1

[En(s,t) has the property ARE,(s,t) = 8(s — t),
where the subscript (s) indicates that A™ is ap-
plied to E,, considered a function of s; and & is the
delta function, see Schwartz (1966)]. We can now
state the result:

LetL,, L,,..., Ly be N linearly independent
continuous linear functionals and suppose







