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1. INTRODUCTION

In this paper we discuss three topics in ill posed problems. The first topic concerns
the imposition of specified types of discontinuities on otherwise smooth two and three
dimensional solutions of ill posed problems. The work has application to the recovery of
the three dimensional atmospheric temperature distribution from satellite observed radi-
ances and is joint work with Jyh-Jen Shiau of the University of Columbia-Missouri Com-
puter Sciences Department and Donald R. Johnson of the University of Wisconsin-
Madison Space Sciences and Engineering Center. (Shiau, Wahba, and Johnson (Dec.
1985)). The main new idea appears in Shiau’s thesis (Shiau (June, 1985)). The work also
relies upon the penalized likelihood approach to Tihonov regularization in Finbarr
O’Sullivan’s thesis (O’Sullivan (1983)) and O’Sullivan and Wahba (1985), which gen-
eralizes the point of view in Kimeldorf and Wahba (1971) and Wahba (1980b). A closely
related reference is Svensson (February, 1985). The method proposed here for imposing
specified discontinuities on the solution given discrete, noisy values on functionals of the
solution can be expected to have application to a number of problems in the atmospheric
and geological sciences, for example to the estimation of the three dimensional tempera-
ture distribution of the ocean, including the thermocline, and to the estimation of certain
geological properties, €. g. density, transmittivity, etc.

The second topic concerns the Richardson/Landweber/Fridman/Picard/ Cimino itera-
tive method(s) for iterative solutions of large linear systems. It has been observed by
Prof. Brakhage at this conference and by other workers, that, when using certain iterative
methods for solving large ill conditioned linear systems, the approximation to the solution
appears to improve with iteration up to a certain point, when further iteration begins to
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degrade the solution. See Strand (1974), Anderssen and Prenter (1981), Natterer (1986). A
rough explanation for this phenomena is as follows: The first few iterations are recovering
the projection of the solution onto singular vectors corresponding to large singular values.
As the iteration proceeds, recovery of projections on singular vectors with small singular
values begins, but recovery of these (high frequency) components is increasingly sensitive
to noise in the data, either measurement error, or roundoff, as the singular values become
smaller. A quantitative analysis of this phenomena appears in a report Wahba (1980b)
prepared for the proceedings of the 1979 Delaware Conference, where it is observed that
generalized cross validation (GCV) can be used to provide a data-based rule for choosing
the point at which to stop the iteration, when the source of noise is random measurement
error on the right hand side. Since those proceedings have not been published and there
appears to be some interest in the topic at the present time, we revicw that result here.

The third topic concerns the parameter estimation problem for p. d. e.’s with particu-
lar application to the resevoir modelling problem. One has the equation (for example)

9 3 0 d
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where the forcing function ¢ is known exactly and u is measured with noisc at a finite set
of points in x and ¢. The problem is to estimate the transmittivity o, which is not neces-
sarily a constant. Recently Kravaris and Scinfeld (1985) proposed a penalized likelihood
approach to the estimation of a.. This problem is both nonlincar and in general ill posed.
The degree of ill posedness (sce Wahba (1980b) for this concept) is a particularly tricky
question since it can be very sensitive to the "true” u. We make a few conjectural remarks
on the possiblity of solving the penalized likelihood equations subject to linear inequality
constraints based on physical information (sec Ewing, these proceedings) and using the
GCYV to choose the smoothing parameter in the resulting constrained implicit optimization
problem.

Before beginning the substantive part of this paper we make a few remarks concern-
ing ill posed experimental problems.

(1) An"ill posed experimental problem” is one for which there is not as much informa-
tion in your experimental data as you really need to find out what you want to know.

(2) Good data analysis methods for ill posed experimental problems:
a) squeeze as much information as possible out of the data at hand
b) recognize the limitations of the available data

c) introduce whatever (valid) outside information is available, of diverse types. For exam-
ple, prior belief conceming “"smoothness”, which leads to statistical and regularization
methods (they may be the same, see Kimeldorf and Wahba (1971)), physical constraints,
imposed both exactly and approximately, data from other experiments, qualitative infor-
mation such as the location of discontinuities, etc.

The penalized likelikhood (also known as cross validated spline) methodology that
is common to much of our work reads as follows: The model for the data is:

yi =N;(@)+¢g;,  i=l..n, (1.2)

where the €; are independent, identically distributed Gaussian random variables. g is
assumed to be in some appropriately chosen Hilbert space H (a reproducing kernel space,










































