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Hybrid Adaptive Splines

An adaptive spline method for smoothing is proposed that combines features from both regression spline and smoothing spline
approaches. One of its advantages is the ability to vary the amount of smoothing in response to the inhomogeneous “curvature”
of true functions at different locations. This method can be applied to many multivariate function estimation problems, which is
illustrated by an application to smoothing temperature data on the globe. The method’s performance in a simulation study is found
to be comparable to the wavelet shrinkage methods proposed by Donoho and Johnstone. The problem of how to count the degrees
of freedom for an adaptively chosen set of basis functions is addressed. This issue arises also in the MARS procedure proposed

by Friedman and other adaptive regression spline procedures.
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1. INTRODUCTION

Spatially adaptive smoothing, or function estimation,
methods that can handle a wide variety of shapes and spa-
tial inhomogeneity have interested statisticians for a long
time. Recently, Donoho and Johnstone (1994, 1995, and
with Kerkyacharian and Picard [1995]) introduced a group
of wavelet shrinkage methods shown to have desirable spa-
tial adaptability by both theoretical arguments and simula-
tion study. Traditionally, two techniques have been used to
address this problem of spatial adaptability. One technique
uses local variable smoothing parameters (or bandwidths)
in common smoothing methods, such as smoothing spline
and kernel methods. The other technique is to place knots
adaptively in a regression spline method (or, equivalently,
adaptively choose a set of spline basis functions for regres-
sion). Recent examples in the first category include work
of Abramovich and Steinberg (1995) and Fan and Gijbels
(1995) (see also Wahba 1995). Much other recent research
in this area is noted in the lengthy discussion to the work
of Donoho, Johnstone, Kerkyacharian, and Picard (1995).

In the second category, subsequent to Smith’s early
(1982) work on using statistical variable selection tech-
niques to fit splines, there have been quite a few works along
this direction in the adaptive regression spline literature
(Friedman and Silverman 1989 [TURBO], Friedman 1991
[MARS], Stone, Hansen, Kooperberg, and Troung 1995).
The idea of placing knots adaptively using some kind of
variable selection technique has become the primary choice
in the development of regression spline methodology. This
technique tends to choose more basis functions in data-
dense regions where the underlying true function has more
structure, which is what we want.

In this article we combine some of the features of adap-
tive regression splines and traditional smoothing splines to
obtain a hybrid smoothing procedure termed hybrid adap-
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tive splines (HAS), which may be implemented with large
datasets and displays a desirable form of spatial adaptability
when the underlying function is spatially inhomogeneous in
its degree of complexity. The basis functions chosen as a
subset of the basis functions occurring naturally in smooth-
ing splines are selected one basis function at a time, us-
ing a forward stepwise regression procedure. A generalized
cross-validation (GCV) criterion with an inflated degrees
of freedom (IDF) factor to account for the fact that the ba-
sis functions are chosen adaptively is used as a stopping
criterion, similar to MARS procedure. Then, instead of a
backwards deletion, the selected basis functions are used
in a penalized regression derived from the original smooth-
ing spline method. We explain the procedure in Section 2,
and provide some theoretical results on the appropriate IDF
factor. The choice of IDF factor arises in MARS and other
regression spline procedures, and we discuss how our re-
sults might apply to such procedures.

Hastie (1989), in his discussion to Friedman and Silver-
man (1989), suggested a similar scheme. He suggested that
an overparameterized model constructed by TURBO or by
other regression spline methods could be regularized by a
ridge regression step to reduce the variability due to the
adaptive selection of basis functions. In a way, HAS can be
viewed as a modification of Hastie’s suggestion. But HAS
differs from his suggestion in two respects. First, we use
the basis functions derived naturally from the correspond-
ing smoothing spline methods; that is, those based on the
reproducing kernels. The same is true with the penalty term
of the final ridge regression step. These are some of the
smoothing spline features incorporated in HAS, besides the
obvious penalization feature. In the univariate case, as a ref-
eree suggested, we may use other equivalent basis functions,
such as truncated power basis functions, or B splines if
we are concerned with computational efficiency. However,
basis functions based on the reproducing kernels can be
extended naturally to multivariate smoothing spline meth-
ods (e.g., see Sec. 4). This of course does not mean that
other basis functions cannot be generalized to multivariate
cases; however, then they will not be equivalent. Second,

© 1997 American Statistical Association
Journal of the American Statistical Association
March 1997, Vol. 92, No. 437, Theory and Methods

107



108

our main purpose in proposed HAS is for its spatial adapt-
ability, over-parameterization is not desirable in this case,
since it will reduce this spatial adaptability.

The HAS procedure is not the same as choosing a ran-
dom, or representative, or systematic sample of the basis
functions that occur naturally in spline smoothing. This lat-
ter procedure (which does not use the response vector as
part of its selection method) has been suggested and im-
plemented by various authors as a numerical tool for ef-
ficiently calculating a good approximation to the original
smoothing spline variational problem (see, e.g., Hutchinson,
Kalma, and Johnson 1984, and Wahba 1980). If the under-
lying function is highly spatially inhomogeneous, then the
HAS selection of basis functions is not expected to be a
representative sample of the naturally occurring basis func-
tions. It could be argued that the HAS estimate will then
be a solution to a slightly different (weighted) variational
problem, although we offer no theoretical argument to back
this up.

Several features of this procedure are worth mention-
ing. First, the procedure is well suited to highly unequally
spaced data. Second, it extends in a straightforward way to
the general penalized likelihood setup as discussed by, for
example, Wahba (1990), and in particular to the smooth-
ing spline analysis of variance (ANOVA) setup of Gu
and Wahba (1993a,b). Some examples were given by Luo
(1994). The procedure can be used in the context of splines
on the sphere, which has the potential for wide application
in meteorological and environmental studies. We use an ap-
plication to the interpolation and smoothing of global win-
ter surface temperature to illustrate this application in Sec-
tion 4. Finally, based on simulated examples, including the
four used by Donoho and Johnstone (1994), it seems fair to
say that this procedure, in terms of both mean squared error
(MSE) and visual appearance, is comparable to the wavelet
simulation results. Moreover, in our examples when the sig-
nal does not have much spatial inhomogeneity (in which
case nonadaptive smoothing methods, such as smoothing
splines with a global smoothing parameter, perform better
on the average than adaptive methods), HAS’s performance
is close, whereas wavelet methods seem to need further re-
finement to obtain close results. We provide these compar-
isons in Section 3.

2. HYBRID ADAPTIVE SPLINES

2.1 Smoothing Splines
Let

vi = flz) +e, i=1,2,...,n,

where z; € [0,1], the {e;} are iid N(0,02), and f is
“smooth”. More precisely, suppose that f is in the Sobolev
space W»[0,1] = {f: f, f’ absolutely continuous, f” € L3}
The traditional cross-validated cubic smoothing spline esti-
mate of f is the solution to this problem: Find f € W, [0, 1]
to minimize

L .’17'2 1”.’1:2.’17
S (4 — flas) +A/O(f())d, (1)
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where ) is chosen by GCV (see Wahba 1990). It can be
shown (Wahba 1990, pp. 11-12) that the minimizer f) of
(1) has a representation

Ar(@) = dig1(z) + doga(z) + Y _ciR(z;z), ()

i=1

where ¢1(z) = 1,¢2(z) = ki(z), and R(z;a') =
ko(z)k2(z") — ka([z — 2']). Here ki(z) = x — 1/2,ka(x) =
(kf(z) — 1/12)/2, and ky(z) = (ki(z) — K (2)/2 +
7/240)/24. Furthermore, fol (d?/dz? (31, ciR(z;2:)))? do
= i j=1 ¢ R(is ).

Plugging the right side of (2) into (1), the original varia-
tional problem becomes a quadratic optimization problem,

argmin % ly — (Td+3o)|> + A'Se,  (3)
c,d

where y = (y1,...,yn)’, T is the n x n matrix with (7, j)th
entry R(z;;z;), T is the n x 2 matrix with (4, v)th entry
¢ (x;),d = (d1,d2)’, and ¢ = (c1, 2, ..., ¢n)"-

2.2 Hybrid Adaptive Spline Procedure

Instead of minimizing (1) in W;[0, 1], we minimize it in
span ¢, ¢2 plus a specially selected subset of the n ba-
sis functions R(;z;),% = 1,2,...,n, chosen in a forward
stepwise manner. Having chosen ¢1,¢2 and R(-;x;,),l =
1,2,...,k — 3, we choose the kth basis function to max-
imize the reduction in the residual sum of squares (RSS).
We did this rapidly, as follows. We need to compute the
RSS of the least squares fit of y on the selected basis vec-
tors (basis functions evaluated at data points), with and
without the vector corresponding to a new candidate ba-
sis function, denoted by u. Suppose that there are k basis
vectors in the subset already, and that they are stored in a
n by k matrix X. We first do a QR decomposition of X:
QX = (RkxkOkx(n—k))’; we then multiply both y and u
by Q: Q'y = (Z1xktix(n—k))’ and QU= (VixkSix(n—k))"-
It is easy to verify that RSS(y regressed on X) = tt’ and
RSS(y regressed on X and u) = tt’ — (st’)?/ss’. Each
time among those unselected, the basis function making
the largest RSS deduction (i.e. the largest (st’)2/ss’) will be
the next one to enter the subset. We chose the Householder
reflection method to do the QR decomposition because it,
along with the multiplication of y and u by Q, can be eas-
ily updated every time a new basis vector is appended to X
(see Seber 1977, pp. 312-314, 338-341).

The number of basis functions is chosen by minimiz-
ing a similar GCV score as implemented in MARS. The
GCV score for k selected basis functions is GCV(k) =
RSS/(1 — (2 + (k — 2)IDF)/n)?, where IDF is applied to
each of the k — 2 adaptively selected basis functions to ac-
count for the added flexibility due to the fact that they have
been selected adaptively. The GCV score is minimized over
k=2,3,...,qfor some (safe) upper limit g. Obviously, IDF
should be larger than 1. Friedman (1991) recommended 3 as
a generally appropriate choice (default) in MARS and most
IDF’s chosen by cross-validation, and simulation studies
show that this is an appropriate choice in MARS. In HAS,
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however, simulations show that 1.2, or at least a number less
than 2, is a better choice. Some theoretical explanations for
this difference are discussed in Section 2.3. For all of the
examples in this article, the IDF is fixed at 1.2.

The final step of penalized regression is done by subrou-
tine dsnsm in GCVPACK developed by Bates, Lindstrom,
Wahba, and Yandell (1989). dsnsm is a routine to do ridge
regressions with smoothing parameters chosen by a GCV
criterion (which is independent of the GCV criterion that
we use to choose the number of basis functions). Note that
using only a subset of basis functions in representation (2),

fr(@) = dig1(2) + dagha(@) + chR (@5 2i,), @)

the quadratic optimization problem, derived from (1) by
plugging (4) in it, is the same as (3) except that the two
37’s are replaced by their corresponding submatrices; that
is, the first 3 is replaced by (R(zs;z;)),i = 1,2,...,n
and | = 1,2,...,k and the second ¥ is replaced by
(R(my53,)), 1,1 =1,2,... k.

It took less than 10 minutes to get a HAS fit on our Alpha
DEC3000/M400 machine for the simulated Examples 1-5
of Section 3 with sample size 2,048 and ¢ = 150, less than
2 seconds for Examples 6 and 7 with sample size 256 and
q = 60, and about 3 minutes for the example in Section 4
with sample size 725 and ¢ = 500. (Note that this procedure
can be applied to any of the spline models in Wahba 1990.)

2.3 Inflated Degrees of Freedom for an Adaptively

Selected Basis Function

In this section, we are going to investigate how large the
IDF should be. The IDF ultimately controls the number of
basis functions put in our final model. The larger the IDF,
the fewer basis functions we put in. Another reason for
studying this problem is to explain why Friedman chose
3 as a general good choice in MARS, but our experience
shows that a IDF below 2 is better in HAS.

Consider a simplified version of our problem, the regres-
sion model

Y = aR(z;, 1) + €, 1=1,2,...,n, (5)

where z; = i/n,a and t are two parameters, and {e;} are
iid N (0, 1). The function R is a known reproducing kernel
used for smoothing spline estimates as in (2). In this section
we consider only two reproducing kernels corresponding to
periodic linear and cubic splines on [0, 1] (Wahba 1990, pp.

21-22):
2
Ru(s,t) = <<|s—t|— %) —1—12> /2 ©)
and
1 4
Ry (s,t) = ( (Is—t|—~2—>

+

2
(Is—t[—%) _2_16>/24. )

B —
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Note that R; is only part of R used in (2). These periodic
forms are chosen because the stochastic processes derived
later will be stationary; hence some existing results about
stationary processes can be used. Note that even though R,
is corresponding to periodic linear splines, it is not piece-
wise linear itself.

The difference between the residual sum of squares (RSS)
of the least squares fit under the null model, Hy: y; = e;,
and under (5) is defined as the model sum of squares of (5)
as in linear model theory. The expectation of this difference,
when the data are drawn from Hy, is the degrees of freedom
of the model (5). Because there is only one basis function
in (5), this can also be interpreted as the degrees of freedom
for one basis function.

If ¢ is fixed and known, then this is just an ordinary linear
regression problem. Let

a,t) = Z (y; — aR(z;,1))2.

j=1
Then the model sum of squares of (5) is

RSS(model Hy) — RSS(model(5))

—yy — main S(a,t) = %%_%y_;)

Denote this difference under Hy by V2(t); that is, V(t) =
(32; R(zj,t)es)/ /30, Rz, t)?. We know that V2(t) is dis-

tributed as x? and that E(V?(t)) = 1 for each t.

According to our adaptive procedure, we choose as ¢ the
z; minimizing min, S(a, ;) among all z;. Hence now the
model sum of squares under Hy is

e€e— min  S(a,t) =
te{z1,...zn},a

max
te{ml,...zn}

(e'e —min S(a,t)) = max V?3(x;),
which is greater than or equal to any of V2(x;). Therefore,
its expectation is greater than or equal to that of V?2(x;);
that is, 1.

On the other side,

max V?2(z;) < m[aa)f] Vit) =e'e— mm S(a t),
i te

which is the model sum of squares under Hy of the non-
linear regression model (5), which has two parameters a
and ¢. If R is a reproducing kernel corresponding to cu-
bic splines (i.e., R, which is twice continuously differen-
tiable on [0, 1]2), then by the standard nonlinear regression
asymptotic theory (see, e.g., Gallant 1987), we know that
this model sum of squares is asymptotically distributed as
X3. Therefore, the degrees of freedom of model (5) or an
adaptively chosen cubic spline basis function should be be-
tween 1 and 2.

Note that R; is only continuous, not differentiable. There-
fore, the standard asymptotic theory does not apply. The
simulation study done by Hinkley for a similar simple
change point model, used by Friedman and Silverman
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Table 1. Specifications of Simulated Examples
Sample Number of
Example f o size (n) SD(f)/o replicates
1 DJ(1994)'Blocks*3.5 1.0 2,048 6.92 31
2 DJ(1994)Bumps*4.5 1.0 2,048 6.93 31
3 DJ(1994)’Heavisinex2.2 1.0 2,048 6.54 31
4 DJ(1994)'Doppler22 1.0 2,048 6.36 31
5 DJ(1994)'Doppler22 exp(x)/1.648 2,048 6.36 31
6 sin(2(4x — 2)) + 2 exp(—16x2) 3 256 2.80 400
7 (4x — 2) + 2exp(—16x?) 4 256 3.16 400
(1989) for the purpose of deciding how many extra degrees
f freedom should be given to an adaptively chosen basi 2 Bz;, @) R(zj, 2¢)
Ol Ireedom Snou € given (o an adap Yy ¢ho as1s COV(V;',V]C) —

function, indicates that the model sum of squares then is
approximately distributed as x2. This is also supported by
Owen (1991)’s theoretical argument.

Another way to investigate the degrees of freedom for an
adaptively chosen basis function is to consider a centered
Gaussian processes, Z,,, defined by

Zn(t) = (1 = nt + [nt])Viny + (nt — [0t])Ving41,
for
t €10,1],

where V; = V(z;) for i = 1,2,...,n and V5 = 0.Z,, is just
a process joining V; at i/n by straight lines.

It is clear that {V;} are multinormal distributed, E(V;) =
0, var(V;) =1, and

20 20
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0
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0.0 0.4 0.8 0.0 0.4 0.8
(a) (d)
20 20
10 10
0
0
-10
0.0 0.4 0.8 0.0 0.4 0.8
(b) (e)
20 20
10 10
0
0
-10
0.0 0.4 0.8 0.0 0.4 0.8
() (f)
Figure 1. Example 1 (Blocks, a,b,c) and Example 2 (Bumps, d,e,f).

(a) One copy of data; (b) HAS fit with median MSE; (c) SUREShrink fit
with median MSE; (d) one copy of data; (e) HAS fit with median MSE;
(f) SUREShrink fit with median MSE.

T R w)? [E, R, m)?

It can be proven that for the reproducing kernel, R; and
Ry, the process Z,, converges weakly to a centered Gaussian
process Z with covariance function

G(s,t) = Jo R(u, s)R(u,t) du

IR/ Rt

Therefore, the model sum of squares of (5) with adaptively
chosen ¢ under Hy,

, s,t€0,1]. (8)

sup Z,(t)?,
telo,1]

max V2(z;) = max V2
k2 3

converges to sup;c(o1) Z(t)? in distribution.

Proposition 2.3.1. For the reproducing kernels R; and
Ry in (6) and (7), the corresponding Z,, = Z, a zero-mean
stationary Gaussian process on [0, 1] with respective co-
variance functions

G1(s;t) =1—30(t — 5)? +60(t — 5)> — 30(t — 5)* (9)
and

Ga(s;t) =1—20(t — )% 4 70(t — s)*
— 140(t — 5)% +120(t — s)" — 30(t — 5)%. (10)

Proposition 2.3.1 tells us that the asymptotic distribution
of the model sum of squares of (5), max; V?(z;), and hence
the degrees of freedom of an adaptively chosen basis func-
tion, is decided by the function R, which determines the
basis function family. In particular, cubic spline basis and
linear spline basis can be expected to have different IDF’s
for an adaptively chosen basis function. Considering that
Friedman used linear spline basis functions in MARS in-
stead of cubic spline basis functions that we use, it is not a
surprise that our experience is different than his.

The convergence results in Proposition 2.3.1 may be
proved in a more general case. But for our purpose the
current form is enough to show our point, and it also has
the following nice corollary based on the existing theory of
extreme value of stationary Gaussian processes.

Proposition 2.3.2.  For the Gaussian processes Z defined
in Proposition 2.3.1,
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Figure 2. Example 3 (Heavisine, a,b.c) and Example 4 (Doppler,
def). (a) One copy of data; (b) HAS fit with median MSE; (c)
SUREShrink fit with median MSE; (d) one copy of data; (e) HAS fit with
median MSE; (f) SUREShrink fit with median MSE.

1
lim exp <—u2> Pr{ sup |Z(t)| > u} = h+/2C,/7

for each 0 < h < 1,7 = 1,2, where C; = 30 or 20, corre-
sponding to covariance function G; or G given in Propo-
sition 2.3.1.

In some sense this result tells us the tail probability of
SUP;c(o,1] |Z(t)|, but because 7 must be less than 1 in the
proposition, this probability is not exactly what we want.
However, if we restrict our searching for ¢ in a smaller area
[0,1 — €] instead of [0, 1], as suggested by Owen (1991) as
a way to reduce the cost (degrees of freedom) of an adap-
tively chosen basis function, then the model sum of squares
will converge in distribution to sup,c(o,1—¢] |2 (t)|?, whose
tail probability P{sup;c(o;_.j|Z(t)|* > u} by Proposition
2.3.2 can be approximated by (1 — ¢)exp(—u/2),/2C/n.
Because the process corresponding to linear spline basis
has a larger C (which is 30) than the process correspond-
ing to cubic spline basis, the model sum of squares has a
larger tail probability, and hence larger variation as well.
This means that more degrees of freedom should be given
to an adaptively chosen linear spline basis function than to
an adaptively chosen cubic spline basis function. This par-
tially justifies the choices of 1.2 for HAS and 3 for MARS.

3. SIMULATION STUDY

In this section we use simulated examples to examine
the performance of HAS compared to the MARS, wavelet
shrinkage, and smoothing splines SS procedures.

111

The first five examples, which show strong spatial inho-
mogeneity, were taken from Donoho and Johnstone (1994).
We also include two examples from Fan and Gijbels (1995)
that do not have such strong spatial inhomogeneity. To en-
able comparison with wavelet methods, all designs in these
examples are chosen as equally spaced, although the other
three methods can apply to non—equally spaced designs as
well. Gaussian noise is added such that SD(f)/o as an ap-
proximate measure of signal-to-noise ratio is about 7 for
Examples 1-5 and 3 for Examples 6 and 7. Example 5 does
not have a common standard deviation, so ¢ in the ratio is
replaced by the median standard deviation. More informa-
tion about these examples is given in Table 1. We used the
pseudostandard normal random number generator.rnor, a
Fortran subroutine from CMLIB.

Of all the wavelet shrinkage methods proposed by
Donoho and Johnstone, we chose the SUREShrink method
(Donoho and Johnstone 1995) for our comparisons, because
it has a level-dependent threshold feature and is better on
the average than RiskShrink (Donoho and Johnstone 1994)
in our experience. We chose the “primary resolution level”
as 5, as used by Donoho and Johnstone (1994). We per-
formed the computation with the software wavethresh, de-
veloped by Nason and Silverman (1994) in S-PLUS; that
the family of wavelets was DaubLeAsymm with filter num-
ber 8. The S-PLUS commands that we used are given in
Appendix A.

Among adaptive regression spline methods, we chose
MARS for comparison with HAS, because it is among
the most widely used adaptive regression spline programs.
Other methods include that of Stone, Hansen, Kooperberg,
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-10
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Figure 3. Example 5 (Doppler2). (a) One copy of data, (b) HAS fit
with median MSE; (c) SUREShrink fit with median MSE.
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Figure 4. Example 6. (a) True function; (b) one copy of data; (c) HAS
fit with median MSE; (d) MARS fit with median MSE; (e) SUREShrink fit
with median MSE; (f) SS fit with median MSE.

and Truong (1995), which is similar to MARS, especially
in the regression case (see their Section 6).

We set the maximum number of basis functions (g) in
both HAS and MARS at 150 for Examples 1-5 (except
for Example 1, where ¢ in HAS is set at 250) and 60 for
Examples 6 and 7. (The number of basis functions finally
used in HAS fits was about 190 for Example 1, 120 for
Example 2, 50 for Example 3, 90 for Example 4, 120 for
Example 5, and 13 for Examples 6 and 7.) We set the min-
imum span parameter in MARS at zero (the default value)
in all examples. We tried other choices as well, including
one that allows just one observation between two consec-
utive knots. We also tried other choices of IDF in MARS
(it is called df there), including the one chosen by ten-fold
cross-validation. All of the results were similar to those we
report here.

The Fortran routines used to compute HAS estimates
are available on request from the first author. We com-
puted the SS estimates using the code GCVSPL in For-
tran by Woltring, with the smoothing parameters chosen
by GCV. Woltring’s code combines different people’s pro-
grams, including Hutchinson and de Hoog (1985). For com-
plete references, please see the GCVSPL’s documentation.
The codes mars3.5 for MARS, wavethresh, and CMLIB can
be obtained from statlib. GCVPACK and GCVSPL can be
obtained from netlib.

The median performances in terms of mean squared error
(MSB), defined as 3", (f(x:) — f (z:))?/n, of SUREShrink
and HAS for Examples 1-5 are shown in Figures 1-3.
For Examples 6 and 7, the median performances of HAS,
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MARS, SUREShrink, and SS are shown in Figures 4 and 5.
The medians and the differences of first and third quartiles
(as a measure of variation in the results) of MSE for all
these examples are given in Table 2.

In Examples 1-5, both HAS and SUREShrink exhibit
spatial adaptability, whereas HAS has smaller median MSE
than SUREShrink. Notice that SUREShrink has about the
same MSE in Example 5 as in Example 4, even though the
noise variance in Example 5 is not homogeneous in z; but
the same cannot be said about HAS. Visually, however, both
methods are sensitive to the unequal variance in the noise.

SS’s relatively inferior performance in Examples 1-5 is
no doubt due to the use of a single smoothing parameter
across the entire design space, which makes it either fol-
low the high-frequency signal without smoothing out much
of noise or smooth out the noise with the signal degraded
at the same time. However, it has the smallest variation in
MSE. This is not surprising, given the fact that all of the
other methods are trying to do different amounts of smooth-
ing at different locations, and hence are trying to estimate
more than a single smoothing parameter. MARS essentially
did not give sensible answers in Examples 1, 2, 4, and 5.
The smallest of the missing entries of Table 2 was greater
than 6. Of course MARS was specifically designed for high-
dimensional problems, not one-dimensional problems with
(pathological) discontinuities. On the other hand, in the spa-
tially more homogeneous Examples 6 and 7, SS was best,
with HAS and MARS close behind and SUREShrink fur-
ther behind. However, a lower “primary resolution level”
(we chose level 5 because it gave the best performance over-
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0.0 0.4 0.8 0.0 0.4 0.8
(@) (b)
2 2
1 1
0 0
-1 -1
-2 -2
0.0 0.4 0.8 0.0 0.4 0.8
(c) (d)
2 2
1 1
0 0
-1 -1
-2 -2
0.0 0.4 0.8 0.0 0.4 0.8

) i)

Figure 5. Example 7. (a) True function; (b) one copy of data; (c) HAS
fit with median MSE; (d) MARS fit with median MSE; (e) SUREShrink fit
with median MSE; (f) SS fit with median MSE.
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Table 2. Median of MSE and the Difference of the First and
Third Quartiles of MSE (in Parentheses)

Example HAS ss SUREShrink MARS
1 137(.018)  .546(.023) .398(.049)
2 087(.021)  .124(.010) .167(.015)
3 039(.013)  .075(.005) 062(.007) .150(.014)
4 068(.015)  .205(.011) 145(.013)
5 100(.072)  .232(.014) 149(.013)
6 .007(.0068)  .006(.003) .018(.004) .007(.004)
7 012(.011)  .010(.005) .042(.012) .012(.007)

all) might give better results in these two examples, which
have their energy at lower frequencies (see Fan and Gijbels
1995 for further discussion).

Notice that HAS has a larger MSE variability than SS,
particularly in Examples 3, 5, 6, and 7. We do not know
whether this is due to variability in the stepwise selection
procedure or to variability in the GCV criterion that we
used to decide the number of basis functions. We compared
the results to those obtained with an ideally chosen number
of basis functions, using the same stepwise selection but
deciding k by looking at the MSE with respect to the truth.
This “ideal” procedure had much less variation, suggesting
that the source of the variability may be the latter.

4. APPLICATION TO A SMOOTHING
PROBLEM ON THE SPHERE

We now illustrate HAS’s applicability to multivariate
problems using a smoothing problem in meteorology. From
a global monthly surface temperature data archive devel-
oped by Jones et al. (1991), we extracted all of the 1981
winter temperature records with the locations (longitude
and latitude) of the recording stations. The winter temper-

113

ature is defined as the average of December 1980 and Jan-
uary and February 1981 monthly temperatures. The total of
725 stations with such records are distributed very irregu-
larly on the sphere.

A spline on the sphere estimate was defined by Wahba
(1981) as the solution of the following optimization prob-
lem:

n

argmin . 3 (5= £(P) 41 [ an2par,

S

(11)

=1

where P = (latitude, longitude) is a point on the sphere
S, P; is the location of the ith station, A is the Laplacian
on the sphere, and f is in the Sobolev space H,,(S) =
{f: f € L2(S),A™/2f € L5(S)}. Wahba showed that the
minimizer of (11) has a representation of the form

f(P)=d+)_ c;Qn(P;P),

i=1

where Q..(P;P’) (m = 1,2,...) are a family of repro-
ducing kernels related to Green’s functions for A™, for
which closed-form expressions are not known. A family
R, (P; P") of reproducing kernels approximating the @,
and with closed-form expressions were given by Wahba
(1981, egs. 3.3 and 3.4). We use Ry(P;P’) from that ar-
ticle, denoted by R(P; P’) in what follows.

HAS can be directly applied to this situation. The only
difference is that the collection of candidate basis functions
now is {¢1, R(:; P;), for i = 1,2,...,n}, where ¢;(P) = 1.

50

Latitude
(@]
|

-50

-100

T T

0 100

Longitude

Figure 6. Example in Section 4: Contour Plot of HAS Fit of 1981 Global Winter Temperature. The dots indicate the locations of the recording
stations.
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Figure 7. Enlarged European Part of Figure 6. The dots indicate the
locations of the recording stations. The dashed lines are the contour
lines of HAS fit.

A fit by HAS on the whole globe is shown in Figure 6,
and an enlarged European part is shown in Figure 7. The
maximum number of basis functions was set at 500, and the
final number of basis functions chosen by GCV was 425.
We can see that without disturbing those areas with lit-
tle data or without much structure, the fine details at places
where there sufficient data exist are kept when smoothing is
done. Figure 7 shows the colder surface temperature mea-
sured in the Alps. Similar detail can be seen in the An-
des. Some structure is obtained over the Himalayas, but
there are few stations there. On the other hand, the surface
temperature (generally observed on islands) is seen to be
quite smooth over the oceans. The smoothing spline on the
sphere (using the full set of basis functions) gave a similar
picture; however, the interesting features over the moun-
tain ranges were considerably smoother. Simulated exam-
ples that we have studied show the same kind of spatial
adaptability as the one-dimensional examples. We remark
we chose R = R, because we suspected that it probably
represented a good general-purpose low-pass filter on the
sphere. In practice we might wish to optimize this choice,
either over m (see Wahba and Wendelberger 1980), or by
considering other families of reproducing kernels (see, e.g.,

sureth<-function(d, x) {# based on (6) and (7) in
sure<-d-2*(1l:d) +cumsum(sort (abs (x))"2)
x[order (sure) [1]]}

J<-17 # corresponding to the sample size 256

jO<-5 # the primary resolution level
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Weber and Talkner 1993). Gao (1993) and Wahba (1982)
have used reproducing kernels on the sphere based on his-
torical meteorological information.

A referee suggested that a more complete and accurate
description of global temperature would incorporate a sur-
face elevation component in the model. That would re-
move a substantial amount of the spatial heterogeneity. Here
would be a nice opportunity to agree. Work in this direc-
tion, particularly in a space-time—type modeling of histori-
cal global temperature, is in progress (Luo 1996).

5. DISCUSSION AND CONCLUSIONS

HAS may be applied to ANOVA in functions spaces (Gu
and Wahba 1993a,b; Wahba 1990; Wahba, Wang, Gu, Klein,
and Klein 1994). Because all of the estimates there have
representations like (2), the extension is immediate. Exten-
sions to global temperature as a function of year and space
are under study.

Finally we comment further on why we want a penal-
ized regression step in HAS. Basically, choosing the num-
ber of basis functions via GCV has done most of the work
for balancing between bias and variance, hence the pe-
nalized regression step here is primarily a refinement of
the results from the regression step. In our experience it
does usually reduce the MSE, albeit just minimally (a few
percentage point reduction). This actually confirms a the-
oretical result of von Golitschek and Schumaker (1990)
which says that unless the truth is in the span of the ba-
sis functions, in average some smoothing will always be
better than just regression in terms of MSE. But there is
a still more important reason why we want to do a pe-
nalized regression—namely, for numerical stability. As is
well known, when the number of basis functions (regres-
sors) increases, the regression problem becomes more and
more ill-conditioned, which makes its numerical computa-
tion less and less stable. The basis functions that we used in
the simulations—cubic spline basis functions—have larger
correlations among them than linear spline basis functions,
as shown in Section 2.3. Hence the ill-conditioning problem
is more serious here. The penalized regression step acts as
a remedy for this.

APPENDIX A: S-PLUS COMMANDS
FOR SURESHRINK

This is the list of S-PLUS commands that we used to com-
pute SUREShrink estimates with Nason and Silverman (1994)’s
wavethresh package.

DJ (1995)

ywd<-wd (ynoise,filter.number=8, family="“DaubLeAsymm”, verbose=F)
sigma<-median (abs (accessD(ywd, J) -median (accessD(ywd,J))))/.6745
ywd<-wd (ynoise/sigma, filter.number=8, family="“DaubLeAsymm”, verbose=F)

th<-numeric( )
for(i in jO:J){
z<-accessD(ywd, 1)
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s2<-(sum(z"2)-271) /2”1
1if(s2<=1"1.5/sgrt(271))th[i]l<-sgrt(2xlog(271))
else th[il<-sureth(271,z)}
yrecon<-wr (threshold.wd (ywd,
type=“soft”, boundary=T))*sigma

APPENDIX B: MATHEMATICAL PROOFS

To prove Proposition 2.3.1, we need the following result.

Theorem (Theorem 10.3.1 of Berman 1992). Let {Z.(t)}
be a family of real separable Gaussian processes with mean
0, and let {Z(¢)} be a similar process such that the finite-
dimensional distributions of {Z,(t)} converge to those of {Z(t)}
for n — oo. If for some t € [0,1],sup,, EZ2(t) < oo, and
limp 0 sup,, Qn(h)(logh™1)Y/2 = 0, where Qn(h) = ¢n(h)
+ @2+ VD) [T on(hp ) dy, on(h) = maxjs_y<hsiepn
[E(Zn(t)— Zn(s))?])'/? and p is an integer not smaller than 2, then
the measure on C|0, 1] induced by {Z,(t)} converges weakly, for
n — 00, to that induced by {Z(¢)}.

Proof of Proposition 2.3.1
It is easy to verify that
|Ri(57t) - Ri(sy t/)| < C|t - t/|’
for
s, t,t' €[0,1], i=1,2 (A1)
and some constant C; that is, both R; and R, are Lipschitz con-
tinuous.

Using this, it is easy to prove that cov(V},,], Vin¢) converges to
G(s,t), and hence the covariance function of Z,, also converges to
G, the covariance function of Z. Because Z,, and Z are Gaussian
processes, all of the finite-dimension distributions of Z, converge
to those of Z as well.

Again using (A.1), it can be shown that
Clins] — [nt]]

n b

where the constant C' does not depend on n and is not necessarily
the same as in (A.1). Then it can be verified that

E((Zn(s) = Za(1))*) < Cls — 1.
Therefore, pn(h) = max|s_j<n(E(Zn(s) — Z.(1))?)Y? < Cv/h,
where C is independent of n as well. The rest is just an application
of the theorem of Berman, G; and G2 were obtained by plugging

Ry and R; of (6) and (7) into (8), through some tedious algebraic
manipulation with the help of a symbolic computation code.

[1— cov(Vins), Ving)| < for s,t€]0,1],

Proof of Proposition 2.3.2

Note that G;(s,t) = 1 — Ci(s — t)? + o((s — t)?) for i = 1, 2.
The conclusion is a direct corollary of theorem 9 of Albin (1990).

[Received June 1995. Revised May 1996.]
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