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Lecture 39: Asymptotic confidence sets and quantiles

We consider another example of asymptotic confidence sets based on
likelihood discussed in the last lecture. J
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Lecture 39: Asymptotic confidence sets and quantiles

We consider another example of asymptotic confidence sets based on
likelihood discussed in the last lecture.

Example 7.24

Let Xy,...,Xn be i.i.d. from N(u, ¢) with unknown 6 = (u, ¢).
Consider the problem of constructing a 1 — a asymptotically correct
confidence set for 6.

The log-likelihood function is

l0g (6) = —%_; (% — )~ 210g$ — 2 log(2m)

Since (X, $) is the MLE of 8, where ¢ = (n —1)S?/n, the confidence
set based on LR tests is

Ci(X)= {6:%%(Xi—u)2+nlog¢ §x227a+n+nlog$}.
i=1
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Example 7.24 (continued)

Note that
nX—p) 1 2. 5 N (4 O
Sn(e>—( gz 2 H) 2¢> n()—<o ﬁ)

Hence, the confidence set based on Wald's tests is

(X—p?, @-9) _Xoa
CZ(X):{Q a 2¢~2 = ?l }7

which is an ellipsoid in 2%, and the confidence set based on Rao’s

score tests is
2
X2.a
X < == 3.
n¢z “ ] - n }

X
cax)= 0. XoH
¢
In general, C;(X), j = 1,2,3, are different.
An example of these three confidence sets is given in Figure 7.2,
where n=100, u=0, and ¢ =1.

.
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Figure 7.2. Confidence sets obtained by inverting LR, Wald'’s,
and Rao’s score tests in Example 7.24
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Example 7.24 (continued)

Consider now the construction of a confidence set for p.

It can be shown (exercise) that the confidence set based on Wald’s
tests is defined by C,(X) with ¢ replaced by ¢, whereas the confidence
sets based on LR tests and Rao’s score tests are defined by C,(X)
and Cg(X), respectively, with ¢ replaced by n=t s, (X; — u)2.
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Example 7.24 (continued)

Consider now the construction of a confidence set for .

It can be shown (exercise) that the confidence set based on Wald’s
tests is defined by C,(X) with ¢ replaced by ¢, whereas the confidence
sets based on LR tests and Rao’s score tests are defined by C,(X)
and Cg(X), respectively, with ¢ replaced by n=t s, (X; — u)2.

Confidence intervals for quantiles

Let X4,...,Xn be i.i.d. from a continuous c.d.f. F on &% and let

0 = F~1(p) be the pth quantile of F, 0 < p < 1.

The general methods we previously discussed can be applied to obtain
a confidence set for 8, but we introduce here a method that works
particularly for quantile problems.

In fact, for any given a, it is possible to derive a confidence interval (or
bound) for 6 with confidence coefficient 1 — a (Exercise 84), but the
computation of such a confidence interval may be cumbersome.

We focus on asymptotic confidence intervals for 6.

Our result is based on the following result due to Bahadur (1966).
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Theorem 7.8

Let Xq,...,X, be i.i.d. from a continuous c.d.f. F on # that is twice
differentiable at 6 = F~1(p), 0 < p < 1, with F/(8) > 0.

Let F,, be the empirical c.d.f.

Let {kn} be a sequence of integers satisfying 1 < k, <n and
kn/n=p+o0((logn)°/+/n) for some & > 0.

Then

F'(0) n3/4

_ (1+9)/2
x(kn):e+(k”/n) F”(6)+o<('°g") > a.s.
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Theorem 7.8

Let Xq,...,X, be i.i.d. from a continuous c.d.f. F on # that is twice
differentiable at 6 = F~1(p), 0 < p < 1, with F/(8) > 0.

Let F,, be the empirical c.d.f.

Let {kn} be a sequence of integers satisfying 1 < k, <n and
kn/n=p+o0((logn)°/+/n) for some & > 0.

Then

X = 0+ ¢y n3/4

(kn/n) —Fn(6) +0 <(|Ogn)(1+5)/2> a.s.

Omitted.
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Theorem 7.8

Let Xq,...,X, be i.i.d. from a continuous c.d.f. F on # that is twice
differentiable at 6 = F~1(p), 0 < p < 1, with F/(8) > 0.

Let F,, be the empirical c.d.f.

Let {kn} be a sequence of integers satisfying 1 < k, <n and
kn/n=p+o0((logn)°/+/n) for some & > 0.

Then

F'(0) n3/4

_ (1+9)/2
x(kn):e+(k”/n) F”(6)+o<('°g”) > a.s.

Qmitted.

The result in Theorem 7.8 is a refinement of the Bahadur
representation in Theorem 5.11.

The following corollary of Theorem 7.8 is useful in statistics.
Let 8, = F, 1(p) be the sample pth quantile.
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Assume the conditions in Theorem 7.8 and
kn/n =p+cn~Y/2 4 o(n"1/2) with a constant c.
Then

\/ﬁ(X(kn) — /G\n) —as. C/F,(e)'
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Assume the conditions in Theorem 7.8 and
kn/n =p+cn~Y/2 4 o(n"1/2) with a constant c.
Then R

VN(X(ky) = 6n) —as. ¢/F'(6).

Left as an exercise.
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Assume the conditions in Theorem 7.8 and
kn/n =p+cn~Y/2 4 o(n"1/2) with a constant c.
Then

\/ﬁ(X(kn) — §n) —as. C/F,(e)'

Left as an exercise.

Using Corollary 7.1, we can obtain a confidence interval for 8 with

limiting confidence coefficient 1 — a (Definition 2.14) for any given
1

ac(0,3).

This is stated and proved in the next result.
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Corollary 7.2

Assume the conditions in Theorem 7.8.
Let {kin} and {kon } be two sequences of integers satisfying
1 <kjp <kzn <n,

Kin/N=p—21_q,2 p(1—p)/n+o(n*/?),
and
Kon/N=p+21 4y p(1—p)/n+o(n~*/3),

where z; = ®~*(a). Then the confidence interval C(X) = [Xk,,)>X(ky)]
has the property that P(6 € C(X)) does not depend on P and

lim inf P(eec:( ) =limP(6€C(X))=1-a.

n—opcyp

Furthermore,

2 1-
the length of C(X) = =22 ;/’2(9)% p)+o<%) a.s.
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Proof

Note that P(6 € C(X)) = P(X(kln) <6< X(kzn)) = P(U(kln) <p< U(k2n))’
where Uy is the kth order statistic based on a sample Uy, ..., Up i.i.d.

from the uniform distribution U(0, 1) (Exercise 84).
Hence, P(6 € C(X)) does not depend on P and

liMp—e P (6 € C(X)) = limy_einfpc » P (6 € C(X)).

By Corollary 7.1, Theorem 5.10, and Slutsky’s theorem,

P(X(kln) > 9)

- Pp <§n _210/2% +0p(n~Y2) > 9)

B Vn(6, - 6)
= P (m/F’(Q) +0p(1) > Zlc{/2>
- 1_¢(Zl—a/2)

= a/2.

The first result follows, since similarly P (X, ) < 8) — a/2.

The result for the length of C(X) follows directly from Corollary 7.1.

Jun Shao (UW-Madison)
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@ The confidence interval [X, .y, X(k,,)] given in Corollary 7.2 is
called Woodruff's (1952) interval.

@ It has limiting confidence coefficient 1 — a, a property that is
stronger than the 1 — a asymptotic correctness.

@ The length of Woodruff's interval is X, — X(k;)-
By the result in Corollary 7.2,

224/2+/P(1—p) 1
X kan) — X(kan) = — +0<_) xS

V/nF'(0) vn
This means
Xika) = X)l® ~ P(1—p) <1>
= +o( -] a.s.
4z§/2 n[F’(8)]?

Therefore, [X(k,,) — X(kln)]z/(4z§/2) is a consistent estimator of the
asymptotic variance of the sample pth quantile.

-
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@ From Theorem 5.10, if F'(8) exists and is positive, then

) p(1-—p)
V(8 ~0) —a N (0, 58 ).

If the derivative F'(0) has a consistent estimator d, obtained using
some method such as one of those introduced in §5.1.3, then

Vh =p(1—p)/d? is a consistent estimator of p(1—p)/[F’(8)]? and
the method introduced in 87.3.1 can be applied to derive the
following 1 — a asymptotically correct confidence interval:

~ / 1— ~ o 1—
C1(X) = | 6n _Zl—a/z%\mp); On+21_q/2 apn(ﬁp) :

The length of C;(X) is asymptotically almost the same as
Woodruff’s interval. N
However, C;(X) depends on the estimated derivative d, and it is
usually difficult to obtain a precise estimator dn.

o
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