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Lecture 36: UMA and UMAU confidence sets

Confidence sets related to optimal tests

For a confidence set obtained by inverting the acceptance regions of

some UMP or UMPU tests, it is expected that the confidence set
inherits some optimality property.
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Lecture 36: UMA and UMAU confidence sets

Confidence sets related to optimal tests

For a confidence set obtained by inverting the acceptance regions of
some UMP or UMPU tests, it is expected that the confidence set
inherits some optimality property.

Definition 7.2

Let 6 € © be an unknown parameter and ©' be a subset of © that does
not contain the true parameter value 6.

A confidence set C(X) for 8 with confidence coefficient 1 — a is said to
be ©'-uniformly most accurate (UMA) iff for any other confidence set
C1(X) with confidence level 1 —a,

P(6'eC(X)) <P(8 €Cy(X)) forallo'c®.
C(X) is UMA iff it is ©'-UMA with ©' = {8}°.
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P (9’ € C(X)) is a probability of covering a false parameter value.

@ Intuitively, confidence sets with small probabilities of covering
wrong parameter values are preferred.

@ The reason why we sometimes need to consider a @' different
from {6}° (the set containing all false values) is that for some
confidence sets, such as one-sided confidence intervals, we do
not need to worry about the probabilities of covering some false
values.

@ For example, if we consider a lower confidence bound for a
real-valued 6, we are asserting that 6 is larger than a certain
value and we only need to worry about covering values of 6 that
are too small.

Thus, © ={6'€©:60' < 8}.

@ A similar discussion leads to the consideration of

© ={60'€©:6' > 6} for upper confidence bounds.

-
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Theorem 7.4

Let C(X) be a confidence set for 6 obtained by inverting the

acceptance regions of nonrandomized tests Tg, for testing Hp : 6 = 6y

versus Hj : 6 € Og,.

Suppose that for each 6y, Tg, is UMP of size a.

Then C(X) is ©-UMA with confidence coefficient 1 — o, where
@ ={6":0€c06y}.
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Theorem 7.4

Let C(X) be a confidence set for 6 obtained by inverting the
acceptance regions of nonrandomized tests Tg, for testing Hp : 6 = 6y
versus Hj : 6 € Og,.

Suppose that for each 6y, Tg, is UMP of size a.

Then C(X) is ©-UMA with confidence coefficient 1 — o, where

@ ={6":0€c06y}.

Proof

The fact that C(X) has confidence coefficient 1 — o follows from
Theorem 7.2.

Let C;1(X) be another confidence set with confidence level 1 —a.
By Proposition 7.2, the test

T16,(X) = 1 —la,(g,)(X)

with A1(68y) = {x : 6y € C1(x)} has significance level a for testing
Ho: 6 = 6y versus Hy : 6 € Og,.
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Forany 8’ € @, 6 € ©g, i.e., P is in the family defined by H; : 6 € ©g..
Thus,
P(8'eC(X)) = 1-P(Tg(X)=1)
< 1—P(T19/(X) = 1)
= P(6'€Cy(X)),

where the first equality follows from the fact that Te is nonrandomized
and the inequality follows from the fact that Tg is UMP.
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Proof (continued)

Forany 8’ € @, 6 € ©g, i.e., P is in the family defined by H; : 6 € ©g..
Thus,

P(8'eC(X)) = 1-P(Tg(X)=1)

where the first equality follows from the fact that Ty is nonrandomized
and the inequality follows from the fact that Tg is UMP.

Discussions

Theorem 7.4 can be applied to construct UMA confidence bounds in
problems where the population is in a one-parameter parametric family
with monotone likelihood ratio so that UMP tests exist (Theorem 6.2).
It can also be applied to a few cases to construct two-sided UMA
confidence intervals.

For example, [X(n),afl/”x(n)] in Example 7.13 is UMA.

A\
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As we discussed in §6.2, in many problems there are UMPU tests but
not UMP tests. J
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As we discussed in §6.2, in many problems there are UMPU tests but
not UMP tests.

Definition 7.3

Let 8 € © be an unknown parameter, © be a subset of © that does not
contain the true parameter value 6, and 1 — a be a given confidence
level.

(i) A level 1 — a confidence set C(X) is said to be ©'-unbiased
(unbiased when ©' = {6}°) iff

PO cC(X)<1-a

forall 8’ € ©'.
(i) Let C(X) be a ©’-unbiased confidence set with confidence
coefficient 1 —a. If

P(6'eC(X)) <P(8'€Cy(X)) forall®c®.

holds for any other ©’-unbiased confidence set C;(X) with confidence
level 1 —a, then C(X) is ©’-uniformly most accurate unbiased (UMAU).
C(X) is UMAU if and only if it is ©’-UMAU with © = {6}°.
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Theorem 7.5

Let C(X) be a confidence set for 6 obtained by inverting the
acceptance regions of nonrandomized tests Tg, for testing Hp : 6 = 6y
versus Hj : 6 € Og,.

If Tg, is unbiased of size a for each 6y, then C(X) is ©'-unbiased with
confidence coefficient 1 — o, where © = {6": 6 € ©¢g }.

If Tg, is also UMPU for each 6y, then C(X) is ©'-UMAU.

Jun Shao (UW-Madison) Stat 710, Lecture 36 April 27, 2009 7113



Theorem 7.5

Let C(X) be a confidence set for 6 obtained by inverting the
acceptance regions of nonrandomized tests Tg, for testing Hp : 6 = 6y
versus Hj : 6 € Og,.

If Tg, is unbiased of size a for each 6y, then C(X) is ©'-unbiased with
confidence coefficient 1 — o, where © = {6": 6 € ©¢g }.

If Tg, is also UMPU for each 6y, then C(X) is ©'-UMAU.

A\

Example 7.15

Consider the normal linear model in Example 7.9 and the parameter
6 =1"8, where | € Z(2).
From 86.2.3, the nonrandomized test with acceptance region

A(Bo) = {X 1B~ 6 > to a/IT(Z7Z) 1SSR/(n 1)}

is UMPU with size a for testing Hg : 6 = 6y versus Hs : 8 < 6y, where E
is the LSE of B and ty_r ¢ is the (1 — a)th quantile of the t-distribution

tn*r .
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Example 7.15 (continued)

Inverting A(6) we obtain the following ©’-UMAU upper confidence
bound with confidence coefficient 1 —a and ©' = (6, ):

0 =1"B—th_ro\/IT(Z7Z) ISSR/(n—1).

A UMAU confidence interval for 8 can be similarly obtained.
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Example 7.15 (continued)

Inverting A(6) we obtain the following ©’-UMAU upper confidence
bound with confidence coefficient 1 —a and ©' = (6, ):

0 =1"B—th_ro\/IT(Z7Z) ISSR/(n—1).

A UMAU confidence interval for 8 can be similarly obtained.

o

Exercise 7.60(a)

Let X; and X, be independent random variables from the exponential
distributions on (0, «) with scale parameters 6; and 6,, respectively.
We want to show that [aY /(2—a),(2—a)Y /a] is a UMAU confidence
interval for 6, /6, with confidence coefficient 1 — a, where Y = X, /X;.
First, we need to find a UMPU test of size a for testing Hy : 6, = A6,
versus Hj : 6, # A6, where A > 0 is a known constant.

The joint density of X; and X; is
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Exercise 7.60(a)
which can be written as

1 1 A 1
8650 (5 g) Wareg)

Hence, by Theorem 6.4, a UMPU test of size a rejects Hy when
X1 <cg(U) or X3 > cp(U), where U = AX; + Xs.
Note that X; /X, is independent of U under Hy.
Hence, by Lemma 6.7, the UMPU test is equivalent to the test that
rejects Ho when X; /X, < d; or X1 /X5, > dy, which is equivalent to the
test that rejects Hy when W < by or W > b,, where W = 11\/(% and b,
and b, satisfy P(b; <W < by) =1— a (for size a) and
E[WIi(b, b,)(W)] = (1 — a)E(W) (for unbiasedness) under Hp.
When 6, = A 6;, W has the same distribution as l_flzéz/zzz, where Z; and
Z, are independent and identically distributed random variables having
the exponential distribution on (0, ») with scale parameter 1.

Hence, the distribution of W under Hy is uniform on (0,1).

-
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Exercise 7.60(a)
Then the requirements on b, and b, become b, —b; =1—a and
b2 —b2 =1 — a, which yield by = a/2 and b, = 1 — a /2 (assuming that

0<a<3i).
Hence, the acceptance region of the UMPU test is

AR) = {w %<W§1—g}:{Y: aag}gzaa}.

Inverting A(A) leads to

aY (2-a)Y
2—a’ o

{(A:AeAN)} =

which is a UMAU confidence interval for A = 6,/6; with confidence
coefficient 1 —a.
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Volumn

The volume of a confidence set C(X) for 8 € #* when X =x is
defined to be
vol(C(x)) = / de’,
C(x)

which is the Lebesgue measure of the set C(x) and may be infinite.
In particular, if 6 is real-valued and C(X) = [8(X),8(X)] is a
confidence interval, then vol(C(x)) is simply the length of C(x).
The next result reveals a relationship between the expected volume
(length) and the probability of covering a false value of a confidence
set (interval).
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Volumn
The volume of a confidence set C(X) for 8 € #* when X =x is

defined to be
voI(C(x)):/ de’,
C(x)

which is the Lebesgue measure of the set C(x) and may be infinite.
In particular, if 6 is real-valued and C(X) = [8(X),8(X)] is a
confidence interval, then vol(C(x)) is simply the length of C(x).
The next result reveals a relationship between the expected volume
(length) and the probability of covering a false value of a confidence
set (interval).

A\

Theorem 7.6 (Pratt’'s theorem)

Let X be a sample from P and C(X) be a confidence set for 8 ¢ %X.
Suppose that vol(C(x)) = Jc(x)d 6" is finite a.s. P.
Then the expected volume of C(X) is

E vol(C(X))] :/ P(6' € C(X))dO.
046 )
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By Fubini’s theorem,
E[vol(C(X))] = / vol(C(X))dP
_ /_/C(X)de’] dP (x)
_ /[e/ec(x)de’dP(x)
_ /_/elec(x)dP(x)]dG’
— /P(G’eC(X))dG’
_ /(#Q/P(G’GC(X))dG’.
This proves the result.
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Discussions
It follows from Theorem 7.6 that if C(X) is UMA (or UMAU) with

confidence coefficient 1 — a, then it has the smallest expected volume

among all confidence sets (or all unbiased confidence sets) with
confidence level 1 —a.
For example, the confidence interval in Example 7.14 (when o2 is

known) or [Xy, a*l/”X(n)] in Example 7.13 has the shortest expected

length among all confidence intervals with confidence level 1 —a.
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