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Lecture 31: Kolmogorov-Smirnov tests and asymptotic
tests

Kolmogorov-Smirnov tests

Let X4,..., X, be i.i.d. random variables from a continuous c.d.f. F.
Consider

Ho:F =Fy versus H]_IF#FO
with a fixed Fq.
Let F, be the empirical c.d.f. and
Dn(F) = sup|Fn(x) — F(x)],
XEX
which is in fact the distance pe(Fn,F).
Intuitively, Dn(Fo) should be small if Hg is true.
From the results in §85.1.1, we know that D, (Fp) —as. O iff Hg is true.
The statistic D, (Fp) is called the Kolmogorov-Smirnov statistic.
Tests with rejection region Dy(Fg) > ¢ are called Kolmogorov-Smirnov
tests.
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Kolmogorov-Smirnov tests
In some cases we would like to test “one-sided" hypotheses
Ho:F =Fy versus Hj;:F >Fp, F#Fo,

or
Ho : F =Fp versus H]_ZFSF(),F#F().

The corresponding Kolmogorov-Smirnov statistic is
Dy (F) = sup[Fn(x) — F (x)]
XEX

or Dy (F) = Sup[F (x) — Fa(X)].
XER

The rejection regions of one-sided Kolmogorov-Smirnov tests are,
respectively, D/ (Fo) > ¢ and D, (Fo) > c.
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Kolmogorov-Smirnov tests
In some cases we would like to test “one-sided" hypotheses
Ho:F =Fy versus Hj;:F >Fp, F#Fo,

or
Ho : F =Fp versus H]_ZFSF(),F#FQ.

The corresponding Kolmogorov-Smirnov statistic is
Dy (F) = sup[Fn(x) — F (x)]
XEX

or Dy (F) = Sup[F (x) — Fa(X)].
XER

The rejection regions of one-sided Kolmogorov-Smirnov tests are,
respectively, D/ (Fo) > ¢ and D, (Fo) > c.

Let X(1) < -+ < X(n) be the order statistics and define Xy = —c and

X(n+1) = %.
Since Fp(x) =i/n when Xy X < X(it1),1=0,1,...,n,
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Kolmogorov-Smirnov tests

Di(F) = max sup [I——F(x)}
(i+1)

0<i<n X(i)§X<X

= max [I—— inf F(x)]

o<i<n [N X(i)SX <X(i+1)

[
= 52%); [ﬁ - F(X(i))} .
When F is continuous, F (X)) is the ith order statistic of a sample of
size n from the uniform distribution U(0, 1) irrespective of what F is.
The distribution of D;f (F) does not depend on F, if F is continuous.
The distribution of D, (F) is the same as that of D; (F) (exercise).
Since

Dn(F) = max{D;f (F), Dy (F)}.

the distribution of D, (F) does not depend on F.
This means that the distributions of Kolmogorov-Smirnov statistics are

known under Hy if F is continuous.
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Theorem 6.10 (The distributions of D, D, and D)

Assume that F is continuous.
(i) For any fixed n,

t<0
P (D (F [ d O<t<1
<t)={¢ n! / --.du <t<
(n( )_) |_I ax{0n|+l t} i
t>1
and
0 t<4
n min< Un_j 27n74+t
P(Dn(F)<t)=<¢ n! / ¢ _+ }dul---dun %<t<1
i1 /max{0, "=t}
1 t>1,
where up, 1 = 1.
i) Fort > 0,
W lim P(VNDf(F)<t) = 1@
and

2¢2

lim P (vnDn(F) <t) =1-2 i(fl)j‘le‘zj
j=1
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@ When n is not large, Kolmogorov-Smirnov tests of size a can be
obtained using the results in Theorem 6.10(i).

® When n is large, using the results in Theorem 6.10(i) is not
convenient.
We can obtain Kolmogorov-Smirnov tests of limiting size a using
the results in Theorem 6.10(ii).

@ It is worthwhile to compare the goodness of fit test introduced in
Example 6.23 with the Kolmogorov-Smirnov test.

@ The former requires a partition of the range of observations and
may lose information through partitioning, whereas the latter
requires that F be continuous and univariate.

@ The latter is of size a (or limiting size a), whereas the former is only
of asymptotic significance level a.

@ The former can be modified to allow estimation of unknown
parameters under Hg, whereas the latter does not have this
flexibility.

Jun Shao (UW-Madison) Stat 710, Lecture 31 April 13, 2009 6/13



Asymptotic tests (tests with asymptotic significance level a)

A simple method of constructing asymptotic tests (for almost all
problems, parametric or nonparametric) for testing

Ho:6=6; versus Hj:0+# 6y,

where 0 is a vector of parameters, when an asymptotically normally
distributed estimator of 8 can be found.

However, this simple method may not provide the best or even nearly

best solution to the problem, especially when there are different
asymptotically normally distributed estimators of 6.
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Asymptotic tests (tests with asymptotic significance level a)

A simple method of constructing asymptotic tests (for almost all
problems, parametric or nonparametric) for testing

Ho:6=6; versus Hj:0+# 6y,

where 0 is a vector of parameters, when an asymptotically normally
distributed estimator of 6 can be found.

However, this simple method may not provide the best or even nearly
best solution to the problem, especially when there are different
asymptotically normally distributed estimators of 6.

Let @n be an estimator of 6 based on a sample of size n from P.
Suppose that under Hy,
Vo V/2(8h— 8) —a Nk (0, Ik),
where V,, is the asymptotic covariance matrix of 6.
If Vi is known when 8 = 6y, then we define a test with rejection region

(60— 60)"Vo (B — 60) > le,a
where x¢ , is the (1 — a)th quantile of the chi-squared distribution xZ.
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Asymptotic tests (tests with asymptotic significance level a)

This test has asymptotic significance level a.

If the distribution of 8, does not depend on the unknown population P

under Hp, then this test has limiting size a.

If Vn depends on the unknown population P even if Hy is true (6 = 6p),
then we have to replace V, by an estlmator Vn

If, under Ho, V,, is consistent in the sense VnV —p | (Definition 5.4)

then the test having the rejection region

(6n—60)"V (60— 60) > X2
has asymptotic significance level a.
Variance estimation methods intrgduced in 85.5 can be used to
construct a consistent estimator V.
The following result shows that, under some additional conditions, the

previously defined test is asymptotically correct (§2.5.3), i.e., itis a
consistent asymptotic test (Definition 2.13).
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Theorem 6.12

Assume that _ ~
Vo /280 — 8) —a Nk (0, Ik),

holds for any P.

Assume also that A, [V,] — 0, where A [V,] is the largest eigenvalue
of V.

(i) The test having rejection region

(6h— 60)"Vo 1 (B — 60) > X0

with a known V,, (or with V, replaced by a consistent estimator \7n) is
consistent.

(ii) If we choose a = a, —0asn— o and Xf 170,n/\+[vn] =0(1), then
the test in (i) is Chernoff-consistent. 7
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Theorem 6.12

Assume that _ ~
Vo /280 — 8) —a Nk (0, Ik),

holds for any P.

Assume also that A, [V,] — 0, where A [V,] is the largest eigenvalue
of V.

(i) The test having rejection region

(6h— 60)"Vo 1 (B — 60) > X0

with a known V,, (or with V, replaced by a consistent estimator \7n) is
consistent.

(ii) If we choose a = a, —0asn— o and le 170,n/\+[vn] =0(1), then
the test in (i) is Chernoff-consistent. 7

\

Proof

We only prove (i) for the case where V,, is known.

Let Z, =V, Y2(8,—0) and I, = V,, */%(6 — 6).

Then [|Zn|| = Op(1) and ||In|| = [[Va (6 — 6)|| — © when 0 + 6.
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Proof (continued)

The result follows from the fact that when 6 # 6,
(Bn— 60)"Vin *(6h — 60) = [1Znl®+ ][> + 2132
> |1Zall? +lInlf* = 2|[ln[[|Zn]
Op (L) + [IIn[|*[1 — 0p(2)]

and, therefore,

P ((én —6)"Vyy (6 — 6p) > X.f,a) = s
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Proof (continued)
The result follows from the fact that when 6 # 6,
(62— 60)"Va *(B—60) = 1|Za]l® +[|Inl|* + 2132
> |1Zall? +lInlf* = 2|[ln[[|Zn]
Op (L) + [IIn[|*[1 — 0p(2)]

and, therefore,

P ((én —6)"Vyy (6 — 6p) > X.f,a) = s

Example 6.27

Let Xq,...,X, be i.i.d. random variables from a symmetric c.d.f. F
having finite variance and positive F’.

Consider the problem of testing Hg : F is symmetric about 0 versus
H; : F is not symmetric about 0.

Under Hg, there are many estimators that are asymptotically normal.
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Example 6.27 (continued)

We consider the following three estimators:
(1) Gn X and 0 = E(Xy);

2 Gn = G5 (the sample median) and 6 = F ~ l( ) (the median of F);
(3) 6, = Xa (the a-trimmed sample mean) and 6 = JxJI(F(x))dF(x)
with J(t) = (1—2a) Ya1-a)(t), @€ (0,3).

Although the 8’s in (1)-(3) are different in general, in all cases 8 =0 is
equivalent to that Hg holds.
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Example 6.27 (continued)

We consider the following three estimators:

(1) Gn X and 0 = E(Xy);

2 Gn = G5 (the sample median) and 6 = F ~ ( ) (the median of F);
(3) 6, = Xa (the a-trimmed sample mean) and 6 = JxJI(F(x))dF(x)
with J(t) = (1—2a) Ya1-a)(t), @€ (0,3).

Although the 8’s in (1)-(3) are different in general, in all cases 8 =0 is
equivalent to that Hg holds.

For X, it follows from the CLT that
Vo Y2(X — 8) —4 N(0,1)

with V, = g2 /n for any F, where g% = Var(Xy).

From the SLLN, S?/nis a consistent estimator of V,, for any F.

Thus, Theorem 6.12 applies with 6, = X and V,, replaced by S?/n.
This test is asymptotically equivalent to the one-sample t-test derived
in 86.2.3.
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Example 6.27 (continued)
From Theorem 5.10, @0.5 satisfies

Vv, 26— 08) 4 N(0,1)
with Vi, = 471[F’(8)]2n~1 for any F.

A consistent estimator of V, can be obtained using the bootstrap

method considered in §5.5.3.

Another consistent estimator of V, can be obtained using Woodruff's

interval introduced in 87.4 (see Exercise 86 in §7.6).

Thus, Theorem 6.12 applies with 6, = 655 and V, replaced by a

consistent estimator.
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Example 6.27 (continued)
From Theorem 5.10, 6; 5 satisfies
Vi /2(8-8) =g N(0,2)
with Vi, = 471[F’(8)]2n~1 for any F.
A consistent estimator of V, can be obtained using the bootstrap
method considered in §5.5.3.
Another consistent estimator of V, can be obtained using Woodruff's
interval introduced in 87.4 (see Exercise 86 in §7.6).

Thus, Theorem 6.12 applies with 6, = 655 and V, replaced by a
consistent estimator.

It follows from the discussion in §5.3.2 that X, satisfies
Vi 2 (Xa — 8) —q N(0,1)

A consistent estimator of V,, can be obtained using the formula for oa
Thus, Theorem 6.12 applies with Oh = Xa and V, replaced by a
consistent estimator is asymptotically correct.
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Example 6.27 (continued)

It is not clear which one of the tests discussed here is to be preferred
in general.

The results for 8, in (2)-(3) still hold for testing Hg : 6 = 0 versus

H; : 6 #£ 0 without the assumption that F is symmetric.
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Example 6.27 (continued)

It is not clear which one of the tests discussed here is to be preferred

in general. N
The results for 6, in (1)-(3) still hold for testing Hg : 6 = 0 versus
H; : 6 #£ 0 without the assumption that F is symmetric.

An example of asymptotic tests for one-sided hypotheses is given in
Exercise 123. )
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