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Lecture 30: Contingency tables and Bayes tests

Example 6.24 (r x ¢ contingency tables)

The following r x ¢ contingency table is a natural extension of the 2 x 2
contingency table considered in Example 6.12:

A1 A Ac | Total
By | X1 Xp2 Xic | N1
By | Xo1 X Xoc | N2
Br X1 X2 Xrc Ny
Total | m; my mc n

where A;’s are disjoint events with A; U--- UA¢ = Q (the sample space
of a random experiment), B;’s are disjoint events with By U---UB, = €,

and X is the observed frequency of the outcomes in A;NB;.
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Lecture 30: Contingency tables and Bayes tests

Example 6.24 (r x ¢ contingency tables)

The following r x ¢ contingency table is a natural extension of the 2 x 2
contingency table considered in Example 6.12:

Ar Ay - Ac | Total
By | X1 X - Xge | N
By [ Xo1 Xy oo Xpe | N2
Br X1 X2 oo Xpe Ny
Total [ my myp -~ me n

where A;’s are disjoint events with A, U---UA: = € (the sample space
of a random experiment), B;’s are disjoint events with By U---UB, = €,
and X is the observed frequency of the outcomes in A;NB;.

There are two important applications in this problem.
@ testing independence of {A;:j=1,....c}and {B;j:i=1,....,r};
@ testing equality of multinomial distributions.
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Testing independence

Testing independence of {A;j:j=1,...,.c}and {Bj:i=1,...,r}is
equivalent to testing hypotheses

Ho : pij = pi.p; foralli,j versus Hi : pj # pi.p; forsomei,j,
where Pij = P(Aj N Bi) = E(Xij)/n, pi. = P(Bi), and pj= P(Aj),
i=1,...r,j=1,...c.

In this case, X = (X;,i =1,...,r,j = 1,...,c) has the multinomial
distribution with parameters pjj, i=1,...,r,j=1,....c.

Under Ho, MLE’s of p;. and p; are X;. = n;/n and X; = m;/n,
respectively, i=1,....,r,j =1,...,c (exercise).

The number of free parameters is rc — 1.

Under Hgp, the number of free parametersisr —1+c—1=r-+c—2.
The difference of the twoisrc —r—c+1=(r—1)(c —1).

By Theorem 6.9, the x?-test rejects Hyp when x? > X(Zr—l)(c—l).a’ where

r c . X )2
2 (Xij - nXi_X.j)
X = —_—
i;j; nX.X;
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Testing independence

and X(zrfl)(cfl),a is the (1 — a)th quantile of the chi-square distribution

X(-1)(c-1): .
One can also obtain the modified x2-test by replacing nX;. X, by Xj in
the denominator of each term of the sum in x2.
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Testing independence

and X(zrfl)(cfl),a is the (1 — a)th quantile of the chi-square distribution

XG-1)(c-1y L
One can also obtain the modified x2-test by replacing nX;. X, by Xj in
the denominator of each term of the sum in x2.

A\

Testing equality of multinomial distributions

Suppose that (Xyj,...,X;j), ] = 1,...,c, are ¢ independent random
vectors having the multinomial distributions with parameters
(P3j,---,Pr), j = 1,...,C, respectively.

Consider the problem of testing whether ¢ multinomial distributions are
the same, i.e.,

Ho : pjj = pi1 foralli,j versus Hi : pj # pi1 for somei,j.

Since (Xgj, ..., X;j) has the multinomial distribution with size n; and
probability vector (pyj,...,Pysj), the MLE of pj is X;/n.
LetY;= ZJS::l Xij .

v,
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Testing equality of multinomial distributions

Under Ho, (Y1, ..., Yr) has the multinomial distribution with size n and
probability vector (p11,-.-,Pr1)-

Hence, the MLE of p;; under Hq is X;. = Y;/n.

Note that n; = nX;, j = 1,...,c.

Hence, under Ho, the MLE of the expected (i,j)th frequency is nX;. X;.
The number of free parameters in this case is c(r — 1).

Under Hp, the number of free parametersisr — 1.

The difference of the twoisc(r —1)—(r—1)=(r —1)(c —1).

Hence, by Theorem 6.9, x2 —4 X(zrfl)(cfl) under Hy, where x? is the
same as that in testing independence.

The rejection region of the x2-test is still x2 > x(zrfl)(cfl)ﬂ.

Jun Shao (UW-Madison) Stat 710, Lecture 30 April 10, 2009 5/10



Testing equality of multinomial distributions

Under Ho, (Y1, ..., Yr) has the multinomial distribution with size n and
probability vector (p11,-.-,Pr1)-

Hence, the MLE of p;; under Hq is X;. = Y;/n.

Note that n; = nX;, j = 1,...,c.

Hence, under Ho, the MLE of the expected (i,j)th frequency is nX;. X;.
The number of free parameters in this case is c(r — 1).

Under Hp, the number of free parametersisr — 1.

The difference of the twoisc(r —1)—(r—1)=(r —1)(c —1).

Hence, by Theorem 6.9, x2 —4 X(erl)(cfl) under Hy, where x? is the
same as that in testing independence.

The rejection region of the x2-test is still x2 > x(zrfl)(cfl)ﬂ.

LR tests

One can also obtain the LR test in this problem.
When r =c = 2, the LR test is equivalent to Fisher’'s exact test given in
Example 6.12, which is a UMPU test.

Whenr > 2 or ¢ > 2, however, a UMPU test does not exist.
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Bayes tests

An LR test actually compares supgce, £(8) with supgo, £(6) for testing
Hg: 60 € ©g versus Hy : 6 € ©4.

Instead of comparing two maximum values, one may compare two
averages such as

ﬁ:Aje(e)dn(e)//(ae(e)dn(e), i=0,1,

where I1(0) is a c.d.f. on ©, and reject Hy when 1 > 7.

If M is treated as a prior c.d.f., then 7 is the posterior probability of ©;,
and this test is a particular Bayes action (see Exercise 18 in 84.6) and
is called a Bayes test.

In Bayesian analysis, one often considers the Bayes factor defined as

B— posterior odds ratio 7 /Th
~ priorodds ratio /MM’
where 17 = I1(©;) is the prior probability of ©;.
If there is a statistic sufficient for 8, then the Bayes test and Bayes

factor depend only on the sufficient statistic.
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Bayes tests

Consider the special case where ©¢ = {6y} and ©, = {6, } are simple
hypotheses.
For given X =X,

no_ i ()
Tofg, (x) + mfe, ()

Rejecting Hy when 1 > T is the same as rejecting Hg when

f

e.(X) o

fo(x) =
This is equivalent to the UMP test T, in Theorem 6.1 with ¢ = 1/
and y=0.
The Bayes factor in this case is

B Torn _ fg,(X)

/7'\[17'@ fel(x) '
Thus, the UMP test T, in Theorem 6.1 is equivalent to the test that
rejects Ho when the Bayes factor is small.
The rejection region of the Bayes test depends on prior probabilities,

whereas the Bayes factor does not.
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Bayes tests

When either ©q or ©4 is not simple, however, Bayes factors also
depend on the prior I1.

If I is an improper prior, the Bayes test is still defined as long as the
posterior probabilities 7 are finite.

However, the Bayes factor may not be well defined when I1 is improper.
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Bayes tests

When either ©q or ©4 is not simple, however, Bayes factors also
depend on the prior 1.

If I is an improper prior, the Bayes test is still defined as long as the
posterior probabilities 7 are finite.

However, the Bayes factor may not be well defined when I1 is improper.

Example 6.25

Let X1,..., X, be i.i.d. from N(u,0?) with an unknown u € % and a
known g2 > 0.

Let the prior of u be N(&, 12).

Then the posterior of u is N(u.(x),c?), where

252
2 T°0

o2 nt¢ _
He(x) = =

N nr2+02£+ N2+ o2
(see Example 2.25).

Consider first the problem of testing Hg : t < Lp versus Hy : u > L.
Let ® be the c.d.f. of the standard normal.

and

-
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Example 6.25 (continued)

Then the posterior probability of ©¢ and the Bayes factor are,
respectively,

R 3 o Fo=H() Y g E—ruo
o-o(Mb) ana -l

It is interesting to see that if we let T — o, which is the same as
considering the improper prior N = the Lebesgue measure on %, then

~ U —X
- o (555%)
which is exactly the p-value a(x) derived in Example 2.29.

Jun Shao (UW-Madison) Stat 710, Lecture 30 April 10, 2009 9/10



Example 6.25 (continued)
Then the posterior probability of ©¢ and the Bayes factor are,
respectively,

Ho—Hx(X) §-Ho
= g ((Ho—t(x) _ o(frt)e(5o)
%—q’(%) and  p= o (TR o (BF)

It is interesting to see that if we let T — o, which is the same as
considering the improper prior N = the Lebesgue measure on %, then

~ U —X
- o (555%)
which is exactly the p-value a(x) derived in Example 2.29.

Consider next the problem of testing Hp : p = Ho versus Hy : 14 # L.
In this case the prior c.d.f. cannot be continuous at py.
We consider

(1) = Tolgu (1) +(1— 7)o (%),

Let ¢(u) be the likelihood function based on X.

o
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Example 6.25 (continued)
Then

_ H=&\ _ 1 / X—¢&
mi0= [, aoe() = oo (D),
where ®/(t) is the p.d.f. of the standard normal distribution, and
To!(Ho) _ <1+1—Tb>_1
Tol(Ho) + (1 — 1) my (x) B )
_ ) _ VT (GR)

=)~ 0¢,<\/éf%/n)

&

where

is the Bayes factor.
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Example 6.25 (continued)
Then

_ H=&\ _ 1 / X—¢&
Y= u#uog(ﬂ)d(D( ! )_ Vo <\/T2+Uz/”>’

where ®/(t) is the p.d.f. of the standard normal distribution, and

o/ (o) C( 1-m\ 7t
/(o) + (1 — )My (x) <1+ > 7

of
/Nn12 24y [ X—H
B E(I«’O) B nts+ o+o (—0/\/%)

- my(x) 0¢/<#>

&

where

B

\/12+02/n

is the Bayes factor.

More discussions about Bayesian hypothesis tests can be found in
Berger (1985, §4.3.3).
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