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Lecture 27: Likelihood ratio tests

When both Hy and H; are simple (i.e., ©9 = {6y} and ©; = {6,}),
Theorem 6.1 applies and a UMP test rejects Hy when
fel(x)
fg, (X)

> Co

for some cq > 0.
The following definition is a natural extension of this idea.
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Lecture 27: Likelihood ratio tests

Likelihood ratio
When both Hy and H; are simple (i.e., ©9 = {6y} and ©; = {6,}),
Theorem 6.1 applies and a UMP test rejects Hy when
fel(x)
> Cp
fg (X)

for some cg > 0.
The following definition is a natural extension of this idea.

Definition 6.2

Let ¢(8) =fg(X) be the likelihood function. For testing Hy : 6 € ©g
versus H; : 8 € ©4, a likelihood ratio (LR) test is any test that rejects Hg
if and only if A(X) < ¢, where ¢ € [0,1] and A(X) is the likelihood ratio
defined by

A(X) = sup 1(0) / sup1(6)

o

Jun Shao (UW-Madison) Stat 710, Lecture 27 April 3, 2009 2/10



Discussions

If A(X) is well defined, then A (X) < 1.

The rationale behind LR tests is that when Hy is true, A (X) tends to be
close to 1, whereas when Hj is true, A(X) tends to be away from 1.

If there is a sufficient statistic, then A (X) depends only on the sufficient
statistic.

LR tests are as widely applicable as MLE'’s in 84.4 and, in fact, they
are closely related to MLE's.

If 8 is an MLE of 6 and @0 is an MLE of 6 subjectto 6 € ©g (i.e., ©g is
treated as the parameter space), then

A(X) = £(B) /().
For a given a € (0,1), if there exists a cq € [0,1] such that

sup Pg(A(X) <cq) =0,

6€©y
then an LR test of size a can be obtained.
Even when the c.d.f. of A(X) is continuous or randomized LR tests are
introduced, it is still possible that such a ¢, does not exist.
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When a UMP or UMPU test exists, an LR test is often the same as this
optimal test.

Jun Shao (UW-Madison) Stat 710, Lecture 27 April 3, 2009 4/10



Optimality

When a UMP or UMPU test exists, an LR test is often the same as this
optimal test.

.

Proposition 6.5
Suppose that X has a p.d.f. in a one-parameter exponential family:

fo(x) = exp{n(6)Y (x) — &(6)}h(x)
w.r.t. a o-finite measure v, where n is a strictly increasing and
differentaible function of 6.
(i) For testing Hy : 8 < 6y versus Hy : 8 > 6, there is an LR test whose
rejection region is the same as that of the UMP test T, given in
Theorem 6.2.
(ii) For testing Hg : 6 < 6, or 8 > 6, versus H; : 6, < 8 < 6,, there is an
LR test whose rejection region is the same as that of the UMP test T,
given in Theorem 6.3.
(iii) For testing the other two-sided hypotheses, there is an LR test
whose rejection region is equivalent to Y (X) < ¢ or Y (X) > ¢, for

some constants ¢; and c».
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Proof

We prove (i) only.

Let 6 be the MLE of 6.
Note that ¢(6) is increasing when 6 < 6 and decreasing when 6 > 6.
Thus,

1
/\(X)Z{ #(60)

4(0)

D) )

<6
> 6

Then A(X) < c is the same as 8 > 6, and l;(@@/é(@) <c.
From the property of exponential families, 6 is a solution of the
likelihood equation

dlog/(6
21910 _ 1(6yv (x) - £/(6) = 0
and @(0) =&'(08)/n'(6) has a positive derivative ¢/'(6).
Since n'(8)Y —&(8) =0, 6 is an increasing function of Y and > 0.
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Proof (continued)

Consequently, for any 6y € ©,

d(:( [Iogé(@)—logﬁ(eo)] = diY[’7(6)\(—E(é)_”(GO)Y+E(QO)}
- g_fn'(é)vm(é)g—ff’(e)n(@o)
_ g '(8)Y —&'(8)]+n(8) —n(6)
= 1n(8)—n(6o),

which is positive (or negative) if 6> 6y (or 6 < 6o), i.e.,

log/(6) —log #(6y) is strictly increasing in Y when 6 > 6, and strictly
decreasing in Y when 6 < 6.

Hence, for any d € #, 8 > 6, and 6(90)/5(5) < cisequivalenttoY >d
for some ¢ € (0,1).

o
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Example 6.20

Consider the testing problem Hg : 8 = 6, versus Hj : 8 # 6, based on
i.i.d. Xq,...,Xn from the uniform distribution U (0, 8).

We now show that the UMP test with rejection region X,y > 6 or
Xny < Bpal/™ given in Exercise 19(c) is an LR test.

Note that £(6) = 67"l(x, «)(6)-

Hence ( 16y)"
_J Xm)/6o X(n) < 60
/\(X)_{ 0 X(n)>90

and A(X) < c is equivalent to X,y > 6p or X(ny/ 6 < A
Taking ¢ = a ensures that the LR test has size a.

Jun Shao (UW-Madison) Stat 710, Lecture 27 April 3, 2009 7110



Example 6.20

Consider the testing problem Hg : 8 = 6, versus Hj : 8 # 6, based on
i.i.d. Xq,...,Xn from the uniform distribution U (0, 8).

We now show that the UMP test with rejection region X,y > 6 or
Xny < Bpal/™ given in Exercise 19(c) is an LR test.

Note that £(6) = 67"l(x, «)(6)-

Hence ( 16y)"
_J Xm)/6o X(n) < 60
/\(X)_{ 0 X(n)>90

and A(X) < c is equivalent to X,y > 6p or X(ny/ 6 < A
Taking ¢ = a ensures that the LR test has size a.

Example 6.21

Consider normal linear model X = Np(Z 3, 0?l,) and the hypotheses
Ho:LB=0 versus Hi:LB #0,

where L is an s x p matrix of rank s <r and all rows of L are in Z(Z).
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Example 6.21 (continued)
The likelihood function in this problem is
(0)=(z5)" exp{ % Ix-zpI2}. 0=(B.0%).
Since ||[X —ZB|2 > |X —Z B2 for any B and the LSE j3,
10)< (522)" exp{-lx -z}

Treating the right-hand side of this expression as a function of g2, it is
easy to show that it has a maximum at g2 = 62 = |[X —Z||?/n and

sup/(8) = (2mo?)"/2e "2,
6co

Similarly, let B4, be the LSE under Ho and o5, = IX —Z By, |I2/n.

Th .
en sup ((6) = (2163 )~"/2e ™2,
6O
Thus, =15\ N/2
o X—2Z
AX) = (az/oﬁo)”/2 = (%) .
X —=Z Br, |12
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Example 6.21 (continued)
For a two-sample problem, we let n =nj +ny, B = (U1, U2), and

_ 'Jnl 0
£= < 0 ‘an >
Testing Hg : uy = Hp versus Hy : uy # Mo is the same as testing
Ho : LB 0 versus Hj : LB#OwithL=(1 —1).

Since BHO =X and B (X1,X5), where X; and X, are the sample
means based on Xy, ..., X, and X, 11, ..., Xp, respectively, we have

Ny

ne% =Y (Xi —X1)? Z (Xi —X2)* = (N1 —1)S7 +(n, —1)S5

i=1 i=n;+1

and

nGg, = (N—1)S? =n"tnyny(Xy — Xz)? + (ng — 1)S% + (n, — 1)S3.

o
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Example 6.21 (continued)

Therefore, A (X) < c is equivalent to [t(X)| > co, Where

t(X) = By

VI = 1)S2 +(nz — 1)S3]/(ny + 12— 2)

I

and LR tests are the same as the two-sample two-sided t-tests in

§6.2.3.
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