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Lecture 26: UMPU tests in two sample normal
problems and linear models

Two-sample problems

The problem of comparing the parameters of two normal distributions
arises in the comparison of two treatments, products, and so on.

Suppose that we have two independent samples, X1, ..., Xin, i = 1,2,
i.i.d. from N(ui,aiz), i = 1,2, respectively, where n; > 2.

The joint p.d.f. of X;’s is

2
C(IJl,Ilz,O'lz,Gzz)exp{ Zz zz u+Z'—Mx.}

where X; is the sample mean based on X1, ..., X, and C(-) is a known
function.
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Two-sample problems

Consider first the hypothesis Hg : 05/02 < Ag or Hg : 02 /0% = Ao.
The p.d.f. of Xj’s is in a multiparameter exponential family with

1 1 1 n n
9 — ¢:< 12‘1’ 2!«12)7

2 952’ N 2 2
20o0; 203 207 o 0

n, ) ny 5 1 ™ 5 = =
Y:_ZX2j7 U: ZXlJ—I_A_oZXZJ?Xl’ X2 o
j=1 j=1 j=1
To apply Lemma 6.7, consider

v — (np —1)S%/Ag _ (Y =naUs3)/Ag
(N1 —1)S2+(n; —1)S5/Ag Uz —n1Up —naUsz/Ag’

where Si2 is the sample variance based on Xy, ..., Xj,, and U; is the jth
component of U.

By Basu’s theorem, V and U are independent when 6 =0

(02 = No0?).
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Two-sample problems

Since V is increasing and linear in Y, the conditions of Lemma 6.7 are
satisfied.

Thus, a UMPU test rejects Hg : 8 < 0 (which is equivalent to

Ho : 02/0% < Ag) when V > cg, where ¢ satisfies P(V > cg) = a when
6 = 0; and a UMPU test rejects Hg : 8 = 0 (which is equivalent to

Ho : 02/02 = Ag) when V < ¢; or V > ¢y, where ¢;'s satisfy

P(ci<V <cy)=1-—aand E[VT.(V)]=aE(V)when 8 =0.

Note that

—1)F : S2/A
V= (nz —1) with F= 2/ 0

S np—1+(n,—1)F 54

It follows from Example 1.16 that F has the F-distribution Fp, 15,1
when 6 = 0.

Since V is a strictly increasing function of F, a UMPU test rejects
Ho:8 <0whenF >F,,_1n, 14, Where Fyp o is the (1 — a)th quantile
of the F-distribution F, .

This is the F-test in elementary textbooks.
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Two-sample problems

When 6 =0, V has the beta distribution B((n, —1)/2,(n; —1)/2) and
E(V)=(n2—1)/(ny+ny—2) (Table 1.2).
Then, E[VT.(V)]=aE(V) when 8 =0 is the same as
(1-a)(n2—1)
Ny+n,—2

C2
= /C Vf(nz_l)/z,(nl—l)/Z (V)dV,
1

where f, p, is the p.d.f. of the beta distribution B(a,b).
Using the fact that

V(no—1)/2,(m-1)/2(V) = (N1 +N2 = 2)~1(N2 — 1)f(n, 11y /2,0 1)/2(V ), We
conclude that a UMPU test rejects Hg : 6 =0 when V < ¢, orV > ¢y,
where c; and ¢, are determined by

Co Co
l-a= /C V(n,—1)/2,(ny 1) 2(V)AV = /C fno+1)/2,(n-1)2(V)AV.
il 1

Ifn,—1=~n,+1(i.e., ny is large), then this UMPU test can be
approximated by the F-test that rejects Hy : 8 = 0 if and only if
F<Fn,_1n-11-a/20F >Fn, 10 1a/2

’
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Two-sample problems

Consider next the hypothesis Hg : 1 > o or Hg @ iy = L.

If 012 =£ 022, the problem is the so-called Behrens-Fisher problem and is
not accessible by the method introduced in this section.

We now assume that 0? = 02 = 02 but 2 is unknown.

The p.d.f. of Xj’s is then

1 2 n Nify.  Naflo_
2 2 1M1 2H2
C(u17“270 )exp{ 2 zlzljzzlxij +7X1+7X2 )

which is in a multiparameter exponential family with

g _ He—Iu ¢:<n1u1+n2u2 1 )

(n; 0,102 (n+ )02 202

2 n
Y =Xz —Xy, U= <n1X1+n2X27 Z ZXU)
i=1j
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Two-sample problems

For testing Hy : 6 <O (i.e., Y3 > ) versus Hy : 6 > 0, we consider V in
Lemma 6.7 to be

Xo—X1)/4/n7i 45t
t(X) = e~ X0)/ym 1y .
V(01— 1)S2 + (n2 — 1)S3]/(ny +1nz — 2)

When 6 =0, t(X) is independent of U (Basu’s theorem) and satisfies
the conditions in Lemma 6.7(i); the numerator and the denominator of
t(X) (after division by o) are independently distributed as N(0,1) and
the chi-square distribution xﬁl +np—2 respectively.
Hence t(X) has the t-distribution t, ,,,_» and a UMPU test rejects Hg
when t(X) > ty, 1n,—2.q (the (1 — a)th quantile of t, n,—2).
This is the so-called (one-sided) two-sample t-test.
For testing Hy : 8 =0 (i.e., u; = W) versus Hq : 8 #£ 0, it follows from a
similar argument used in the derivation of the (two-sided) one-sample
t-test that a UMPU test rejects Ho when [t(X)| > t,, 1n,—2 a/2 (EXErCise).
This is the (two-sided) two-sample t-test.
The power function of a two-sample t-test is related to a noncentral

t-distribution.
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Normal linear models
Consider linear model
X = (X1,...,%n) is Nn(ZB,0%In),

where 3 is a p-vector of unknown parameters, Z is the n x p matrix
whose ith row is the vector Z;, Z;'s are the values of a p-vector of
deterministic covariates, and o2 > 0 is an unknown parameter.
Assume that n > p and the rank of Z isr <p.
Let| € Z(Z) (the linear space generated by the rows of Z).
We consider the one-sided hypotheses

Ho:I'B < 6y versus Hy: 1B > 6y
or the two-sided hypotheses

Ho:1"B =6y Versus Hy: 1B # 6.
where 6, is a fixed constant.
Since H =Z(Z%2)~Z" is a projection matrix of rank r, there exists an
n x n orthogonal matrix I such that

F:(F1 rz) and HF:(Fl 0),
where M isnxrand N, isnx(n—r).
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Normal linear models
LetY; =ITX,j=1,2.
Consider the transformation (Yq1,Y2) =T"X.
Since I'T = I, and X is Nn(Z B, 0%In), (Y1,Y2) is Np(I7Z B, 021s).
It follows from HI, = 0O that

E(Y2) =E(M;X)=T3ZB=T5HZB =0.
Letn =TIZB =E(Yy).
Then the p.d.f. of (Y1,Y>) is

PV [Yal2+ Y2l lIn]?
(2nmg2)n/2 0? 202 202 |-

Since | € Z(Z), there exists A € Z" such that| =ZTA.

Let B be the LSE.
Then

ITB=ATHX = ATITTHX = ATTTIX = AT, Yy,
and, by the unbiasedness of the LSE,
E('B)=1"B=ATT1E(Y;)=a'n, a=TIA.
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Normal linear models

Letn=(n1,...,nr) and a=(ay,...,ar).
Without loss of generality, we assume that a; # 0.
Then the p.d.f. of (Y1,Y>) is in a multiparameter exponential family with

a'n—6o 1 n
a10_2 ) ¢ < 20_27 0_27 70_2 ) 11,
260Y aY arY
U=<HY1||2+HY2||2—70 LY 22 Yy — 11>7
a a; ap

where Yg; is the jth component of Y.
By Basu’s theorem,

_vn—r(@vy;—6)
INEIEY

t(X)

is independent of U when a'n =178 = 6.
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Normal linear models
Note that ||Y;||> =SSR and [|a||? = AT, [IA = ATHA =17(Z7Z)"1.
Hence, by I'B =a'Y,,

. 7B — 6o
-~ (Z2)1,/SSR/(n—r)’

which has the t-distribution t,_, (Theorem 3.8).

Using the same arguments in deriving the one-sample or two-sample
t-test, we obtain that a UMPU test for the one-sided hypotheses rejects
Ho when t(X) > th_r o, and that a UMPU test for the two-sided
hypotheses rejects Ho when [t(X)| > t,_; q/2.

t(X)
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