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Lecture 20: L-estimators and trimmed sample mean

L-functional and L-estimator

For a function J(t) on [0,1], define the L-functional as

T(G):/xJ(G(x))dG(x), Ge s

If X1,...,Xn arei.i.d. from F and T (F) is the parameter of interest,
T (Fn) is called an L-estimator of T (F).
T (Fn) is a linear function of order statistics:

T(F0) = [XFa00)FA00 = 5 513 (5) Xy

since Fn(Xg)) =i/n,i=1,...,n
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Lecture 20: L-estimators and trimmed sample mean

L-functional and L-estimator
For a function J(t) on [0,1], define the L-functional as

T(G):/xJ(G(x))dG(x), Ge s

If X1,...,Xn arei.i.d. from F and T (F) is the parameter of interest,
T (Fn) is called an L-estimator of T (F).
T (Fn) is a linear function of order statistics:

T(Fn):/xJ(Fn(x))an x) =1 ZJ (1) X,

since Fn(Xg)) =i/n,i=1,...,n

@ When J(t) = 1, T(F,) = X, the sample mean.

@ When J(t) = (1—2a) (g 1-4)(t), T(Fn) = Xq is the a-trimmed
sample mean.
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Although the sample median is also a linear function of order statistics,
it is not of the form T (F,) with an L-functional T J
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Although the sample median is also a linear function of order statistics,
it is not of the form T (F,) with an L-functional T

-

Asymptotic normality of L-estimators

To establish the asymptotic normality for L-estimators T (Fy), we follow
the following steps.

Step 1. For x € #, calculate

%(X)ZMT(F +t(5XtF))T(F)

(if it exists), where J is the point mass at x.

The function ¢ is called the influence function of T at F.

The influence function is an important tool in the study of robuestness
of estimators

Also, verify that

(%)) = [ @ (x)dF (x) =0
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Asymptotic normality of L-estimators
Step 2. Verify that E [¢= (X1)]? < o and obtain

0 = Elg= (X0 = [ ()R (x).
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Asymptotic normality of L-estimators
Step 2. Verify that E [¢= (X1)]? < o and obtain

0 = Elg= (X0 = [ ()R (x).

Step 3. Verify that

n

T(Fn)-T(F) == 3 @(X)+0p (%)

NS

This holds when T is differentiable in some sense (85.2.1).

Then VAT (F) — T (F)] —a N(0,02).

Step 3 is the most difficult part.
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Asymptotic normality of L-estimators
Step 2. Verify that E [¢= (X1)]? < o and obtain

0 = Elg= (X0 = [ ()R (x).

Step 3. Verify that

12 1
T(F)-T(F)== X; — .
(F)=TE) =7 3 @06)+op ()
This holds when T is differentiable in some sense (85.2.1).
Then
V[T (Fn) =T (F)] —a N(0, 0%).

Step 3 is the most difficult part.

This approach can also be applied to other functionals (85.2).

We now apply this approach to show the asymptotic normality of the
trimmed sample mean.

v
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Step 1: Derivation of the influence function ¢-

T(G):/xJ(G(x))dG(x), GeZ
For F and G in .%,
T(G)=T(F) = /xJ(G(x))dG(x)—/xJ(F(x))dF(x)

_ /l[G‘l ~FL())3(t)dt

l(t
/ / dxJ(t
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Step 1: Derivation of the influence function ¢-

where

IASRIOLE
Us(x) = { BR-FRORFF) ~* G(x) #F(x),J(F(x)) #0
0 otherwise

and the fourth equality follows from Fubini's theorem and the fact that
the region in %2 between curves F(x) and G(x) is the same as the
region in %? between curves G~1(t) and F ~1(t).

Let G =F +t(dx — F), where & is the degenerated distribution at x.
Since lim;_o Ug ¢(5—rF)(Y) = 0, by the dominated convergence
theorem,

nm/iupﬁ@,mwn@W)—Fwnqu»mn:o

t—0./—
Hence
tim TEHHOCENTTE [ (50) —F ) )y,

which is @=(x), the influence function of T.
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Step 1: Derivation of the influence function ¢

By Fubini’s theorem and the fact that [ & (y)dF (x) =F(y),
[ edreo == [ | [~ FIm)areo] A ey =o,

Consider now J(t) = (B — a) I (1),

—(B)
w00 = g7 [ BO) -y

Assume that F is continuous at F ~1(a) and F~1(B).
F(FY(a))=aand F(F~1(B)) = B.
When x < F~1(a),

1 F(B)
F0) = g o, BFOIY
_ yp-FpIf® 1 e
- B-a Fl(a)B—O’/Fl(a) yaF(y)
_ Fi@@-a)-FB)1-B)
= — ~T(F)
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Step 1: Derivation of the influence function ¢

Similarly, when x > F~%(B),

“1(B)
o) = Bla/F "E (y)lay
F-

|
i) '(D

Finally, when F~1(a) < x < F~1(B),

~(B)
w() = g [ Foay -zt [ Ry

X
dF
F-1(a) B—Of/Fl(or)y )

F8) (8)
y[lﬁ FO({ y)l X _Bia/xF ydF (y)
_ x—F Y(a)a—F(B)(1-B)

_ — _T(F).
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Step 1: Derivation of the influence function ¢

Hence,

-1 -1 -
P a)F MO0 _T(F) x <F-1(a)

_EF1 _E1 _
(n:(X): x—F (O’)C’Bfa B)(1 B)_T(F) F_l(C{)SX SF_l(B)

—Ffl(ﬁ)g:?lw)a ~T(F) x >F~1(B).

If F is symmetric about 6, J is symmetric about 1 (J(t) = J(1—t)), and
J3-3(t)dt = 1, then F(x) = Fo(x — 8), where Fq is a c.d.f. that is
symmetric about 0, i.e., Fo(x) =1 —Fo(—x), and

[XIFet)dFo(x) = [x3(2—Fo(=x))dFo(x)
= [}(Fo(—x))Fo(x)
= — [Ya(Fo(y))dFo(y),

i.e., [xJ(Fo(x))dFo(x)=0.
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Step 1: Derivation of the influence function ¢

Hence,
T(F) = / J(F(x))dF (x)
_ B/J (x))dF x)+/x— (Fo(x —8))dFo(x — 6)
_ e/O J(t)dt+/yJ(Fo(Y))dFo(Y)
= 6.

Assume that F is continuous at F ~1(a) and F~1(1 —a).
When  =1—a, J is symmetric about % and
Fo (@)

a x <F(a)
E(x)={ 252 Fla)<x<F1-a)
Fol(l—a)

e X>F(1-a),

where F~X(a)+F~1(1-a) =26, F;}(a) =F(a) - 6 and
Fo'(l—a)=F(1-a)-6.
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Step 2: Calculation of 02 = E [ (X1)]?

Because F,!(a) = —F; (1 - a), we obtain that

-1 2 -1 2
Jtooorare) = e+ o E 0

F1(1-a) (x — 9)2
———dF (X
+/Fl(or) (1-2a)? (x)

=11 _ o)1 Fol(l-a) 2

_ 2a[F; (1 —a)] /0 X dFo(x)
(1-2a)? i) (1—-2a)?

= o2
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Step 2: Calculation of 02 = E [ (X1)]?

Because F,!(a) = —F; (1 - a), we obtain that

[Fo'(a)®  [Fo'(1—a)
- 2a2% " (1_2ay
F1(1-a) (X _ 9)2
+/Fl(a) (1—2a)2dF(X)
_ 20[FgtA-a)? ot x2
N (1-2a)? /Fol(a) (1-2a)?

[l (PR (x) =

= 0.

dFO(X

)

Step 3: Asymptotic normality of the trimmed sample mean

It can be shown that the L-functional T (G) is differentiable in some
sense (see the textbook). _
Hence, for the a-trimmed sample mean X,

VN(Xa — 8) —q N(0,03).
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