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Lecture 14: Asymptotically efficient estimation

Scoring and RLE

The method of estimating 6 by solving sp(y) =0 over y € © is called
scoring and the function s,(y) is called the score function.

RLE’s are not necessarily MLE's.

We may use the techniques discussed in 84.4 to check whether an
RLE is an MLE.

However, according to Theorem 4.17, when a sequence of RLE's is
consistent, then it is asymptotically efficient.

We may not need to search for MLE's, if asymptotic efficiency is the
only criterion to select estimators.

Typically a sequence of MLE's is consistenct (and asymptotically
efficient), although there are examples in which an RLE sequence is
consistent but an MLE sequence is not.
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Example 4.39

Suppose that X; has a distribution in a natural exponential family, i.e.,
the p.d.f. of X is

fp(xi) = exp{n"T (xi) — {(n)}h(x)).
Since 92logf,(xi)/dndn’ = —32Z(n)/dndn*, condition

d?logfy(x)

sup 0y0yT

y:lly=nll<cy

< hp(x)

is satisfied.

From Proposition 3.2, other conditions in Theorem 4.16 are also
satisfied.

Fori.i.d. X;’s,

salm) = 3 [106)- 240).

[
s

-
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Example 4.39 (continued)

If 6, =n1 S, T(X) € ©, the range of 8 =g(n) =a{(n)/dn, then 6n
is a unigue RLE of 6, which is also a uniqgue MLE of 8 since
92(n)/onon® = Var(T(X;)) is positive definite.

Also, n = 9*1(6) exists and a unique RLE (MLE) of n is np = g*1(§n).
However, 6, may not be in © and the previous argument fails (e.qg.,
Example 4.29).

What Theorem 4.17 tells us in this case is that as n — o,

P(@n € ©) — 1 and, therefore, 6n (or ny) is the unique asymptotically
efficient RLE (MLE) of 8 (or n) in the limiting sense.

In an example like this we may directly show that P(@n € ©) — 1, using
the fact that 6, —as. E[T(X1)] =9(n) (the SLLN).

-~
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o

The next theorem provides a similar result for the MLE or RLE in the
GLM (84.4.2).
Its proof is similar to the proof of Theorem 4.17.
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Theorem 4.18

Consider the GLM with @ = @/t; and t;’s in a fixed interval (to, t.),

0 <ty <ten <00,

Assume that the range of the unknown parameter 3 is an open subset
of %P; at the true value of 8, 0 < infi ¢(B7Z;) < sup; ¢(B7Z;) < o, where
(1) = [W/(1)]?"(@(t)); as n — o, maxi<n Z(Z72)~*Z; — 0 and
A_[Z27Z] — o, where Z is the n x p matrix whose ith row is the vector
Z; and A_[A] is the smallest eigenvalue of A.

(i) There is a unique sequence of estimators {ﬁn} such that

P(sn(ﬁn)zo) —1 and Bn —p B,

where sy (B) = dlog (B, ¢)/dB is the score function.
(i) Let In(B) = Var(sn(B)). Then

[0(B)]*/2(Bn — B) —d Np(0, Ip).

(iii) If @ is known or the p.d.f. indexed by 8 = (B, @) satisfies the
conditions for fg in Theorem 4.16, then 3, is asymptotically efficient.
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One-Step MLE
Assume the conditions in Theorem 4.16.
Let sn(y) be the score function.
Let @éo) be an estimator of 8 that may not be asymptotically efficient.
The estimator

8y = 81" — [Osa(81)] 'sn (61"
is the first iteration in computlng an MLE (or RLE) using the
Newton-Raphson iteration method with 5,20) as the initial value and,
therefore, is called the one-step MLE.
Without any further iteration, 5,21) is asymptotically efficient under
some conditions.
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|

Theorem 4.19

Assume that the conditions in Theorem 4.16 hold and that 6,

v/n-consistent for 8 (Definition 2.10).

(i) The one-step MLE §r(,l) is asymptotically efficient.

(i) The one-step MLE obtained by replacing Os,(y) with its expected

value, —In(y) (the Fisher-scoring method), is asymptotically efficient.
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Proof

Since 5#0) is v/n-consistent, we can focus on the event
6% cA, = {y:|ly—0|| < €} for a sufficiently small € such that A, C ©.
From the mean-value theorem,

sn(8) = s,(0) + [/01 Osn (6 +t(8%) — 6))dt} CRE))
Substituting this into the formular for §,§1), we obtain that
63 — 6 = —[Tsn(B1”)] "sn(6) + [Ik — Gn(B)](81 - 6),
where
Gn(61?) = [Osn(8?)] 2 /01 Osn (8 +t(8{” — 6))dt.
From the proof of Theorem 4.17,

110 (8)1/2[0sn (8] 2 [1n(8)]%/2 + Ik || —p O.

o
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Proof (continued)

Using an argument similar to those in the proof of Theorem 4.17, we

can show that o
1Gn(8®) I || —p O.

These results and the fact that \m(é,ﬁo) —8) =0p(1) imply
V(B - 8) = v/nlIn(8)] *sn(8) + 0p(1).

This proves (i).
The proof for (i) is similar.
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Proof (continued)

Using an argument similar to those in the proof of Theorem 4.17, we
can show that

1Gn(83) ~ Il =5 0.
These results and the fact that \m(é,ﬁo) —8) =0p(1) imply
V(B - 8) = v/nlIn(8)] *sn(8) + 0p(1).

This proves (i).
The proof for (i) is similar.

Example 4.40

Let X3,...,Xn be i.i.d. from the Weibull distribution W (6,1), where 6 > 0
is unknown.

Note that

B n

sn(0) = 9

n
Iog Xi—y X2 logX;
<1

HM::

o
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Example 40 (continued)

Then

n n
Osn(8) =—g7— X2 (logX;)?.
i=1

Hence, the one-step MLE of 6 is

~ 5(0)
n-+ en(o)(zrzl logXi — >, Xien log Xi)

n+(6, )23 X" (logX;)?

Usually one can use a moment estimator (83.5.2) as the initial
estimator §r(]0).

In this example, a moment estimator of 6 is the solution of

X =T(6"1+1).
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Example 40 (continued)

Then

n n
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~ 5(0)
n-+ en(o)(zrzl logXi — >, Xien log Xi)

n+(6, )23 X" (logX;)?

Usually one can use a moment estimator (83.5.2) as the initial
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In this example, a moment estimator of 6 is the solution of

X =T(6"1+1).

v

Results similar to that in Theorem 4.19 can be obtained in the GLM.

J
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Bayes estimators

Bayes estimators are often asymptotically efficient
It can be checked if explicit forms of Bayes estimators are available.

The following is a general result.
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Theorem 4.20

Assume the conditions of Theorem 4.16.

Let ri(y) be a prior p.d.f. (which may be improper) w.r.t. the Lebesgue
measure on © and pn(y) be the posterior p.d.f., given Xy, ..., X,
n=12,..

Assume that there exists an ng such that pp,(y) is continuous and

positive for all y € ©, [pn,(y)dy=1and [ | y||pn,(y)dy < c.
Suppose further that, for any € > 0, there exists a 4 > 0 such that

log ¢(y) —log£(0) S _5> 0

lim P ( sup

= \ly-6lze

and

o
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Theorem 4.20 (continued)

I|m P Sup |||:|Sn(Y) — DSn(e)“ >e | = 0
-\ |y-el<s n B ’

where /(y) is the likelihood function and s,(y) is the score function.

(i) Let p(y) be the posterior p.d.f. of \/n(y—Ty), where

Tn = 6+[In(0)]'sn(8) and 8 is the true parameter value, and let (y)
be the p.d.f. of Ny (0, [11(8)]71).

Then

J@+IvDIPa») — 9]y —p 0.

(i) The Bayes estimator of 8 under the squared error loss is
asymptotically efficient.

Proof: omitted
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Conclusions from Theorem 4.20

@ Result in (i) shows that the posterior p.d.f. is approximately normal
with mean 6 + [In(8)] ~*sn(8) and covariance matrix [In(6)] 1.

This result is useful in Bayesian computation; see Berger (1985,
84.9.3).

@ Result (i) shows that the posterior distribution and its first-order
moments converge to the degenerate distribution at 6 and its
first-order moments, which implies the consistency and asymptotic
unbiasedness of Bayes estimators such as the posterior means.

@ The Bayes estimator under the squared error loss is
asymptotically efficient, which provides an additional support for
the early suggestion that the Bayesian approach is a useful
method for generating estimators.

@ The results hold regardless of the prior being used, indicating that
the effect of the prior declines as n increases.
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