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Lecture 11: Methods of computing MLE

We need to use various methods to derive MLE’s. J
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Lecture 11: Methods of computing MLE

We need to use various methods to derive MLE's. J

Example 4.32

Let X be an observation from the hypergeometric distribution
HG(r,n,0 —n) (Table 1.1, page 18) with known r, n, and an unknown
6=n+1,n+2,...

In this case, the likelihood function is defined on integers and the
method of using the likelihood equation is certainly not applicable.

Note that
(8)  (6-r)(8—n)

00-1) 6(6-n—r+x)’
which is larger than 1 if and only if 8 < rn/x and is smaller than 1 if and
only if 8 > rn/x.
Thus, £(6) has a maximum 6 = the integer part of rn/x, which is the
MLE of 6.
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In applications, MLE’s typically do not have analytic forms and some
numerical methods have to be used to compute MLE'’s.
But first, we may verify whether an MLE exists and whether it is unique
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In applications, MLE’s typically do not have analytic forms and some
numerical methods have to be used to compute MLE'’s.
But first, we may verify whether an MLE exists and whether it is unique

Example 4.33

Let Xy,...,Xn be i.i.d. from the gamma distribution I'(a, y) with unknown
o >0andy>0.
The log-likelihood function is

n n
log¢(6) = —nalogy—nlogl(a)-+ Z log x; —%/in
i=1 i=1
and the likelihood equation is

nf’(a) 2 B
—nlogy— (a) +i;Iogx,—0

and

na 10
—— 4+ =3 x=0
y vzi;'
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Example 4.33 (continued)

The second equation yields y=X/a.
Substituting y = X/a into the first equation we obtain that

M(a)
M(a)
This equation does not have an explicit solution.

A numerical method has to be applied to compute the MLE for any
given observations X, ..., Xn.

We now show that a solution exists a.s. and it is the unique MLE.

Define !
h(a)=loga — rr((g))

12 _
loga — +ﬁzlogxi—logx:0.
i=1

+Y —logX,

where Y =n~15"  logX;
We show that h(a) = 0 has a solution a.s. and it is the unique MLE.
Let C be the Euler constant defined as

N A |

_ _J
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Example 4.33 (continued)

From calculus,
F’(a)_ & 1 1
M(a) —‘C+kZo<k—+1—k+—a>
and i rl(a) 3 00 1
da [(a)] & (k+a)?’
Then
1 > 1
h'(a) = = -
(@) a k:o(k+a)2
1 & 1 1
= E_kgo<k+a_k+1+a>
3 1+F’(a)7r’(a+1)
a T(a) T(a+1)
1 d, e+
a da Ma)
1 d
= ———I =
g dO{ogor 0
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Example 4.33 (continued)

Hence, h(a) is decreasing.
Also, it follows from the last two equalities of the previous expression
that, form =2.3, ...,

r/(m) 1 1 F’(l) m-—2 1
fm m-1 m-z tYrEn T 2 kg1 ©
Therefore,
) r(m) . m-2 1
e e ["’gm PN

by the definition of C.

Hence, limy_.h(a) =Y —logX, which is negative by Jensen’s
inequality when X;’s are not all the same.

Thus, limg_.h(a) <0 a.s.
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Example 4.33 (continued)

Since
M(a) ) 2 1 1
o [09% " Fay | = oo |99 +C 2, =)
. 1 1-a
= (!{anO |Oga+C+ 1+kzlm
= lim (lo a+l +C -1+ 3 1
T a0\ 99T g 2 (kK+ DK
= 00

)

we have limgy_oh(a) = .

Since h is continuous and decreasing, h(a) = 0 has a unique solution
a.s.

Thus, the likelihood equations have a unique solution a.s., which is the
MLE of 6.
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The Newton-Raphson method

A commonly used numerical method is the Newton-Raphson iteration
method, which repeatedly computes

-1
/e\(H_l) _ /é(t) . |:(92 IOgE(e) :| dlogﬁ(e) 7
0606" |g_go 96 |g_5w
t=0,1,..., where 8 is an initial value and 82log ¢(8)/d046" is
assumed of full rank for every 6 € ©.
If, at each iteration, we replace

9%log/(8)
00007

-1

9:5(1)]

(= (e, o]

where the expectation is taken under Py, then the method is known as
the Fisher-scoring method.
If the iteration converges, then 8(*) or M) with a sufficiently large t is a
numerical approximation to a solution of the likelihood equation.
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Example 4.33 (continued)
In Example 4.33, let

s(0) = M:n <—Iogy— M) +Y,—%+£>,

06 Ma) y?
r@1%  r(a) 1
R(e):dzlogf(e):n {r(a)} TT@ Ty

FEELE 1 a 2x |’
Y [
d
) el -v
a a

F(6) =E[R(0)] = . OV(
Y Y

Then the Newton-Raphson iteration equation is

o+ = g _ [R(8®))]ts(8M)), k=0,1,2,...
and the Fisher-scoring iteration equation is

6k+) = o) _[F (8] 1s(8%)), k=0,1,2,....

v
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Example 4.34 (Application of MCMC)

Let X be a random k-vector from Py with the following p.d.f. w.r.t. a
o-finite measure v:

fo(x) =/fe(x,y)dV(y),

where fg(x,y) is a joint p.d.f. w.r.t. v x v.

This type of distribution is called a mixture distribution.

Thus, the likelihood ¢(8) = fg(x) involves a k-dimensional integral.

In many cases this integral has to be computed in order to compute an
MLE of 6.

Let 7 (6) be the MCMC approximation to /(8) based on one of the
MCMC methods described in §4.1.4 and a Markov chain of length m.
Under the some conditions (Theorem 4.4), Em(e) —as. £(0) for every
fixed 6 and x.

Suppose that, for each m, there exists 8, that maximizes 7, (8) over
6 co.

Geyer (1994) studies the convergence of 6, to an MLE.

o
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