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Lecture 5: Bayes estimators in normal models

and MCMC

We first consider two examples of Bayes estimators in normal models J
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Lecture 5: Bayes estimators in normal models

and MCMC

We first consider two examples of Bayes estimators in normal models J

Example 4.8

Let X4, ...,Xn be i.i.d. from N(u, 0?) with unknown p € 2 and o2 > 0.
Let the prior for w = (202)~! be the gamma distribution '(a, y) with
known a and y and the prior for u be N(uo,og/w) (conditional on w).
Then the posterior p.d.f. of (1, w) is proportional to

w(n+1)/2+a-1 gy {_ [Vl LY +n(X —p)?+ (u;é_xg)z] w},
0

where Y = 3, (X; —X)? and X is the sample mean.
Note that

n(X—u)%L%: (n+%>u2—2(nx+2“7"g>u+nxz+”—°

7 2
0 205

v
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Example 4.8 (continued)
Hence, the posterior p.d.f. of (i, w) is proportional to

o(n+1)/2+a-1 exp{ [V +W + (n 4 202) (u— Z(X))Z} a)} -
where

nx + 2
(X) = 72"2 and W=Y +nx2+i — <n+ %) [Z(X))2.
n-+ 202 203 20;

Thus, the posterior of w is the gamma distribution
r(n/2+a,(y*+W)~1) and the posterior of u (given w and X) is
N(Z(X),[(2n+ 05 2)e] ).
Under the squared error loss, the Bayes estimator of u is {(X) and the
Bayes estimator of 02 = (2w)~tis (y 1 +W)/(n+ 2a — 2), provided
that n+2a > 2.
Apparently, these Bayes estimators are biased but the biases are of
the order n—1; and they are consistent as n — .

-~
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To consider the next example, we need the following useful lemma. )
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To consider the next example, we need the following useful lemma. J

Lemma 4.1

Suppose that X has a p.d.f. fa(x) w.r.t. a o-finite measure v.
Suppose that 8 = (6,, 6,), 6 € ©;, and that the prior has a p.d.f.

n(G) = "91\62(91)"92(92)7

where 1,(6) is a p.d.f. w.r.t. a o-finite measure v, on ©, and for any
given 6, Ty, |,(61) is a p.d.f. w.rt. a o-finite measure v; on ©;.
Suppose further that if 6 is given, the Bayes estimator of

h(6;) = 9(61,6,) under the squared error loss is (X, 6;).

Then the Bayes estimator of g(6;, 6,) under the squared error loss is
o(X) with

5()= [ 8(x,B:)poy(G:)d vz

where pg,x(62) is the posterior p.d.f. of 6, given X = x.
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Example 4.9
Consider a linear model
Xij:BTZi+£ij7 ji=1,...n,i=1,..k,

where 8 € P is unknown, Z;'s are known vectors, gj's are
independent, and g; is N(0,02), j =1,....n;,i =1,....k.

Let X be the sample vector containing all Xj’s.

The parameter vector is 6 = (B, w), w = (w;,...,ax) and @ = (262) L.
Assume the prior for 6 has the Lebesgue p.d.f.

n(B) [Tefe @,
i=1

where a >0, y> 0, and ¢ > 0 are known constants and 7i(3) is a
known Lebesgue p.d.f. on #P.
The posterior p.d.f. of 8 is then proportional to

k
h(X,8) = m(B) [ w™/* e " +ulPla,
i=1

where vi(B) = Zjni:]_(xij —B'Z)>2.
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Example 4.9 (continued)

=i
AN

If B is known, the Bayes estimator of g~ under the squared error loss is

1 h(X.8) . yrvi(B)
2w [h(X,8)dw 2a+n;
By Lemma 4.1, the Bayes estimator of aiz is

1 :
o7 = [ LBy (pya,

where
fx(B) O /h(x,e)dw
k
0 m(B) / W2~y HHi(B)la g g
i=1

[y +V } (a+1+n;/2)
|

o I

0 m(B)

is the posterior p.d.f. of (.
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Example 4.9 (continued)

The Bayes estimator of |73 for any | € #P is then the posterior mean of
I"B w.r.t. the p.d.f. fgx (B).

In this problem, Bayes estimators do not have explicit forms.

A numerical method has to be used to evaluate Bayes estimators (see
Example 4.10).

Let X;. and Si2 be the sample mean and variance of X;;, j = 1,....n

(S? is defined to be 0 if n; = 1)

Let 02 = (2ay)~! (the prior mean of ¢?).

Then the Bayes estimator G can be written as

2a - n—1 2y n;
2a+n; % 2a+n " 2a+n

[ %~ B2t (B)dB.

This Bayes estimator is a weighted average of prior information, “within
group" variation, and averaged squared “residuals”.

o
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Markov chain Monte Carlo (MCMC)

Often, Bayes actions or estimators have to be computed numerically.
Typically we need to compute

Ea(9) = [ a(6)p(6)dv

with some function g, where p(0) is a p.d.f. w.r.t. a o-finite measure v
on (©,%e) and © C %*.

If g is an indicator function of A € Zg and p(0) is the posterior p.d.f. of
8 given X =x, then Ep(g) is the posterior probability of A.

There are many numerical methods for computing integrals Ep(g).
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Markov chain Monte Carlo (MCMC)

Often, Bayes actions or estimators have to be computed numerically.
Typically we need to compute

Ea(9) = [ a(6)p(6)dv

with some function g, where p(0) is a p.d.f. w.r.t. a o-finite measure v
on (©,%e) and © C %*.

If g is an indicator function of A € Zg and p(0) is the posterior p.d.f. of
8 given X =x, then Ep(g) is the posterior probability of A.

There are many numerical methods for computing integrals Ep(g)

The simple Monte Carlo method

Generate i.i.d. 8%, ... 8(™ from a p.d.f. h(8) > 0 w.rt. v.
By the SLLN, as m — oo,

) )
Z al)pjg)J as/g h(e)dv:Ep(g)-

Hence Ep(g) is a numerical approximation to Ep(g).

|

_J
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The simple Monte Carlo method may not work well because
@ the convergence of Ep(g) is very slow when k (the dimension of
©) is large
@ generating a random vector from some k-dimensional distribution
may be difficult, if not impossible.
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The simple Monte Carlo method may not work well because
@ the convergence of Ep(g) is very slow when k (the dimension of
©) is large
@ generating a random vector from some k-dimensional distribution
may be difficult, if not impossible.

More sophisticated MCMC methods
Different from the simple Monte Carlo in two aspects:

@ generating random vectors can be done using distributions whose
dimensions are much lower than k

o 6 ... 8(M are not independent, but form a homogeneous
Markov chain.
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The simple Monte Carlo method may not work well because

@ the convergence of Ep(g) is very slow when k (the dimension of
©) is large

@ generating a random vector from some k-dimensional distribution
may be difficult, if not impossible.

More sophisticated MCMC methods
Different from the simple Monte Carlo in two aspects:

@ generating random vectors can be done using distributions whose
dimensions are much lower than k

o 6 ... 8(M are not independent, but form a homogeneous
Markov chain.

Many MCMC methods were developed in the last 20 years
We only consider one of them as an example
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Gibbs sampler
Lety = (y1,Y2,-..,Yd)- (¥j's may be vectors with different dimensions)
Atstept=1,2,.. ,given y(t 1), generate

y from P(ys Y, Ly Dy,

y from Py, .y vy Py )

y()from P (ylt)v 7y(t) |y(t 1)).
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Gibbs sampler
Lety = (y1,Y2,-..,Yd)- (¥j's may be vectors with different dimensions)
Atstept =1,2,..., given y(t 1), generate

y“’ﬂomF%y( ),,yd Ny,

y(t) from P(y](_ )7 7yj(t)17yj(+1 )7 7yk |yJ

ﬁ)MmPWP,JWW“ll

(t— 1))

| A\

Example 4.10

Consider Example 4.9 (normal linear model).
Under the given prior for 6 = (3, ), it is difficult to generate random
vectors directly from the posterior p.d.f.

k
p(6) 0 m(B) [ /240 o~y vi(B)lw
i=1

which does not have a familiar form.

To apply a Gibbs sampler withy = 0, y; = 3, and y, = w, we need to
generate random vectors from the posterior of 3, given x and w, and
the posterior of w, given x and 3
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Example 4.10 (continued)
Since

) O 1(B) |—| W2ty T r(B)a

the posterior of w = (.. ,wk) given x and B, is a product of
marginals of w’s that are the gamma distributions
Fa+14+n/2,[y t+vi(B)]™1),i=1,..k.

Assume now that 1i(8) = 1 (noninformative prior for 3).

The posterior p.d.f. of 8, given x and w, is proportional to

k
—Q@V —|w/2zg-w1/2x |2
e @ i(B) Oe [ B [ ,

i=1

where W is the diagonal block matrix whose ith block is w Iy, .
Letn=yK  n;.

The posterior of W1/2Z 3, given X and w, is N, (W 1/2X,2711,,) and the
posterior of B, given X and w, is Np((Z*™WZ)~1zTWX,2-1(z'wz)-1)
(ZT™WZ is assumed of full rank for simplicity), since
B=[(z™Wz)-1zTw/2wl/2z .

Random generation using these two posterior distributions is easy.
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