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Lecture 40: Functions of unbiased estimators and
V-statistics

Functions of unbiased estimators
If the parameter to be estimated is ϑ = g(θ ) with a vector-valued
parameter θ and Un is a vector of unbiased estimators of components
of θ , then Tn = g(Un) is often asymptotically unbiased for ϑ .
Assume that g is differentiable and

cn(Un −θ ) →d Y .

Then
amseTn(P) = E{[∇g(θ )]τY}2/c2

n

(Theorem 2.6).
Hence, Tn has a good performance in terms of amse if Un is optimal in
terms of mse (such as the UMVUE or BLUE).
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Example 3.22
Consider a polynomial regression of order p:

Xi = β τZi + εi , i = 1, ...,n,

where β = (β0,β1, ...,βp−1), Zi = (1, ti , ..., t
p−1
i ), and εi ’s are i.i.d. with

mean 0 and variance σ2 > 0.

Suppose that the parameter to be estimated is tβ ∈ T ⊂ R such that

p−1

∑
j=0

βj t
j
β = max

t∈T

p−1

∑
j=0

βj t
j .

Note that tβ = g(β ) for some function g.

Let β̂ be the LSE of β .
Then the estimator t̂β = g(β̂ ) is asymptotically unbiased and its amse
can be derived under some conditions.
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Example 3.23
In the study of the reliability of a system component, we assume that

Xij = ~θ τ
i z(tj)+ εij , i = 1, ...,k , j = 1, ...,m.

Here Xij is the measurement of the i th sample component at time tj ;
z(t) is a q-vector whose components are known functions of the time t ;
~θi ’s are unobservable random q-vectors that are i.i.d. from Nq(θ ,Σ),
where θ and Σ are unknown;
εij ’s are i.i.d. measurement errors with mean zero and variance σ2;
~θi ’s and εij ’s are independent.

As a function of t , ~θ τz(t) is the degradation curve for a particular
component and θ τz(t) is the mean degradation curve.
Suppose that a component will fail to work if ~θ τz(t) < η , a given critical
value.
Assume that ~θ τz(t) is always a decreasing function of t .
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Example 3.23 (continued)
Then the reliability function of a component is

R(t) = P(~θ τz(t) > η) = Φ

(
θ τz(t)−η

s(t)

)
,

where s(t) =
√

[z(t)]τΣz(t) and Φ is the standard normal distribution
function.
For a fixed t , estimators of R(t) can be obtained by estimating θ and
Σ, since Φ is a known function.

It can be shown (exercise) that the BLUE of θ is the LSE

θ̂ = (Z τZ )−1Z τ X̄ ,

where Z is the m×q matrix whose j th row is the vector z(tj),
Xi = (Xi1, ...,Xim), and X̄ is the sample mean of Xi ’s.
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Example 3.23 (continued)
The estimation of Σ is more difficult.
It can be shown (exercise) that a consistent (as k → ∞) estimator of Σ
is

Σ̂ =
1
k

k

∑
i=1

(Z τZ )−1Z τ(Xi − X̄ )(Xi − X̄ )τZ (Z τZ )−1 − σ̂2(Z τZ )−1,

where

σ̂2 =
1

k(m−q)

k

∑
i=1

[X τ
i Xi −X τ

i Z (Z τZ )−1Z τXi ].

Hence an estimator of R(t) is

R̂(t) = Φ

(
θ̂ τz(t)−η

ŝ(t)

)
,

where ŝ(t) =

√
[z(t)]τΣ̂z(t).
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Example 3.23 (continued)

It is apparent that R̂(t) can be written as g(Ȳ ) for a function

g(y1,y2,y3) = Φ



 y1 −η√
y2 −y2

1 −y3[z(t)]τ(Z τZ )−1z(t)



 .

Yi1 = X τ
i Z (Z τZ )−1z(t)

Yi2 = [X τ
i Z (Z τZ )−1z(t)]2

Yi3 = [X τ
i Xi −X τ

i Z (Z τZ )−1Z τXi ]/(m−q)
Yi = (Yi1,Yi2,Yi3)
Suppose that εij has a finite fourth moment, which implies the
existence of Var(Yi).
The amse of R̂(t) can be derived (exercise).
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V-statistics
Let X1, ...,Xn be i.i.d. from P.
For every U-statistic Un as an estimator of ϑ = E [h(X1, ...,Xm)], there is
a closely related V-statistic defined by

Vn =
1

nm

n

∑
i1=1

· · ·
n

∑
im=1

h(Xi1 , ...,Xim). (1)

As an estimator of ϑ , Vn is biased; but the bias is small asymptotically
as the following results show.
For a fixed sample size n, Vn may be better than Un in terms of their
mse’s.
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Proposition 3.5
Let Vn be defined by (1).

(i) Assume that E |h(Xi1 , ...,Xim)| < ∞ for all 1 ≤ i1 ≤ ·· · ≤ im ≤ m.
Then the bias of Vn satisfies

bVn(P) = O(n−1).

(ii) Assume that E [h(Xi1 , ...,Xim)]2 < ∞ for all 1 ≤ i1 ≤ ·· · ≤ im ≤ m.
Then the variance of Vn satisfies

Var(Vn) = Var(Un)+O(n−2),

where Un is the U-statistic corresponding to Vn.
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To study the asymptotic behavior of a V-statistic, we consider the
following representation of Vn in (1):

Vn =
m

∑
j=1

(
m
j

)
Vnj ,

where

Vnj = ϑ +
1
nj

n

∑
i1=1

· · ·
n

∑
ij=1

gj(Xi1 , ...,Xij )

is a “V-statistic" with

gj(x1, ...,xj) = hj(x1, ...,xj)−
j

∑
i=1

∫
hj(x1, ...,xj)dP(xi)

+ ∑
1≤i1<i2≤j

∫ ∫
hj(x1, ...,xj)dP(xi1)dP(xi2)−·· ·

+ (−1)j
∫

· · ·
∫

hj(x1, ...,xj)dP(x1) · · ·dP(xj)

and hj(x1, ...,xj) = E [h(x1, ...,xj ,Xj+1, ...,Xm)].
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Using an argument similar to the proof of Theorem 3.4, we can show
that

EV 2
nj = O(n−j), j = 1, ...,m,

provided that E [h(Xi1 , ...,Xim)]2 < ∞ for all 1 ≤ i1 ≤ ·· · ≤ im ≤ m.
Thus,

Vn −ϑ = mVn1 + m(m−1)
2 Vn2 +op(n−1),

which leads to the following result similar to Theorem 3.5.

Theorem 3.16

Let Vn be given by (1) with E [h(Xi1 , ...,Xim)]2 < ∞ for all
1 ≤ i1 ≤ ·· · ≤ im ≤ m.

(i) If ζ1 = Var(h1(X1)) > 0, then
√

n(Vn −ϑ ) →d N(0,m2ζ1).
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Theorem 3.16 (continued)

(ii) If ζ1 = 0 but ζ2 = Var(h2(X1,X2)) > 0, then

n(Vn −ϑ ) →d
m(m−1)

2

∞

∑
j=1

λj χ2
1j ,

where χ2
1j ’s and λj ’s are the same as those in Theorem 3.5.

Theorem 3.16 shows that if ζ1 > 0, then the amse’s of Un and Vn are
the same.
If ζ1 = 0 but ζ2 > 0, then an argument similar to that in the proof of
Lemma 3.2 leads to

amseVn(P) =
m2(m−1)2ζ2

2n2 +
m2(m−1)2

4n2

(
∞

∑
j=1

λj

)2

= amseUn(P)+
m2(m−1)2

4n2

(
∞

∑
j=1

λj

)2

(see Lemma 3.2).
Hence Un is asymptotically more efficient than Vn, unless ∑∞

j=1 λj = 0.
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