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Lecture 37: Robustness of LSE'’s

Consider model

X=ZB+e¢. (1)
under assumption A3 (E(g) =0 and Var(¢) is an unknown matrix).
An interesting question is under what conditions on Var(¢) is the LSE
of I3 with | € #(Z) still the BLUE.

If ITE is still the BLUE, then we say that ITE, considered as a BLUE, is
robust against violation of assumption A2.
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under assumption A3 (E(g) =0 and Var(¢) is an unknown matrix).
An interesting question is under what conditions on Var(¢) is the LSE
of ITB with | € 2(Z) still the BLUE.

If ITE is still the BLUE, then we say that ITE, considered as a BLUE, is
robust against violation of assumption A2.

A procedure having certain properties under an assumption is said to
be robust against violation of the assumption iff the procedure still has
the same properties when the assumption is (slightly) violated.
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X=ZB+e. (1)

under assumption A3 (E(g) =0 and Var(¢) is an unknown matrix).
An interesting question is under what conditions on Var(¢) is the LSE
of ITB with | € 2(Z) still the BLUE.

If ITE is still the BLUE, then we say that ITE, considered as a BLUE, is
robust against violation of assumption A2.

A procedure having certain properties under an assumption is said to
be robust against violation of the assumption iff the procedure still has
the same properties when the assumption is (slightly) violated.

For example, the LSE of I'3 with | € Z(Z), as an unbiased estimator,
is robust against violation of assumption Al or A2, since the LSE is
unbiased as long as E (&) = 0, which can be always assumed.
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Lecture 37: Robustness of LSE'’s

Consider model
X=ZB+e. (1)

under assumption A3 (E(g) =0 and Var(¢) is an unknown matrix).
An interesting question is under what conditions on Var(¢) is the LSE
of ITB with | € 2(Z) still the BLUE.

If ITE is still the BLUE, then we say that ITE, considered as a BLUE, is
robust against violation of assumption A2.

A procedure having certain properties under an assumption is said to
be robust against violation of the assumption iff the procedure still has
the same properties when the assumption is (slightly) violated.

For example, the LSE of I'3 with | € Z(Z), as an unbiased estimator,

is robust against violation of assumption Al or A2, since the LSE is
unbiased as long as E (&) = 0, which can be always assumed.

On the other hand, the LSE as a UMVUE may not be robust against
violation of assumption Al.
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Theorem 3.10

Consider model (1) with assumption A3.
The following are equivalent.

(a) 178 is the BLUE of I’ for any | € %(Z).

(b) E(ITﬁnTX) =0forany | € Z(Z) and any n such that E(n™X) =0.

(c) Z™ Var(e)U =0, where U is a matrix such that Z™U = 0 and

AU +2(Z") =%".
(d) Var(e) =ZN1Z"+UA,UT for some A; and A,.
(e) The matrix Z(Z2'Z)~Z" Var(€) is symmetric.
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Theorem 3.10

Consider model (1) with assumption A3.
The following are equivalent.

(a) 178 is the BLUE of I’ for any | € %(Z).

(b) E(ITﬁnTX) =0forany | € Z(Z) and any n such that E(n™X) =0.

(c) Z™ Var(e)U =0, where U is a matrix such that Z™U = 0 and
AU +Z(Z2") =%".

(d) Var(e) =ZN1Z"+UA,UT for some A; and A,.

(e) The matrix Z(Z2'Z)~Z" Var(€) is symmetric.

A\

Proof

We first show that (a) and (b) are equivalent, which is an analogue of
Theorem 3.2(i).

Suppose that (b) holds.

Letl € 2(Z).

If c™X is unbiased for I'3, then E(n"™X) =0withn=c—-Z(Z2'Z)"1.
Hence, (b) implies (a) because
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Var(c™X) = Var(c'™X — "B +17B)

= Var(c™X —17(272)"Z"X +17B)

= Var(n™X +ITE)

= Var(n™) + Var(I'B) +2 Cov(n"X,17B)

= Var(n™X) + Var(I'B) + 2E(I"Bn"X)
= Var(n™)+ Var(I'B)
Var(I'B).
Suppose now that there are | € %(Z) and n such that E(n*X) = 0 but
d=E(I"Bn™X) #0.
Letci =tn+2(Z'Z2)"I.
From the previous proof,

Var(cX) =t Var(n™X) + Var(I'B) + 25t.

As long as 6 # 0, there exists a t such that Var(c/X) < Var(lrﬁ).
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Proof (continued)

This shows that ITE cannot be a BLUE and, therefore, (a) implies (b).
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Proof (continued)

This shows that ITE cannot be a BLUE and, therefore, (a) implies (b).
Next, we show that (b) implies (c).

Suppose that (b) holds.

Sincel € Z(Z),1 =Z"y for some y.

Letn e Z(U").

Then E(n™X)=n'ZB =0 and, hence,

0=E(I"BN™X) =E[y'Z(Z7Z) Z'™XX'n] = y'Z(Z7Z) Z" Var(e)n.

Since this equality holds for all | € 2(Z), it holds for all y.
Thus,

Z(Z272)"Z7 Var(e)u =0,
which implies

Z2'Z(Z27Z)"Z" Var(e)U =ZT Var(e)U =0,

since Z'Z(Z2'Z2) 2" =27".
Thus, (c) holds.

-
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Proof (continued)

Next, we show that (c) implies (d).

We need to use the following facts from the theory of linear algebra:
there exists a nonsingular matrix C such that Var(¢) = CC' and

C =ZC; 4+ UC, for some matrices C;j (since Z(U")+2Z(Z") = %").
Let A; = C]_C]T_, Ny = CzCZT, and A3 = C]_CZT

Then

Var(e) = ZAZT +UAUT +ZA3UT +UALZT 2)
and Z™ Var(e)U = Z'ZA3U"U, which is 0 if (c) holds.
Hence, (c) implies

0=2(Z2"Z2)"Z"ZN3UTU(UTU) U =ZA3UT,
which with (2) implies (d).
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Then
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and Z™ Var(e)U = Z'ZA3U"U, which is 0 if (c) holds.
Hence, (c) implies

0=2(Z2"Z2)"Z"ZN3UTU(UTU) U =ZA3UT,
which with (2) implies (d).
We now show that (d) implies (e).
If (d) holds, then Z(Z7Z)~Z" Var(e) = ZA\1Z", which is symmetric.
Hence (d) implies (e).
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Proof (continued)

Next, we show that (c) implies (d).

We need to use the following facts from the theory of linear algebra:
there exists a nonsingular matrix C such that Var(¢) = CC' and

C =ZC; 4+ UC, for some matrices C;j (since Z(U")+2Z(Z") = %").
Let A; = C]_C{, Ny = C2C2T, and A3 = C]_CZT

Then

Var(e) = ZAZT +UAUT+ZAUT +UALZT 2)

and Z™ Var(e)U = Z'ZA3U"U, which is 0 if (c) holds.
Hence, (c) implies

0=2(Z2"Z2)"Z"ZN3UTU(UTU) U =ZA3UT,
which with (2) implies (d).
We now show that (d) implies (e).
If (d) holds, then Z(Z7Z)~Z" Var(e) = ZA\1Z", which is symmetric.
Hence (d) implies (e).
To complete the proof, we need to show that (e) implies (b), which is
left as an exercise.

-
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As a corollary of this theorem, the following result shows when the
UMVUE's in model (1) with assumption Al are robust against the
violation of Var(g) = d?l,.
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As a corollary of this theorem, the following result shows when the
UMVUE's in model (1) with assumption Al are robust against the
violation of Var(g) = d?l,.

Corollary 3.3

Consider model (1) with a full rank Z, € = Ny(0,X), and an unknown
positive definite matrix X.

|

Then ITE is a UMVUE of I3 for any | € P iff one of (b)-(e) in Theorem

3.10 holds.

o
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As a corollary of this theorem, the following result shows when the
UMVUE's in model (1) with assumption Al are robust against the
violation of Var(g) = d?l,.

Corollary 3.3

Consider model (1) with a full rank Z, € = Ny(0,X), and an unknown
positive definite matrix X.

Then ITE is a UMVUE of I8 for any | € ZP” iff one of (b)-(e) in Theorem
3.10 holds.

Example 3.16

o

Consider model (1) with 3 replaced by a random vector ﬁ that is
independent of €.
Such a model is called a linear model with random coefficients.
Suppose that Var(g) = 02l and E(B) = B.
Then .

X=ZB+Z(B—-B)+e=2ZB+e, (3)
wheree =2 (B — B) + € satisfies E(e) =0 and
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Example 3.16 (continued)

Since .

Z(Z'Z2) 2" Var(e) =Z Var(B)Z"+0%Z(272) 27
is symmetric, by Theorem 3.10, the LSE ITE under model (3) is the
BLUE for any 173, | € Z(Z).

If Z is of full rank and ¢ is normal, then, by Corollary 3.3, ITE is the
UMVUE of I'B for any | € %P.
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Example 3.16 (continued)

Since

Z(Z'2) 2" Var(e) = Z Var(B)Z" +02Z(272) 2"
is symmetric, by Theorem 3.10, the LSE ITE under model (3) is the
BLUE for any 173, | € Z(Z).

If Z is of full rank and ¢ is normal, then, by Corollary 3.3, ITE is the
UMVUE of I'B for any | € %P.

Example 3.17 (Random effects models)
Suppose that

Xij:[.l+Ai—|—eij, j:].,...,ni,i:].,...,m, (4)

where u € & is an unknown parameter, A;’s are i.i.d. random variables
having mean 0 and variance ag, ej's are i.i.d. random errors with
mean 0 and variance 02, and A’s and e;j’s are independent.

Model (4) is called a one-way random effects model and A;’s are
unobserved random effects.
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Example 3.17 (continued)

Model (4) is a special case of model (1) with g; = A; +¢e; and
Var(g) = 02X + 0?lp,

where ¥ is a block diagonal matrix whose ith block is JniJrfi and Jy is

the k-vector of ones.
Under this model, Z = Jo, n=5M,n;,and Z(272)~ 27 =n~1J,3;.
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Example 3.17 (continued)
Model (4) is a special case of model (1) with g; = A; +¢e; and

Var(g) = 02X + 0?lp,

where ¥ is a block diagonal matrix whose ith block is JniJrEi and Jy is
the k-vector of ones.

Under this model, Z =J,, n=5M,n;, and Z(Z7Z)~Z" =n~1J,J}.
Note that

nl\]nl\]gl nanlJrfz o nm\]nl\]rl]—m
JnJTZ o nl\]nz\]gl nZJnZJYEz o nm\]nz\]rl]—m
n N ?
nl\]nm\]gl annmJ,EZ et nmJnerfm
which is symmetric if and only if ny =ny, =--- = np,.

Since J,J; Var(¢) is symmetric if and only if J,JS X is symmetric, a
necessary and sufficient condition for the LSE of u to be the BLUE is
that all n;’s are the same.

This condition is also necessary and sufficient for the LSE of u to be
the UMVUE when ¢g;’s are normal.
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In some cases, we are interested in some (not all) linear functions of 3.
For example, consider |'3 with | € Z(H), where H is an n x p matrix
such that Z(H) c Z(2).
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In some cases, we are interested in some (not all) linear functions of 3.
For example, consider |'3 with | € Z(H), where H is an n x p matrix
such that Z(H) c Z(2).

| A\

Proposition 3.4

Consider model (1) with assumption A3.

Suppose that H is a matrix such that Z(H) Cc Z(2).
A necessary and sufficient condition for the LSE ITE to be the BLUE of
ITB forany | € Z(H)is H(Z'Z)~Z" Var(e)U = 0, where U is the same
as that in (c) of Theorem 3.10.
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Proposition 3.4

Consider model (1) with assumption A3.

Suppose that H is a matrix such that Z(H) Cc Z(2).

A necessary and sufficient condition for the LSE ITE to be the BLUE of
ITB forany | € Z(H)is H(Z'Z)~Z" Var(e)U = 0, where U is the same
as that in (c) of Theorem 3.10.

A\

Example 3.18
Consider model (1) with assumption A3 and Z = (H; Hy), where
HIH, = 0.
Suppose that under the reduced model
X = HlBl + £,

Ifﬁl is the BLUE for any 1731, | € Z(H;)
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Example 3.18 (continued)
and that under the reduced model

X :H2B2+£’

ITEZ is not a BLUE for some I'3,, | € Z(H2), where B = (f1,3.) and
fij’s are LSE’s under the reduced models.

LetH = (H; 0) be n xp.

Note that

H(Z'Z)"Z" Var(e)U = Hy(H{H1) HJ Var(e)U,
which is 0 by Theorem 3.10 for the U given in (c) of Theorem 3.10, and
Z(Z2'Z)"Z" Var(e)U = Hy(HyH,) " HJ Var(e)U,

which is not 0 by Theorem 3.10. R
This implies that some LSE |73 is not a BLUE of I3 but I'3 is the
BLUE of I'TB if | € Z(H).
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Diagonal Var(g)
We consider model (1) with Var(e) being a diagonal matrix whose ith
diagonal element is aiz, i.e., &'s are uncorrelated but have unequal
variances.

A straightforward calculation shows that condition (e) in Theorem 3.10
holds if and only if, for all i #j, 67 # o7 only when hj; = 0, where hj; is
the (i,j)th element of the projection matrix Z(Z'2)~Z".

Thus, an LSE is not a BLUE in general, although it is still unbiased for
estimable I73.
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Diagonal Var(g)
We consider model (1) with Var(e) being a diagonal matrix whose ith
diagonal element is aiz, i.e., &'s are uncorrelated but have unequal
variances.

A straightforward calculation shows that condition (e) in Theorem 3.10
holds if and only if, for all i #j, 67 # o7 only when hj; = 0, where hj; is
the (i,j)th element of the projection matrix Z(Z'2)~Z".

Thus, an LSE is not a BLUE in general, although it is still unbiased for
estimable I73.

Suppose that the unequal variances of ¢’s are caused by some small
perturbations, i.e., & = €; +u;, where Var(ej) = g2, Var(u;) = &, and e;
and u; are independent so that 02 02+8 and

Var(I'B) = % 07Z,25(27Z)71.

If & = 0 for all i (no perturbations), then assumption A2 holds and ITE
is the BLUE of any estimable |73 with Var(I1'B) = ¢?1"(27Z)"1.
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Suppose that 0 < & < 029.
Then R
Var(I'B) < (1+8)0?1"(272)"1.

This indicates that the LSE is robust in the sense that its variance
increases slightly when there is a slight violation of the equal variance
assumption (small d).
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