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Lecture 36: The UMVUE and BLUE

Theorem 3.7.
Consider model

X=2ZB+¢ 1)

with assumption Al (¢ is distributed as N (O, azln) with an unknown
02> 0).

(i) The LSE I'8 is the UMVUE of |7 for any estimable 17B.

(i) The UMVUE of 02 is 62 = (n—r)~L|X —ZB||2, where r is the rank
of Z.
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Lecture 36: The UMVUE and BLUE

Theorem 3.7.

Consider model
X=ZB+¢ Q)

with assumption Al (¢ is distributed as N (O, azln) with an unknown
2
o< > 0).

(i) The LSE I'8 is the UMVUE of |7 for any estimable 17B.

(i) The UMVUE of 62 is 62 = (n—r)~1||X — Z B||2, where r is the rank
of Z.

Proof of (i)

Let B be an LSE of 8. By Z7Zb = ZTX,

(X —ZB)'Z(B—B)=(X'Z-X'Z)(B-B)=0

and, hence,

v
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Proof of (i) continue ......
IX —ZB[2 =X ~ZB+ZB 2B
=X -zB|2+I1ZB-ZB|?
=X ~Z B2~ 272X +|ZB|>+ |1z BI>.

Using this result and assumption Al, we obtain the following joint
Lebesgue p.d.f. of X:

_ Tzt ~ZB|2+IZBI2 _ 1IZB2
(21102 n/2eXp{BZ X Ix-ZBP+IZBI 18] }

o2 202

By Proposition 2.1 and the fact that ZB =27Z(Z2'2)"Z2"X is a function of
Z™X, the statistic (Z7X, ||X — ZEHZ) is complete and sufficient for
6 =(B,d?).
@ Note that ﬁ is a function of Z™X and, hence, a function of the
complete sufficient statistic.
If 173 is estimable, then ITB is unbiased for I'3 (Theorem 3.6) and,
hence, ITE is the UMVUE of I"3.

.

Jun Shao (UW-Madison) Stat 709 Lecture 36 December 4, 2009 3/13



Proof of (ii)
From X —Zp|[? = X —ZB[?+ (2B ~Zp? and E(2B) = 2B
(Theorem 3.6),

E||IX —ZB|* =E(X ~ZB)'(X ~ZB)~E(B—B)'Z'Z(B~B)
:tr(Var(X)— Var(zﬁ))
=0%[n—1tr(Z(272)"2'2(2'2) Z")]
=0?[n-tr((2'2)"272)).

Since each row of Z € H(Z), ZE does not depend on the choice of

(Z7Z2)"inB=(272)"Z2"X (Theorem 3.6).
@ Hence, we can evaluate tr((Z7Z2)~2'Z) using a particular (Z'Z)~.
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Proof of (ii)

From ||[X —ZB[2=||X —ZB|2+||ZB — ZB|? and E(ZB) = Z3
(Theorem 3.6),

E[X —ZB|? =E(X —ZB)"(X —ZB)—E(B—B)'Z'Z(B—B)
:tr(Var(X)— Var(zﬁ))
=0%[n—1tr(Z(272)"2'2(2'2) Z")]
=0?[n-tr((2'2)"272)).

Since each row of Z € Z(2), ZE does not depend on the choice of
(Z7Z2)"inB=(272)"Z2"X (Theorem 3.6).
@ Hence, we can evaluate tr((Z7Z2)~2'Z) using a particular (Z'Z)~.

From the theory of linear algebra, there exists a p x p matrix C such
that CC™ = I, and

ci(z'z)C = <g 8),
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Proof of (ii) continue ......
Then, a particular choice of (Z'Z)~ is

17\~ At 0\ ar
(272) :c<0 O>C @

and
T7\—7T7 _ lr O T
(ZZ)ZZ_C<O OC

whose trace is r.
Hence 6?2 is the UMVUE of a2, since it is a function of the complete
sufficient statistic and

EG%=(n—r)'E|IX - ZB|? = 0%
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Linear combination of LSESs
In general,

Var(1'B) =17(272)~Z"Var(¢)Z(2Z)I.
If | € %(Z) and Var(e) = 02l, (assumption A2), then the use of the
generalized inverse matrix in (2) leads to Var(I'B) = ¢®17(272) 1,
which attains the Cramér-Rao lower bound under assumption Al
(Proposition 3.2).

©)
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Linear combination of LSESs
In general,

Var(1'B) =17(272)~Z"Var(¢)Z(2Z)I. ©)

If | € %(Z) and Var(e) = 02l, (assumption A2), then the use of the
generalized inverse matrix in (2) leads to Var(lfﬁ) =a?"(27Z2)1,
which attains the Cramér-Rao lower bound under assumption Al

(Proposition 3.2).

Residual vector

@ The vector X — Z[? is called the residual vector and || X —ZEH2 is
called the sum of squared residuals and is denoted by SSR.

@ The estimator 62 is then equal to SSR/(n —r).
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Linear combination of LSEs
In general,

Var(1'B) =17(272)~Z"Var(¢)Z(2Z)I. ©)
If| € %#(Z) and Var(g) = a?l,, (assumption A2), then the use of the
generalized inverse matrix in (2) leads to Var(ITﬁ) =a?"(27Z2)1,
which attains the Cramér-Rao lower bound under assumption Al
(Proposition 3.2).

Residual vector

@ The vector X — Z[? is called the residual vector and || X —ZEH2 is
called the sum of squared residuals and is denoted by SSR.

@ The estimator 62 is then equal to SSR/(n —r).

@ Since X —ZB=[ln—2Z(ZZ)~Z"|X and I'B =17(Z7Z)~ZX are
linear in X, they are normally distributed under assumption Al.
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@ Also, using the generalized inverse matrix in (2), we obtain that
[Ih—2(272)°2%2(272) =2(2%2) —-2(2%2)"2%2(2%2) =0,

which implies that 62 and ITB are independent (Exercise 58 in
81.6) for any estimable 3.
@ Furthermore,
[2(272) 212 =2(27Z2) 2"
(i.e., Z(Z2%Z)~Z" is a projection matrix) and
SSR =X"[ln—Z(Z'2)"Z"]X.

® Therankof Z(Z2'2)~Z"istr(Z(Z2'Z2)~Z%) =r.
@ Similarly, the rank of the projection matrix I, —Z(Z'Z2)~Z"isn—r.

~
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From
XX = XT[Z(ZTZ)’ZT]X +XT[In —Z(ZTZ)’ZT]X

and Theorem 1.5 (Cochran’s theorem), SSR/g? has the chi-square
distribution x2_, (&) with

=0 ?B'2"In,—2(272)"2%)12B =0.

Thus, we have proved the following result.
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From
XX = XT[Z(ZTZ)’ZT]X +XT[In —Z(ZTZ)’ZT]X

and Theorem 1.5 (Cochran’s theorem), SSR/g? has the chi-square
distribution x2_, (&) with

=0 ?B'2"In,—2(272)"2%)12B =0.

Thus, we have proved the following result.

| A\

Theorem 3.8.
Consider model (1) with assumption Al. For any estimable parameter
I3, the UMVUE’s ITE and 02 are independent; the distribution of ITE is
N(1'B,021*(27Z)71); and (n —r)G?/a? has the chi-square distribution
Xhr-
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Example 3.15.

In Examples 3.12-3.14, UMVUE'’s of estimable I3 are the LSE’s Irﬁ,
under assumption Al. In Example 3.13,

m n;

SSR=5 5 (Xj—Xi)%

i=1j=1

in Example 3.14, if c > 1,

o

(Xijk — )_(ij.)z.
1

SSR =

Mo

x
Il

Ins
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Non normal assumptions

We now study properties of ITE and 62 under assumption A2, i.e.,
without the normality assumption on &.

@ From Theorem 3.6 and the proof of Theorem 3.7(ii), ITE (with an
| € %#(Z)) and 62 are still unbiased without the normality
assumption.

@ In what sense are Irﬁ and 62 optimal beyond being unbiased?
@ We have the following result for the LSE ITﬁ.

@ Some discussion about g2 can be found, for example, in Rao
(1973, p. 228).
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Theorem 3.9

Consider model (1) with assumption A2.

(i) A necessary and sufficient condition for the existence of a linear
unbiased estimator of I’ (i.e., an unbiased estimator that is linear
inX)isleZ%(Z).

(i) (Gauss-Markov theorem). If | € Z(Z), then the LSE ITE is the best

linear unbiased estimator (BLUE) of "8 in the sense that it has
the minimum variance in the class of linear unbiased estimators of

1.
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Theorem 3.9

Consider model (1) with assumption A2.

(i) A necessary and sufficient condition for the existence of a linear
unbiased estimator of I’ (i.e., an unbiased estimator that is linear
inX)isleZ%(Z).

(i) (Gauss-Markov theorem). If | € Z(Z), then the LSE ITE is the best
linear unbiased estimator (BLUE) of "8 in the sense that it has
the minimum variance in the class of linear unbiased estimators of

1.

Proof of (i)
The sufficiency has been established in Theorem 3.6.

| A\

@ Suppose now a linear function of X, c'X with c € #", is unbiased
for I'B. Then
I"B=E(c'X)=c'EX =c'Zp.

Since this equality holds for all B, | =Z%c, i.e.,| € Z(Z).

o
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Proof of (ii)

Letl e Z(Z2)=%#(272).
@ Then| =(Z%Z)( for some ¢ and ITE: ZT(ZTZ)E: {'Z™X by
Z'Zb=2"X.
@ Let c'X be any linear unbiased estimator of I"3. From the proof of
(), Z'c =I. Then

Cov({TZX,c™X —"Z™X) =E(XTZ{c™X)—E(XTZZ{'Z7X)
= 02tr(Z2¢c")+B7272LcZp
— 0%r(Zq0727)-BT272207272
=01+ (1"B)* — 0" - (I"B)°
=0.
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@ Hence
Var(c™) = Var(c'™X —"Z™X +{'Z™X)
= Var(c'X —{'Z™X) + Var({'2'X)
+2Cov({'Z™X,c™X —{'Z27X)
= Var(c'™X — 'Z"X) + Var(I'B)
> Var(I'B).
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