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Lecture 33: U-statistics and their variances

U-statistics

Let Xq,...,X, be i.i.d. from an unknown population P in a
nonparametric family &.

If the vector of order statistic is sufficient and complete for P € &2, then
a symmetric unbiased estimator of an estimable 3 is the UMVUE of 3.

In many problems, parameters to be estimated are of the form
J = E[h(xlvvxm)]

with a positive integer m and a Borel function h that is symmetric and
satisfies

E|h(X1,...,Xm)| < forany P € 2.
It is easy to see that a symmetric unbiased estimator of 3 is

Un = <r:> - 3 A0, Xi)

where y . denotes the summation over the (/) combinations of m
distinct elements {is,...,im} from {1,...,n}.
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Definition 3.2
The statistic

Up = (;) -’ 3 P0G, 0 Xi)

is called a U-statistic with kernel h of order m.
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Definition 3.2

The statistic

Uy = (;) N Z h(Xiys s Xi ).

is called a U-statistic with kernel h of order m.

Remarks

@ The use of U-statistics is an effective way of obtaining unbiased
estimators.

@ In nonparametric problems, U-statistics are often UMVUE'’s,

whereas in parametric problems, U-statistics can be used as initial
estimators to derive more efficient estimators.

@ If m =1, a U-statistic is simply a type of sample mean.
Examples include the empirical c.d.f. evaluated at a particular t
and the sample moments n—1 5", XX for a positive integer k.
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Consider the estimation of 3 = u™, where u = EX; and m is a positive
integer. Using h(Xy,...,Xm) = X1 - - -Xm, We obtain the following
U-statistic unbiased for 9 = u™:

n -1
Uy = (m) inl---xim.
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Consider the estimation of 3 = u™, where u = EX; and m is a positive
integer. Using h(Xy,...,Xm) = X1 - - -Xm, We obtain the following
U-statistic unbiased for 9 = u™:

n -1

Consider the estimation of 8 = 02 = Var(Xy).
Since
0% = [ Var(Xy) + Var(X,)]/2 = E[(X1 — X2)?/2],

we obtain the following U-statistic with kernel h(xy,X,) = (X1 —X»)?/2:

2 (Xi—X)? _ 1 (

n(n—l)1§I<J§n 2 n—1

Un:

n
=il

which is the sample variance.

o
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Examples
In some cases, we would like to estimate 9 = E|X; — X5/, a measure of

concentration.
Using kernel h(x1,x2) = [X1 — X2/, we obtain the following U-statistic
unbiased for 9 = E|X; — Xl

2
Up=—— IXi — X1,
n(n—l)lgéSn

which is known as Gini's mean difference. )
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Examples

In some cases, we would like to estimate 9 = E|X; — X5/, a measure of
concentration.
Using kernel h(x1,X2) = [X1 — X2/, we obtain the following U-statistic
unbiased for 3 = E|X; — X3|:
2
Ur=—— |1 Xi — X1,
I’l(l’] B l) 1<i<j<n

which is known as Gini's mean difference.

Let =P (X1 +X, <0).
Using kernel h(x1,X2) = I(_w,0(X1 +X2), we obtain the following
U-statistic unbiased for 9

U= Z (0] (X0 + %),

<ig)<

which is known as the one-sample Wilcoxon statistic.

v,
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Variance of a U-statistic

If E[N(X1,...,Xm)]? < o0, then the variance of a U-statistic U, with kernel
h has an explicit form.

To derive Var(U,), we need some notation.
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Variance of a U-statistic

If E[N(X1,...,Xm)]? < o0, then the variance of a U-statistic U, with kernel
h has an explicit form.
To derive Var(U,), we need some notation.

Notation
Fork =1,...,m, let
hk(Xl,...,Xk) = E[h(Xl, ...,Xm)|X1 =X1,...,Xgk = Xk]
:E[h(Xl,...,Xk,Xk+1,...,Xm)].

| A\

Note that hy, = h.
It can be shown that

hk(xla"'axk) = E[hk+1(xla"'axkaxk+l)]'
Define _
hg = hy — E[h(X17 "'7Xm)]7

k=1,..,m,and h = hp.

v
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Representation

For any U-statistic

Uy = <:1) N Z h(Xiys s X, ).

we have
n

Un—E(Up) = <m>_1zﬁ(xil,...,xim). (1)
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Representation
For any U-statistic

Uy = <:1) N Z h(Xiys s X ),

we have
n

Un—E(Un) = <m>_1zﬁ(xil,...,xim). 1)

Theorem 3.4 (Hoeffding’s theorem)
For a U-statistic Up with E[h(X,...,Xm)]? < ®,

Var(Up) = (;) 121 (T) <:1an> &,

e = Var(hk(xlv 7Xk))
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Proof

Consider two sets {iy,...,im} and {j1,...,jm} of m distinct integers from
{1,...,n} with exactly k integers in common.
The number of distinct choices of two such sets is () (%) (5, k)

By the symmetry of h, and independence of X, ..., Xn,

ERXiy, - Xin NGy s X )] = Sk

fork =1,....m
Then, by (1),

Y E[A(Xiy, oo Xip Ay 5005 X))

3
-(3) & @E G

This proves the result.

-

Jun Shao (UW-Madison) Stat 709 Lecture 33 November 25, 2009 8/12



Corollary 3.2

Under the condition of Theorem 3.4,
() ™2 < Var(Un) < Bm;
(i) (n+1) Var(Up41) < nVar(Uy) for any n > m;
(i) Forany fixedmandk =1,....m,if {f =0 forj <k and ¢, >0, then

Var(Up) = K1) 4 +0 < ! > :

nk nk+1
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Corollary 3.2

Under the condition of Theorem 3.4,
() ™2 < Var(Un) < Bm;
(i) (n+1) Var(Up41) < nVar(Uy) for any n > m;
(i) Forany fixedmandk =1,....m,if {f =0 forj <k and ¢, >0, then

Var(Up) = K1) 4 +0 < ! > :

k k+1

=]
=]
\

Remarks
@ It follows from Corollary 3.2 that a U-statistic U, as an estimator of
its mean is consistent in mse (under the finite second moment
assumption on h).

@ In fact, for any fixed m, if {; = 0 for j <k and {x > 0, then the mse
of U, is of the order n—¥ and, therefore, U, is nk/2-consistent.
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Example 3.11

Consider first h(xy,X2) = X1X2, which leads to a U-statistic unbiased for
p? where p=EX;.

Note that hy(x1) = pxa, hi(x1) = p(xqg — p),

{1 = E[hy(X1)]? = p? Var(Xq) = p?0?, h(x1,%2) = 1% — p?, and

{2 = Var(XyXz) = E(X1Xp)? — p* = (W? + 0%)* — p*.

By Theorem 3.4, for

= () [()(77)er ()(57)4]

= 2 [2(0-2)20% + (12 + 027 — ]

n(n—1)
4u?o? 20
n n(n—1)

o
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Example 3.11 (continued)

Comparing U, with X2 — g2 /n in Example 3.10, which is the UMVUE
under the normality and known g2 assumption, we find that

204

Var(Up) — Var(X? —0?/n) = 1)
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Example 3.11 (continued)

Comparing U, with X2 — g2 /n in Example 3.10, which is the UMVUE
under the normality and known g2 assumption, we find that

204

Var(Up) — Var(X2 — a2 /n) = 2 1)

Next, consider h(xy,X2) = l(_a 0](X1 +X2), which leads to the
one-sample Wilcoxon statistic.

Note that hy(x;1) = P(Xxg + Xz <0) = F(—x1), where F is the c.d.f. of P.
Then {3 = Var(F(—Xy)).

Let 3 = E[h(X1,X3)].

Then Zz = Var(h(Xl,Xz)) = 19(1 — 19)

Hence, for U, being the one-sample Wilcoxon statistic,

2

Var(U,) = =D

[2(n—2)Z +9(1-9)].
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Example 3.11 (continued)
If F is continuous and symmetric about 0, then ¢; can be simplified as

{1 = Var(F(—X1)) = Var(1—F(X1)) = Var(F(X1)) = 5,

since F(X;) has the uniform distribution on [0,1].
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Example 3.11 (continued)
If F is continuous and symmetric about 0, then ¢; can be simplified as

{1 = Var(F(—X1)) = Var(1—F(Xy)) = Var(F(X1)) = &,

since F(X;) has the uniform distribution on [0,1].

Finally, consider h(x1,X2) = |X1 — X2/, which leads to Gini’s mean
difference.
Note that

(1) = Elxy = Xel = [ e = yIdP(y).
and 5
&= va(hy (<) = [ | [Ix-yiep()] dp(o-

where 3 = E|X; — X3|.

Jun Shao (UW-Madison) Stat 709 Lecture 33 November 25, 2009 12/12



