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Lecture 30: UMVUE and the method of conditioning

The 2nd method of deriving a UMVUE

@ Find an unbiased estimator of 3, say U(X).

@ Conditioning on a sufficient and complete statistic T (X):
E[U(X)|T] is the UMVUE of 3.
@ We do not need the distribution of T.
But we need to work out the conditional expectation E[U(X)|T].
@ From the unigueness of the UMVUE, it does not matter which
U(X) is used.
Thus, we should choose U(X) so as to make the calculation of
E[U(X)|T] as easy as possible.
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Example 3.3

Let Xy,...,Xn be i.i.d. from the exponential distribution E (0, 8).
Fo(x) = (1—e™/%)l(0.u)(X).
Consider the estimation of =1 — Fg(t).
X is sufficient and complete for 6 > 0.
l(t,00)(X1) is unbiased for &,
Ellite)(X1)| =P(X1 >1t) =9.

Hence

T(X) = Efl(t,e)(X1)IX] = P(X1 > t|X)
is the UMVUE of §.
If the conditional distribution of X; given X is available, then we can
calculate P (X3 > t|X) directly.
By Basu’s theorem (Theorem 2.4), X1 /X and X are independent.
By Proposition 1.10(vii),

P(Xy > t[X =X) =P(X1/X >t/X|X =X) =P(Xy/X >t/X).
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To compute this unconditional probability, we need the distribution of

xl/éxi —x, / (xl+§2xi).

Using the transformation technique discussed in §1.3.1 and the fact
that 31, X; is independent of X; and has a gamma distribution, we
obtain that X;/ ¥, X; has the Lebesgue p.d.f.

(n—1)(1—x)""?l0 1(x)-
Hence

n-1
P(Xy>tX =X) = n—l)/ (1- x”zdx_<1——_>
and the UMVUE of 3 is

T(X):(l—%)nl.
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Example 3.4

Let X, ..., Xy be i.i.d. from N(u, 0%) with unknown u € Z and 0 > 0.
From Example 2.18, T = (X,S?) is sufficient and complete for

Q = (I"lv 02)

X and (n—1)S?/0? are independent

X has the N(u,0?/n) distribution

S2 has the chi-square distribution x2_,.

Using the method of solving for h directly, we find that
@ the UMVUE for p is X:
@ the UMVUE of p? is X? —S?/n;
@ the UMVUE for o' withr >1—nisk,_1,S", where

n'/2r (%)
Knr = S e oty
2r/2r1 ("41)

@ the UMVUE of p/ois ky_1_1X/S, if n > 2.
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Example 3.4 (continued)

Suppose that 3 satisfies P(X; < &) = p with a fixed p € (0,1).
Let ¢ be the c.d.f. of the standard normal distribution.

Then

9 =p+00(p)

and its UMVUE is _
X +kn_11S®(p).
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Example 3.4 (continued)

Suppose that 3 satisfies P(X; < &) = p with a fixed p € (0,1).
Let ® be the c.d.f. of the standard normal distribution.
Then
8 =pu+ad(p)
and its UMVUE is _
X +kn_11S®*(p).
Let c be a fixed constant and

azp(xlgc):qa(C_T“).

We can find the UMVUE of J using the method of conditioning.
Since |(,w,c)(xl) is an unbiased estimator of 3, the UMVUE of & is
Ell(—oc)(X0)[T] =P (X1 <c|T).

By Basu’s theorem, the ancillary statistic Z (X) = (X1 — X)/Sis
independent of T = (X, S?).
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Example 3.4 (continued)
Then, by Proposition 1.10(vii),

c—X

P(xlgc\T:(i,sz)>:P<Z§ ‘TZ(KSz))

:P<Z§CX>.
S

It can be shown that Z has the Lebesgue p.d.f.

r(nh=1 2 (n/2)-2
f2)= YT C2) [y nz lon/vm (12D
\/ﬁ.(n_l)r(n_EZ) (n—1)2 (0,(n=1)/vn)
Hence the UMVUE of 3 is
(c—X)/s
P(Xi<c|T :/ f(z)dz
asem)=[ i)

v
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Example 3.4 (continued)
Suppose that we would like to estimate

,9:l¢/<cu>’
o o

the Lebesgue p.d.f. of X; evaluated at a fixed ¢, where @' is the
first-order derivative of ®.

By the previous result, the conditional p.d.f. of X; given X =X and
S2 =s?is s~ (2X).

Let fr be the joint p.d.f. of T = (X,S?).

Then _ _
3 ://%f (C;X>fT(t)dt:E [éf (C;X)} .

Hence the UMVUE of 2 is
1f c—X
S S '
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Example

Let Xy, ...,Xn be i.i.d. with Lebesgue p.d.f. fg(x) = 6x 21 (g.«)(X), where
6 > 0 is unknown.

Suppose that 9 = P(X; >t) for a constant t > 0.

The smallest order statistic X1) is sufficient and complete for 6.
Hence, the UMVUE of 2 is

P (X1 >t[X(1)) = P(X1 > t[X(1) = X(1))
X1 t )
<X(1) X"~
X1 t >
<X(1) x| @0
_p <ﬁ > s)
X(1)

(Basu’s theorem), where s = t/X(y).
If s <1, this probability is 1.

o

Jun Shao (UW-Madison) Stat 709 Lecture 30 November 16, 2009 9/12



Example (continued)

Consider s > 1 and assume 6 = 1 in the calculation:

<—>S X(l)—x>
<—>S X(l)—x>

X1

= (n—1)P (m >, X(1) = Xn>

=(Nn—1)P (Xg > sXpn, X2 > Xn, ..., Xn_1 > Xn)
n

=(n—-1) |_| idxl -dxn,

2
X1>SXn, X2 >Xn,---,Xn—1>Xn j1 X

0 N—1 o 1 1 1
=(n-1 —dxj | =dx;| —=d
=(n )/ [/anl 2(/ X2 X.) X2 Xll -z Xn

® 1 _(n=1)xq)
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Example (continued)
This shows that the UMVUE of P(X; > t) is

(n—l)X(l)

R X <t
h(X = t (1)
(X)) { Q" X > t
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Example (continued)

This shows that the UMVUE of P(X; > t) is

(n—l)X(l)

— X <t
h(X)) = nt (1)
(X)) { q X > t

Another solution

The UMVUE must be h(X(1))
The Lebesgue p.d.f. of X(q) is

ne"
Xnﬁl(e,m)(X).

Use the method of finding h

If & >1t, then P(Xy >t)=1and P(t > X)) =0.
Hence, if X(1) > t, h(X(1)) mustbe 1 a.s. Pg
The value of h(X(q)) for X1y <t is not specified.
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If 6 <t,
ng"

E[h(Xw)] = /emh(x)mdx

t ng" ©® ng" t ng" o"
:/6 h(x)WdXJr/t de:/@ (X) orr O+ =
Since P(X; >t) = 6/t, we have

0 L n@" "

i.e.,

1 v 1
tgn-1 :/9 h(x) n+1dx+t_n
Differentiating both sizes w.r.t. 8 leads to

n—1 n
“ton (6) gn+1
Hence, for any X1y <t,
(n = 1)X(1)
h(X()) = ——~.
(X@)) —

~
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