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Lecture 27: Asymptotic bias, variance, and mse

Approximate and asymptotic bias

@ Unbiasedness as a criterion for point estimators is discussed in
§2.3.2.

@ In some cases, however, there is no unbiased estimator.

@ Furthermore, having a “slight" bias in some cases may not be a
bad idea.

@ Let Th(X) be a point estimator of J for every n.

@ If ET,, exists for every n and limn yE(T, J)=OforanyP 2 P ,
then T, is said to be approximately unbiased.
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Lecture 27: Asymptotic bias, variance, and mse

Approximate and asymptotic bias

@ Unbiasedness as a criterion for point estimators is discussed in
§2.3.2.

@ In some cases, however, there is no unbiased estimator.

@ Furthermore, having a “slight" bias in some cases may not be a
bad idea.

@ Let Th(X) be a point estimator of J for every n.

@ If ET,, exists for every n and limn yE(T, J)=OforanyP 2 P ,
then T, is said to be approximately unbiased.

@ There are many reasonable point estimators whose expectations
are not well de ned.

@ It is desirable to de ne a concept of asymptotic bias for point
estimators whose expectations are not well de ned.

v
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De nition 2.11

(i) Let x;xq1;X>;::: be random variables and f a,g be a sequence of
positive numbers satisfying a,! ¥ ora,! a> 0.
If anx, ! ¢ x and Ejxj < ¥, then Ex=a, is called an asymptotic
expectation of xp.

(ii) Let Ty, be a point estimator of J for every n.
An asymptotic expectation of T, J, if it exists, is called an
asymptotic bias of T, and denoted by b, (P) (or bt (q) if P isina
parametric family).
If limp ¥ b7 (P)= Oforany P 2 P, then Ty is said to be
asymptotically unbiased.
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(i) Let x;xq1;X>;::: be random variables and f a,g be a sequence of
positive numbers satisfying a,! ¥ ora,! a> 0.
If anx, ! ¢ x and Ejxj < ¥, then Ex=a, is called an asymptotic
expectation of xp.

(ii) Let Ty, be a point estimator of J for every n.
An asymptotic expectation of T, J, if it exists, is called an
asymptotic bias of T, and denoted by b, (P) (or bt (q) if P isina
parametric family).
If limp ¥ b7 (P)= Oforany P 2 P, then Ty is said to be
asymptotically unbiased.

o

@ Like the consistency, the asymptotic expectation (or bias) is a
concept relating to sequences f x,g and f E x=a,g (or f T,g and

fbr,(P)9).
@ The exact bias by, (P) is not necessarily the same as br, (P) when
both of them exist.
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The following shows that the asymptotic expectation de ned in
De nition 2.11 is essentially unique. J
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The following shows that the asymptotic expectation de ned in
De nition 2.11 is essentially unique.

Proposition 2.3

Let f x,g be a sequence of random variables.
Suppose that both Ex=a,, and E h=b, are asymptotic expectations of
Xn de ned according to De nition 2.11(i).
Then, one of the following three must hold:
() Ex=Eh = 0;
(b) Ex6 0,Eh=0,and by=a,! 0;orEx=0,Eh 6 0, and
an=bn! O;
(c) Ex6 0,Eh 6 0, and (Ex=an)=(Eh=b,)! 1.
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The following shows that the asymptotic expectation de ned in
De nition 2.11 is essentially unique.

A\

Proposition 2.3

Let f x,g be a sequence of random variables.
Suppose that both Ex=a,, and E h=b, are asymptotic expectations of
Xn de ned according to De nition 2.11(i).
Then, one of the following three must hold:
() Ex=Eh = 0;
(b) Ex6 0,Eh=0,and by=a,! 0;orEx=0,Eh 6 0, and
an=bn! O;
(c) Ex6 0,Eh 6 0, and (Ex=an)=(Eh=b,)! 1.

A\

Remark

If Tn is a consistent estimator of J, then T, = J + 0,(1) and, by
De nition 2.11(ii), T, is asymptotically unbiased, although T,, may not
be approximately unbiased.

o

Jun Shao (UW-Madison) Stat 709 Lecture 27 November 9, 2009 4/14



In Example 2.34, X,y has the asymptotic bias bx(n)(P) = hh(q)EY,

which is of order n (m+1) *,
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In Example 2.34, X,y has the asymptotic bias bx(n)(P) = hh(q)EY,
which is of order n (M1 *,

| A\

Precise order of asymptotic bias

When an(Tn, J)! ¢ Y withEY =0 (e.g., Th,= X2 and J = n?in
Example 2.33), the asymptotic bias of Ty, is 0 (T, is asymptotically
unbiased).
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In Example 2.34, X) has the asymptotic bias bx , (P) = hn(q)EY,
which is of order n (M*1) g

A\

Precise order of asymptotic bias

When an(Tn, J)! ¢ Y withEY =0 (e.g., Th,= X2 and J = n?in
Example 2.33), the asymptotic bias of Ty, is 0 (T, is asymptotically
unbiased).

A more precise order of the asymptotic bias of T, may be obtained (for
comparing different estimators in terms of their asymptotic biases).
Suppose that there is a sequence of random variables f h,g such that

anhn! Y and a3 (Tn J hp)! ¢W;

where Y and W are random variables with nite means, EY = 0 and
EW 6 0.

Then we may de ne a,? to be the order of br (P) or de ne EW=aZ to
be the a,? order asymptotic bias of T,,.
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Precise order of asymptotic bias

However, h, may not be unique.
Some regularity conditions have to be imposed so that the order of

asymptotic bias of T,, can be uniquely de ned.
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Precise order of asymptotic bias

However, h, may not be unique.
Some regularity conditions have to be imposed so that the order of
asymptotic bias of T,, can be uniquely de ned.

Functions of sample means

We consider the case where Xj;:::; X, are i.i.d. random k-vectors with
nite = Var(Xy).

LetX = n 3L, X, and T, = g(X), where g is a function on R¥ that is
second-order differentiable at m= EX; 2 R.

Consider T, as an estimator of J = g(m).

By Taylor's expansion,

To J=[Ng(mMI'X m+ (X m'Rg(m(X m+op + ;

where Ng is the k-vector of partial derivatives of g and N°g isthe k  k
matrix of second-order partial derivatives of g.

o
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Functions of sample means
By the CLT and Theorem 1.10(iii),
n - Z'N2g(mz
T miRegmx mt g 2SI
where Z = Ng(0; ) .
Thus, B .
E[Z'N°g(mz ] _ tr K°g(m)
2n B 2n

is the n 1 order asymptotic bias of T, = g(X), where tr(A) denotes the
trace of the matrix A.
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Functions of sample means
By the CLT and Theorem 1.10(iii),

n . Z'N2g(mz
SX miREg(mX M g —F——;
where Z = Ng(0; ) .
Thus, _ 3

E[Z'N°g(mz ] _ tr N°g(m

2n B 2n

is the n 1 order asymptotic bias of T, = g(X), where tr(A) denotes the
trace of the matrix A.

| \

Example 2.35

Let Xy;:::; Xy be 1.i.d. binary random variables with P(X; = 1) = p,
where p 2 (0;1) is unknown.
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Example 2.35 (continued)

Consider rst the estimation of J = p(1 p).

Since Var(X)= p(1 p)=n, the n 1 order asymptotic bias of

To= X(1 X) according to the formula tr N>g(m) =2n with
gx)=x(1 x)is p( p)=n.

On the other hand, a direct computation shows

E[X(1 X)]=EX EX?=p (EX)? Var(X)=p(1 p) p(1 p)=n.
Hence, the exact bias of T, is the same as the n ! order asymptotic
bias.
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Example 2.35 (continued)

Consider rst the estimation of J = p(1 p).

Since Var(X)= p(1 p)=n, the n 1 order asymptotic bias of

To= X(1 X) according to the formula tr N>g(m) =2n with
g(x)=x(1 x)is p(1 p)=n.

On the other hand, a direct computation shows

E[X(1 X)]=EX EX?=p (EX)? Var(X)=p(1 p) p(1 p)=n.
Hence, the exact bias of T, is the same as the n ! order asymptotic
bias.

Consider next the estimation of J = p 1.

In this case, there is no unbiased estimator of p 1 (Exercise 84 in
§2.6).

LetTp= X 1.

Then, an n ! order asymptotic bias of T,, according to the formula
tr N°g(m) =2nwithg(x)= x lis(1 p)=(p?n).

On the other hand, ET,, = ¥ for every n.
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Asymptotic variance and mse

Like the bias, the mse of an estimator T, of J, mse, (P) = E(T, J)2,
is not well de ned if the second moment of T, does not exist.

We now de ne a version of asymptotic mean squared error (amse)
and a measure of assessing different point estimators of a common
parameter.
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Asymptotic variance and mse

Like the bias, the mse of an estimator T, of J, mse, (P) = E(T, J)2,
is not well de ned if the second moment of T, does not exist.

We now de ne a version of asymptotic mean squared error (amse)
and a measure of assessing different point estimators of a common
parameter.

A\

De nition 2.12

Let T,, be an estimator of J for every n and f a,g be a sequence of
positive numbers satisfying a,! ¥ ora,! a> 0.
Assume that a,(T, J)! qY withO< EY?< ¥,

(i) The asymptotic mean squared error of Ty, denoted by amse, (P)
or amse, (q) if P is in a parametric family indexed by g, is de ned
to be the asymptotic expectation of (T, J)?, i.e.,
amse (P) = EY2=a2. The asymptotic variance of T, is de ned to
be sZ (P)= Var(Y)=aj.

A\

Jun Shao (UW-Madison) Stat 709 Lecture 27 November 9, 2009 9/14



De nition 2.12 (continued)

(i) Let TO be another estimator of J.
The asymptotic relative ef ciency of T w.t.r. T, is de ned to be
eror,(P)= amseg, (P)=amsgo(P).

(iii) Ty is said to be asymptotically more ef cient than T iff
limsup,eror, (P) 1forany P and < 1 for some P.
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De nition 2.12 (continued)

(i) Let TO be another estimator of J.
The asymptotic relative ef ciency of T w.t.r. T, is de ned to be
eror,(P)= amseg, (P)=amsgo(P).

(iii) Ty is said to be asymptotically more ef cient than T iff
limsup,eror, (P) 1forany P and < 1 for some P.

.

@ The amse and asymptotic variance are the same iff EY = 0.

@ By Proposition 2.3, the amse or the asymptotic variance of Ty is
essentially unique and, therefore, the concept of asymptotic
relative ef ciency in De nition 2.12(ii)-(iii) is well de ned.

@ In Example 2.33, amsg.(P) = sZ,(P) = 4nfs?=n.
@ In Example 2.34, s)%(n)(P) = [ hn(qg)]? Var(Y) and
amsg ,, (P) =[ ha(q)]’EY 2.

A\
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When both mser, (P) and msero(P) exist, one may compare T, and T
by evaluating the relative ef ciency mser, (P)=msero(P).

However, this comparison may be different from the one using the
asymptotic relative ef ciency in De nition 2.12(ii), sinc e the mse and
amse of an estimator may be different (Exercise 115 in §2.6).
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When both mser, (P) and msero(P) exist, one may compare T, and T
by evaluating the relative ef ciency mser, (P)=msero(P).

However, this comparison may be different from the one using the
asymptotic relative ef ciency in De nition 2.12(ii), sinc e the mse and
amse of an estimator may be different (Exercise 115 in §2.6).

The following result shows that when the exact mse of T, exists, it is
no smaller than the amse of T,,.

It also provides a condition under which the exact mse and the amse
are the same.
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When both mser, (P) and msero(P) exist, one may compare T, and T
by evaluating the relative ef ciency mser, (P)=msero(P).

However, this comparison may be different from the one using the
asymptotic relative ef ciency in De nition 2.12(ii), sinc e the mse and
amse of an estimator may be different (Exercise 115 in §2.6).

The following result shows that when the exact mse of T, exists, it is
no smaller than the amse of T,,.

It also provides a condition under which the exact mse and the amse
are the same.

Proposition 2.4

Let T, be an estimator of J for every n and f a,g be a sequence of
positive numbers satisfying a,! ¥ ora,! a> 0.

Suppose that an(T, J)! g Y withO< EY? < ¥,

Then

(i) EY? liminf,E[a3(T, J)?] and

(i) EY2 = limy yE[@2(T, J)?]ifand onlyif fa2(T, J)?gis
uniformly integrable.
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Proof
(i) By Theorem 1.10(iii),
minfa2(T, J)?tg! 4 minfY?2;tg foranyt> 0.
Since minfa2(T, J)?;tgis bounded by t, by Theorem 1.8(viii),
lim, E(minfa2(T, J)?tg)= E(minfY?;tg)
Then

EY?2 lim E (minf Y ?2;tg)

2 2.
tlllrg r!lm E(minfaj(Tn J)<;tQ)

Imgme(mmfaﬁ(Tn J)?:tg)
n

IimninfE[aﬁ(Tn J)?l;

where the third equality follows from the fact that
E(minfa2(T, J)?2;tg) is nondecreasing in t for any xed n.

(i) The result follows from Theorem 1.8(viii).
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Example 2.36

Let Xy;:::; X be i.i.d. from the Poisson distribution P(qg) with an

unknown g > 0.
Consider the estimation of J = P(X; = 0)= e 9.
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Example 2.36

Let Xy;:::; X be i.i.d. from the Poisson distribution P(qg) with an
unknown g > 0.

Consider the estimation of J = P(X; = 0)= e 9.

Let T1, = Fn(0), where F,, is the empirical c.d.f.

Then B’ln is unbiased and has mser, (q)= e 9(1 e 9)=n.
Also, n(Ty, J)! ¢ N(O;e 9(1 e 9)) bythe CLT.

Thus, in this case amse, (gq) = mser, (q).
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Example 2.36

Let Xy;:::; X be i.i.d. from the Poisson distribution P(qg) with an
unknown g > 0.

Consider the estimation of J = P(X; = 0)= e 9.

Let T1, = Fn(0), where F,, is the empirical c.d.f.

Then B’ln is unbiased and has mser, (q)= e 9(1 e 9)=n.
Also, n(Ty, J)! ¢ N(O;e 9(1 e 9)) bythe CLT.

Thus, in this case amse, (gq) = mser, (q).

Consider T, = e X.

Note that ET,, = e"d(e ™ 1),

Hence nbr, (q)! qge 9=2.

Hsing Theorem 1.12 and the CLT, we can show that
N(Tan J)! a N(Oje 29q).

By De nition 2.12(i), amse, (q) = e 24g=n.

Thus, the asymptotic relative ef ciency of Ty, w.r.t. To, is

T, T,(q) = g=(e? 1)<1
This shows that T, is asymptotically more ef cient than Ty,.
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The result for T, in Example 2.36 is a special case (with U, = X) of
the following general result.

Theorem 2.6

Let g be a function on R¥ that is differentiable at g 2 R¥ and let U, be
a k-vector of statistics satisfying a,(U, q)! 4 Y for a random
k-vector Y with 0 < EKY k? < ¥ and a sequence of positive numbers
fang satisfying a, ! ¥.

Let T, = g(Uy) be an estimator of J = g(q).

Then, the amse and asymptotic variance of T, are, respectively,

amsg, (P) = Ef[Ng(q)]'Y g?=a2

and

s2 (P)=[Ng(q)]* Var(Y)Ng(qg)=a2:
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