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Lecture 21: Completeness

Motivation

A statistic V (X) is ancillary if its distribution does not depend on the
population P

V (X) is first-order ancillary if E[V (X)] is independent of P.

A trivial ancillary statistic is the constant statistic V(X) =c € Z.

If V(X) is a nontrivial ancillary statistic, then o(V (X)) C o(X) is a
nontrivial o-field that does not contain any information about P.
Hence, if S(X) is a statistic and V (S(X)) is a nontrivial ancillary
statistic, it indicates that o(S(X)) contains a nontrivial o-field that does
not contain any information about P and, hence, the “data" S(X) may
be further reduced.

A sufficient statistic T appears to be most successful in reducing the
data if no nonconstant function of T is ancillary or even first-order
ancillary.

This leads to the following definition.
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Finding a complete and sufficient statistic

Definition 2.6 (Completeness)

A statistic T (X) is said to be complete for P € &7 iff, for any Borel f,
E[f(T)]=0forall P € & impliesf =0 a.s. Z.

T is said to be boundedly complete iff the previous statement holds for
any bounded Borel f.
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Finding a complete and sufficient statistic

A statistic T (X) is said to be complete for P € &7 iff, for any Borel f,
E[f(T)]=0forall P € & impliesf =0 a.s. Z.

T is said to be boundedly complete iff the previous statement holds for
any bounded Borel f.

4

Remarks

@ A complete statistic is boundedly complete.

@ If T is complete (or boundedly complete) and S = ¢(T) for a
measurable , then S is complete (or boundedly complete).

@ Intuitively, a complete and sufficient statistic should be minimal
sufficient (Exercise 48).

@ A minimal sufficient statistic is not necessarily complete; for
example, the minimal sufficient statistic (X(1), X)) in Example
2.13 is not complete (Exercise 47).

v
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Proposition 2.1
If P is in an exponential family of full rank with p.d.f.s given by

fn(x) =exp{n"T (x) - {(n) }h(x),

then T (X) is complete and sufficient for n € =.
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Proposition 2.1
If P is in an exponential family of full rank with p.d.f.s given by

fn(x) =exp{n"T (x) - {(n) }h(x),

then T (X) is complete and sufficient for n € =.

Proof

We have shown that T is sufficient.
We now show that T is complete.

Suppose that there is a function f such that E[f(T)] =0 forall n € =.
By Theorem 2.1(i),

/f(t)exp{n’t —{(n)}dA =0 forallne=,

where A is a measure on (%P, %P).

| \
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Proof (continued)
Let ng be an interior point of =. Then

/f+(t)e'7’td/\ _ /f,(t)ef'“d)\ for all n € N(o), @)

where N(no) ={n € Z® : ||n —no|| < €} for some € > 0.
In particular,

/f+(t)e’75td)\ _ /L(t)e”étd)\ _c.

Ifc=0,thenf =0a.e. A.

If ¢ > 0, then c~f, (t)es! and c~f_(t)e™! are p.d.f’s w.rt. A and
result (1) implies that their m.g.fs are the same in a neighborhood of 0.
By Theorem 1.6(ii), ¢~ (t)e™! =c~f_(t)eM!, i.e., f =f, —f =0a.e.
A.

Hence T is complete.
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Example 2.15

Suppose that X, ..., X, are i.i.d. random variables having the N(u, 0?)
distribution, p € #, o > 0.
From Example 2.6, the joint p.d.f. of Xq,..., X, is

(2m) "2 exp (N1 T1 +n2T2—nl(n)},

where Ty =P, X;, To=—3" X2, and n = (n1,n2) = (%,2—:;2)
Hence, the family of distributions for X = (Xy,...,Xp) is a natural
exponential family of full rank (= = Z x (0, «)).

By Proposition 2.1, T(X) = (T1,T») is complete and sufficient for n.
Since there is a one-to-one correspondence between n and

0 = (u,0?), T is also complete and sufficient for .

It can be shown that any one-to-one measurable function of a complete
and sufficient statistic is also complete and sufficient (exercise).

Thus, (X,S?) is complete and sufficient for 8, where X and S? are the
sample mean and sample variance, respectively.
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Example 2.16

Let X4,...,Xn be i.i.d. random variables from Pg, the uniform distribution
u(0,8), 6 > 0.

The largest order statistic, X(y), is complete and sufficient for 6 € (0, ).
The sufficiency of X,) follows from the fact that the joint Lebesgue
pdf of Xq,...,Xn is 97n|(079)(X(n)).

From Example 2.9, X(,) has the Lebesgue p.d.f. (nx“*l/en)l(ove)(x).
Let f be a Borel function on [0, ) such that E[f(X,))] = 0 for all 6 > 0.
Then

0
/ f(x)x"tdx =0 forall 8> 0.
0

Let G(0) be the left-hand side of the previous equation.

Applying the result of differentiation of an integral (see, e.g., Royden
(1968, §85.3)), we obtain that G'(8) = f(0)8"~* a.e. m,, where m, is
the Lebesgue measure on ([0, %), %o ))-

Since G(6) =0 forall 6 >0, f(8)0"~1 =0 a.e. m, and, hence, f(x) =0
a.e. mg.

Therefore, X is complete and sufficient for 6 € (0, ).

o
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Example 2.17

In Example 2.12, we showed that the order statistics

T(X) = (Xay; s X(n)) Of i.i.d. random variables X,..., Xn is sufficient for
P € &, where & is the family of distributions on & having Lebesgue
p.d.f's.

We now show that T (X) is also complete for P € 2.

Let &y be the family of Lebesgue p.d.f.s of the form

f(x) =C(64,..., 0n) exp{—x?"+ 81X + Box? 4 - - - + B, x"},

where 6 € Z and C(8y, ..., 6,) is a normalizing constant such that
[f(x)dx = 1.

Then &y C & and & is an exponential family of full rank.

Note that the joint distribution of X = (Xy,...,Xp) is also in an
exponential family of full rank.

Thus, by Proposition 2.1, U = (Uq,...,Uy) is a complete statistic for
P € P9, where U; =3 ; XJ.

Since a.s. &, implies a.s. &2, U(X) is also complete for P € 2.

o
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Example 2.17 (continued)

The result follows if we can show that there is a one-to-one
correspondence between T (X) and U(X).
LetV, = Einzl Xi, Vo = 2i<j Xin, V3 = Zi<j<k XinXk,..., Vn=Xq--- Xp.
From the identities

Uk = VU1 +VaUio — -+ (= 1)* Vi Ug + (- 1)KV =0,
k =1,...,n, there is a one-to-one correspondence between U(X) and

V(X)=(V1,...,Vn).
From the identity

(=3 ool =3y =67 =T 2 — o (A

there is a one-to-one correspondence between V (X) and T (X).

This completes the proof and, hence, T (X) is sufficient and complete
forP e 2.

In fact, both U(X) and V (X) are sufficient and complete for P € 2.
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The relationship between an ancillary statistic and a complete and
sufficient statistic is characterized in the following result.

Theorem 2.4 (Basu’s theorem)

LetV and T be two statistics of X from a population P € &.

If V is ancillary and T is boundedly complete and sufficient for P € &2,
thenV and T are independent w.r.t. any P € &2.

| A\
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The relationship between an ancillary statistic and a complete and
sufficient statistic is characterized in the following result.

o

Theorem 2.4 (Basu’s theorem)

LetV and T be two statistics of X from a population P € &.
If V is ancillary and T is boundedly complete and sufficient for P € &2,
thenV and T are independent w.r.t. any P € &2.

-

Proof

Let B be an event on the range of V.

Since V is ancillary, P(V ~1(B)) is a constant.

As T is sufficient, E[lg(V)|T] is a function of T (not dependent on P).
Because

E{E[Ig(V)|T]-P(V 1(B))}=0 forallPc 2,
by the bounded completeness of T,
P(V1(B)T)=E[g(V)|T]=P(ViB)) as &

-

Jun Shao (UW-Madison) Stat 709 Lecture 21 October 26, 2009 10/13



Proof (continued)

Let A be an event on the range of T.
Then

P(T H(A)NV 1(B))=E{E[Ia(T)Is(V)IT]} = E{Ia(T)E[la(V)[T]}

=E{Ia(T)P(V1(B))} =P(T *(A)P(V*(B)).
Hence T and V are independent w.r.t. any P € £.
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Proof (continued)

Let A be an event on the range of T.
Then

P(THA)NV 1(B))=E{E[IA(T)Ie(V)|T]} = E{Ia(T)E[Ia(V)|T]}

=E{Ia(T)P(V1(B))} =P(T *(A)P(V*(B)).
Hence T and V are independent w.r.t. any P € £.

Basu’s theorem is useful in proving the independence of two statistics.

_
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Proof (continued)

Let A be an event on the range of T.
Then

P(T H(A)NV 1(B))=E{E[Ia(T)Is(V)IT]} = E{Ia(T)E[la(V)[T]}

=E{Ia(T)P(V1(B))} =P(T *(A)P(V*(B)).
Hence T and V are independent w.r.t. any P € &.

Basu’s theorem is useful in proving the independence of two statistics.

Example 2.18

Suppose that X, ..., X, are i.i.d. random variables having the N(u, 0?)
distribution, with u € # and a known o > 0.

It can be easily shown that the family {N(u,0?): u € #} is an
exponential family of full rank with natural parameter n = u/a?.

By Proposition 2.1, the sample mean X is complete and sufficient for

(and ).
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Example 2.18 (continued)

Let S? be the sample variance._
Since S? = (n— )* s (Zi—Z)?, where Z; = X; — p is N(0,0?) and

Z =n"13" 7, S?is an ancillary statistic (g2 is known).
By Basu’s theorem, X and S? are independent w.r.t. N(u, 02) with
UEZX.

Since o2 is arbitrary, X and S? are independent w.r.t. N(u, o?) for any
ue#and a?>0.
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Example 2.18 (continued)

Let S? be the sample variance.

Since S?2 = (n— ) SN ,(Z —Z)? where Z; = X; — u is N(0,02) and
Z =n"13" 7, S?is an ancillary statistic (g2 is known).

By Basu’s theorem, X and S? are independent w.r.t. N(u, 02) with
UEZX.

Since o2 is arbitrary, X and S? are independent w.r.t. N(u, o?) for any
ue#and a?>0.

Using the independence of X and S2, we now show that (n — 1)S?/0?
has the chi-square distribution x2 ;.
Xi —
5 :

Note that )
X — —1)s?
0 ( u> L 2) _
o o i
From the properties of the normal distributions, n(X — p)?/0? has the
chi-square distribution x? with the m.g.f. (1 —2t)~*/2 and

ST (X — u)?/0? has the chi-square distribution x2 with the m.g.f.
(1-2t)""2 t<1/2.

v,
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Example 2.18 (continued)
By the independence of X and S?, the m.g.f. of (n —1)S?/a? is

(1—2t)""2/(1-2t)"Y2 = (1—2t)~("-1)/2

fort <1/2.

This is the m.g.f. of the chi-square distribution x2 , and, therefore, the

result follows.
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