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Lecture 18: Exponential families and location-scale

families

Two important types of parametric families in statistical applications:
Exponential families and location-scale families J
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Lecture 18: Exponential families and location-scale

families

Two important types of parametric families in statistical applications:
Exponential families and location-scale families

v

Definition 2.2 (Exponential families)

A parametric family {Pg : 6 € ©} dominated by a o-finite measure v on
(Q,.7) is called an exponential family iff

dp

Ty (@) =exp{[n(O)'T () ~£(8) }h(w), we®,
where exp{x} =e*, T is a random p-vector with a fixed positive integer
p, n is a function from © to %P, h is a nonnegative Borel function on
(2,%#),and

£(6)=1og{ [ (@I T (@)h(@)dv(e) }.
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@ In Definition 2.2, T and h are functions of w only, whereas n and &
are functions of 8 only.

@ The representation

dPg

W(w) =exp{[n(0)]'T(w) — &(0) }h(w), weQ

of an exponential family is not unique.
fi(6) = Dn(0) with a p x p nonsingular matrix D gives another
representation (with T replaced by T = (D7)~1T).

@ A change of the measure that dominates the family also changes
the representation.
If we define A(A) = [,hdv for any A € ., then we obtain an
exponential family with densities

0 (@) = exp{[n(0)]'T () ~£(6)}.

-
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Terminology

@ In an exponential family, consider the reparameterization n = n(0)
and

fn(w) = exp{n'T(w) - {(n)}h(w), weQ,
where {(n) =log{ Joexp{n'T (w)}h(w)dv(w)}.
This is called the canonical form for the family (not unique).
@ The new parameter n is called the natural parameter.

@ The new parameter space == {n(0): 6 € ©}, a subset of ZP, is
called the natural parameter space.

@ An exponential family in canonical form is called a natural
exponential family.

@ If there is an open set contained in the natural parameter space of
an exponential family, then the family is said to be of full rank.

o
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Example 2.6

The normal family {N(u,0?): u € %,0 >0} is an exponential family,
since the Lebesgue p.d.f. of N(u, g?) can be written as

1 Ko 1 ., ¥
— —x2_ :
\/ﬁexp { 02 " 2g2° " 2g2 999

This belongs to an exponential family with T (x) = (x, —x?),
2
(e) = (02’22-;2> = (“702)! E(e) - 2“? +|Og a, and h(X) = 1/\/27'[.

Letn =(Ny,N2) = (%7%>

Then = =% x (0,») and we can obtain a natural exponential family of
full rank with {(n) = n2/(4n2) +log(1//2n2).
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Example 2.6

The normal family {N(u,0?): u € %,0 >0} is an exponential family,
since the Lebesgue p.d.f. of N(u, g?) can be written as

1 Ko 1 ., ¥
S T X2 2 :
\/E[exp { 02 " 2g2° " 2g2 999

This belongs to an exponential family with T (x) = (x, —x?),

(e)—( L ) 6 = (1,02), £(6) = £ +log o, and h(x) = 1/v/2T.

02202

Letn =(Ny,N2) = (%7%)

Then = =% x (0,») and we can obtain a natural exponential family of
full rank with {(n) = n2/(4n2) +log(1//2n2).

A subfamily of the previous normal family, {N(u,u?): u € %,u # 0}, is
also an exponential family with the natural parameter n = (%, 2—‘112) and
natural parameter space = = {(x,y):y =2x2, x € %Z, y > 0}.
This exponential family is not of full rank.

<

Jun Shao (UW-Madison) Stat 709 Lecture 18 October 16, 2009 5/14



Properties
For an exponential family, there is a nonzero measure A such that
%(w) = exp{[n(0)]'T(w)—&(6)} >0 forallwand 6. (1)

We can use this fact to show that a family of distributions is not an
exponential family.
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Properties

For an exponential family, there is a nonzero measure A such that

%(w):exp{[n(e)]TT(w)—E(G)} >0 forallwand 8. (
We can use this fact to show that a family of distributions is not an
exponential family.

Consider the family of uniform distributions, i.e., Pg is U(0, 8) with an
unknown 8 € (0, ).

If # ={Pg: 0 € (0,0)} is an exponential family, then (1) holds with a
nonzero measure A.

Foranyt > 0, there is a 6 < t such that Pg([t,)) = 0, which with (1)
implies that A ([t,»)) =0.

Also, for any t <0, Pg((—,t]) = 0, which with (1) implies that
A((—oo,t]) =0.

Since t is arbitrary, A = 0.

This contradiction implies that &2 cannot be an exponential family.
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Properties

For an exponential family, there is a nonzero measure A such that

dPg
dA ax (@)
We can use this fact to show that a famlly of distributions is not an
exponential family.

Consider the family of uniform distributions, i.e., Pg is U(0, 8) with an
unknown 8 € (0, ).

If # ={Pg: 0 € (0,0)} is an exponential family, then (1) holds with a
nonzero measure A.

Foranyt > 0, there is a 6 < t such that Pg([t,)) = 0, which with (1)
implies that A ([t,»)) =0

Also, for any t <0, Pg((—,t]) = 0, which with (1) implies that
A((~e,1]) =0

Since t is arbitrary, A = 0.

This contradiction implies that &2 cannot be an exponential family.

Which of the parametric families from Tables 1.1 and 1.2 are

exponential families?
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Example 2.7 (The multinomial family).

Consider an experiment having k + 1 possible outcomes with p; as the
probability for the ith outcome, i = 0,1,....k, TK o p; = 1.

In n independent trials of this experiment, let X; be the number of trials
resulting in the ith outcome, i =0,1,... k.

Then the joint p.d.f. (w.r.t. counting measure) of (Xg,X1,...,Xk) is

n! .
0 X Xk
fo (X0, X1, ., Xk) xklpo Pt P 1B (X0, X1, -0y Xk ),

where B = {(xo,X1,...,Xk) : X’s are integers > 0, Z!(:oxi =n} and

8 = (Po,P1, - Pk)-

The distribution of (Xg, X1, ..., Xk) is called the multinomial distribution,
which is an extension of the binomial distribution.

In fact, the marginal c.d.f. of each X; is the binomial distribution
Bi(pi,n).

P ={fg: 0 € ©} is called the multinomial family, where
O={0cZ*: 0<p <13k, p=1}.

-
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Example 2.7 (continued)

Letx = (X07X17”'7Xk)1 '7 — (Iogp07logpl7”'7logpk)1 and
h(x) = [n!/(Xo!X1!- - X D]lg (X)-
Then

fo(X0,X1,....xk) = exp{n'x}h(x), x ez
Hence, the multinomial family is a natural exponential family with
natural parameter n.
However, this representation does not provide an exponential family of
full rank, since there is no open set of Z%*! contained in the natural
parameter space.
A reparameterization leads to an exponential family with full rank.
Using the fact that T¥_,X; =n and ¥ ,p; = 1, we obtain that

f@(X07xl) "'an) = eXp{n*TX* - Z(’]*)} h(X), X € %k—i_lv

where X, = (X1,...,Xk), N« = (10g(p1/pPo); ---,109(Pk /Po)), and

{(n.) = —nlogpo.
The n.-parameter space is ZX.
Hence, the family & is a natural exponential family of full rank.

~
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Properties
If Xq,...,Xm are independent random vectors with p.d.f’s in exponential
families, then the p.d.f. of (X4,...,Xm) is again in an exponential family.
The following result summarizes some other useful properties of

exponential families.
Its proof can be found in Lehmann (1986).
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Properties
If Xq,...,Xm are independent random vectors with p.d.f’s in exponential
families, then the p.d.f. of (X4,...,Xm) is again in an exponential family.

The following result summarizes some other useful properties of
exponential families.
Its proof can be found in Lehmann (1986).

o

Theorem 2.1
Let & be a natural exponential family with p.d.f.
fa(x) = exp{n"T (x) - {(n) th(x)
() LetT =(Y,U)and n =(&,¢), where Y and 3 have the same

dimension.
Then, Y has the p.d.f.

fa(y) = exp{d7y —(n)}
w.r.t. a o-finite measure depending on ¢.
In particular, T has a p.d.f. in a natural exponential family.
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Theorem 2.1 (continued)

(i) Furthermore, the conditional distribution of Y given U = u has the
p.d.f. (w.r.t. a o-finite measure depending on u)

fou(y) =exp{dTy — {u(9)},
which is in a natural exponential family indexed by 3.

(ii) If ng is an interior point of the natural parameter space, then the
m.g.f. Yy, of Py, o T 1 is finite in a neighborhood of 0 and is given
by

Wno(t) = exp{d(no+1t) —{(no)}-

Furthermore, if f is a Borel function satisfying [ |f|dP,, < o, then
the function

[H(@)exp(n™ (@)th(w)dv(w)

is infinitely often differentiable in a neighborhood of ng, and the
derivatives may be computed by differentiation under the integral
sign.

-
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Example 2.5

Let Py be the binomial distribution Bi(6,n) with parameter 8, where n
is a fixed positive integer.

Then {Pg: 8 € (0,1)} is an exponential family, since the p.d.f. of Pg
w.r.t. the counting measure is

fo(x) = exp {xlog % +nlog(1-6)} <;> lio.1,...n(X)

(T(x)=x, n(6)=log %5, £(8)=—nlog(1 - 6), and

h(x)=(3)10,1,...n1(X))-
If we let ) = log 12, then = = % and the family with p.d.f’s

() = exp xn ~niog(1+ M) (7 ) oa..n ()

is a natural exponential family of full rank.

From Theorem 2.1(ii), the m.g.f. of the binomial distribution Bi(0,n) is

1+enet
1+en
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Definition 2.3 (Location-scale families)

Let P be a known probability measure on (%%, %%), ¥ c %%, and .
be a collection of k x k symmetric positive definite matrices.
The family

{P(N,Z) CHEY, L€ %k}

is called a location-scale family (on %*), where
Pur)(B) =P (ZY2B-1), Be

Y Y2(B—p)={ZY2(x —pu): x €B} C %X, and T"1/2 is the inverse
of the “square root" matrix ¥1/2 satisfying ¥1/2y1/2 = 5.

The parameters u and ¥%/2 are called the location and scale
parameters, respectively.
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Important examples of location-scale families.

@ The family {P,,): M € Z*} is a location family, where |y is the
k x k identity matrix.

@ The family {Px): T € .#} is a scale family.

@ In some cases, we consider a location-scale family of the form
{P(uo2,): ME€Z* 0>0}.
An example is given later.

@ Many families of distributions in Table 1.2 (81.3.1) are location,
scale, or location-scale families.

@ The family of exponential distributions E (a, 8) is a location-scale
family on & with location parameter a and scale parameter 6.

@ The family of uniform distributions U (0, ) is a scale family on #
with a scale parameter 6.

@ The k-dimensional normal family is a location-scale family on ZX.

ot
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@ How to generate a location-scale family?
Let X be a random k-vector having a distribution P.
Then the distribution of £¥/2X + u is P(,, 5.

@ On the other hand, if X is a random k-vector whose distribution is
in a location-scale family, then the distribution DX + c is also in the
same family, provided that Du+c € ¥ and DXD' € ..

@ If Xq,..., Xk are i.i.d. with a common distribution in the
location-scale family {P,, ;2 : 4 € #,0 > 0}, then the joint
distribution of the vector (X, ..., Xk) is in the location-scale family
{P(uoz): HEV,0>0}with ¥ ={(x,....x) € Z* : x € Z}.

@ Let F be the c.d.f. of P.

Then the c.d.f. of P(, 5 is F (Z7Y/2(x — 1)), x € Z*.

@ If F has a Lebesgue p.d.f. f, then the Lebesgue p.d.f. of P(, 5y is

Det(X~Y/2)f (£-1/2(x — p)), x € Z* (Proposition 1.8)
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