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Lecture 7: Moments, inequalities, m.g.f. and ch.f.

o If EXK is finite, where k is a positive integer, EXX is called the kth
moment of X or Px.

@ If E|X|? < o for some real number a, E|X|? is called the ath
absolute moment of X or Px.

@ If u=EX and E(X — p) are finite for a positive integer k,

E(X — u)X is called the kth central moment of X or Py.

E(X —EX)? is called the variance of X or Py.

For random vector X = (Xy,...,Xk), EX = (EXq,...,EXy)

For random matrix M = (M;), EM = (EM;)

For random vector X, Var(X) = E(X —EX)(X —EX)" is called its
covariance matrix.

The (i,j)th element of Var(X), i #], is E(X; — EX;)(X; — EX;), which
is called the covariance of X; and X; and is denoted by Cov(X;,X;).

@ If Cov(X;,X;) =0, then X; and X; are said to be uncorrelated.
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Basic properties
@ [Cov(Xi,X)]? < Var(Xj)Var(Xj), i#]
@ For random vector X, Var(X) is nonnegative definite

@ Independence implies uncorrelation, not converse

@ IfY =c™X, c e #¥, and X is a random k-vector, EY = c’EX and
Var(Y) =c™Var(X)c.
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@ [Cov(Xi,X)]? < Var(Xj)Var(Xj), i#]
@ For random vector X, Var(X) is nonnegative definite
@ Independence implies uncorrelation, not converse

@ IfY =c™X, c e #¥, and X is a random k-vector, EY = c’EX and
Var(Y) =c™Var(X)c.

Three useful inequalities

@ Cauchy-Schwartz inequality: [E (XY )]? < EX2EY 2 for random
variables X and Y

@ Jensen’s inequality: f(EX) < Ef(X) for a random vector X and
convex function f (f” > 0)

@ Chebyshev’s inequality: Let X be a random variable and ¢ a
nonnegative and nondecreasing function on [0,), ¢(—t) = ¢(t).
Then, for each constantt > 0,

BOP(XI=0)< [ (X)dP <EG(X)
{IX|=t}
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Example 1.18

If X is a nonconstant positive random variable with finite mean, then
(EX)*<E(X™1) and E(logX) <log(EX),

since t~1 and —logt are convex functions on (0, «).

Let f and g be positive integrable functions on a measure space with a

o-finite measure v.
If [fdv > [gdv > 0, we want to show that

f
flog( — |dv > 0.
[rea(g)ev=

Leth=f/[fdv, a p.d.f. w.rt. v.

Let Y =g/f be a random variable with h as its p.d.f.
By Jensen'’s inequality, E log(g/f) <log(E(g/f)).
The result follows from

/Iog fdv//fdv_/log hdv = E log(g /f)

glog(E(g/f)):Iog(/%hdv) Iog(fﬂd ><O
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Moment generating and characteristic functions

Definition 1.5
Let X be a random k-vector.
() The moment generating function (m.g.f.) of X or Py is defined as
Py (t) =Ee'™X, tez®
(i) The characteristic function (ch.f.) of X or Py is defined as
o (t) = EeV "1™ = E[cos(t™X)] + V—1E[sin(t'X)], te %
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REINES

| \

@ If the m.g.f. is finite in a neighborhood of 0 € X, then
@ moments of X of any order are finite,
@ @ (t) can be obtained by replacing t in @y (t) by v/—1t
@ If 0 < Yy (t) < oo, then kx (t) = log Yx (t) is called the cumulant
generating function of X or Py.

.
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Properties of m.g.f. and ch.f.

@ IfY =A'X +c, where A is a k x m matrix and c € Z™, it follows
from Definition 1.5 that

Py (u) =€y (Au) and @y (u)=e" Mg (Au), ueZ™
@ For independent X1, ,Xk

Ws, % ( |_|t,ux and @, x,(t |_|(px , teZ*

@ For X = (Xg,..., Xk) with m.g.f. @y finite in a nelghborhood of 0
. I*lfl,m,fkt{l B 'tlik LXK

B = (rlzrk) ryl---n! Hicre = B OG- X)

@ Consequently,

0"t gy (1)

r I
E(X{H X&) = ot ot

t=0

92 (t)
It |, atott

= E(XXT)
t=0

.
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Properties of m.g.f. and ch.f.

@ If Y is not finite and E[X* -

integers rq, ..., Iy, then

X,«| < e for some nonnegative

oty (t
ETi g(—rf) = (—1)t 2B (X X)
Leatk iz
In particular,
()| _ 02k (1)
o t:O_\/—lEX, Jtot |, —E(XXT)
@ Special case of k =1
> E(Xt' :
m =3 iy
i=0 :
. . dui (t : . .
E<) =900 = 40| 0= (100
t=
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Example: A random variable X has finite E(X) fork = 1,2...,

but g (t) = o, for any t # 0

Pn: the probability measure for N(0,n?) with p.d.f. f,, n=1,2, ..

P =5Sy_,2""P, is a probability measure with Lebesgue p.d.f.

S, 2 "fy (Exercise 35)

Let X be a random variable having distribution P.

It follows from Fubini's theorem that X has finite moments of any order;
for even k,

E(xk) :/Xkdp :/ Z szfndpn _ z an/xkdpn
n=1 n=1
=y 27"k —1)(k—3)---1n* <o
n=1

and E(XX) =0 for odd k.
By Fubini’s theorem again, for any t # 0,

Wx (t) =/e‘XdP =5 2’”/e‘XdPn =y 2 NeM’t?/2 _
n=1 n=1
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Theorem 1.6. (Uniqueness)
Let X and Y be random k-vectors.
(i) 1f @ (t) = @y (t) for all t € %%, then Py = Py.
(i) If gy (t) = Py (t) < oo for all t in a neighborhood of 0, then Px = Py.
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See the textbook.
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Example 1.20
Let X;, i =1,...,k, be independent random variables and X; have the
gamma distribution I'(aj, y) (Table 1.2),i =1,...,k.
From Table 1.2, X; has the m.g.f. Y (t) = (1 —yt)~%, t <y,
i=1,...k.
Then, the m.g.f. on =X1+---+Xg is equal to

=19 =[]a-)" = (1—yt)~(attad oyt

From Table 1.2, the gamma distribution (a1 + - - - + a, ) has the
m.g.f. Yy (t) and, hence, is the distribution of Y (by Theorem 1.6).
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A random vector X is symmetric about O iff X and —X have the same
distribution
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A random vector X is symmetric about O iff X and —X have the same
distribution

Claim: X is symmetric about 0 iff its ch.f. ¢ is real-valued.

= If X and —X have the same distribution, then by Theorem 1.6,
o (t) = @x(t).

But ¢x (t) = ¢k (1)

Then ¢« (t) = o (—1).

Note that sin(—t'X) = —sin(t’X) and cos(t'X) = cos(—t"X)
Hence E[sin(t"X)] = 0 and, thus, ¢ is real-valued.
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A random vector X is symmetric about O iff X and —X have the same
distribution

Claim: X is symmetric about 0 iff its ch.f. ¢ is real-valued.

= If X and —X have the same distribution, then by Theorem 1.6,
o (t) = @x(t).

But ¢x (t) = ¢k (1)

Then ¢« (t) = o (—1).

Note that sin(—t'X) = —sin(t’X) and cos(t'X) = cos(—t"X)
Hence E[sin(t"X)] = 0 and, thus, ¢ is real-valued.

< If ¢y is real-valued, then ¢y (t) = E[cos(t'X)] and

P-x(t) = o (—t) = g (t).
By Theorem 1.6, X and —X must have the same distribution.
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