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Supplement C: Almost Sure Consistency of p(v°|Z). The consistency results in Theorems 2.2—
2.4 hold in probability. We can also establish almost sure consistency. Before stating the exact results,
we need to introduce the following technical condition which plays a role similar to that of Assumption

2.3, but imposes a greater restriction on .

ASSUMPTION 5.1. There exists a positive sequence v, such that IIEHI(} |ﬁ?| > Y and, as n — o0,
jevy

Yn/n/logn — co.

With this assumption, we can derive the following results on almost sure convergence when the true

model is either nonnull or null.

THEOREM 5.4.  Suppose 7° is nonnull, and Assumptions 2.1, 2.2, 2.4, 2.6-2.8 and 5.1 are satisfied. Let
0 > 0 satisfy Assumption 2.8. If nl_é_o‘ogbn — o0 for some ag > 4, then H;éa)g p(v|2)/p(v°|Z) — 0, a.s.
- VY

If p? = 0(n1*5*a0¢n) for some ag > 4, then > p(y|Z) — 0, a.s., and consequently, p(7°|Z) — 1, a.s.
a Y#7°

THEOREM 5.5.  Suppose 7° is null. Suppose that Assumptions 2.1, 2.5 and 2.8 are satisfied. Ifnlf‘sfaogn —

oo for some ag > 4, then n;éwg p(v|2)/p(7°|Z) — 0, a.s. If p* = o(nl_‘;_o‘ogbn) for some oy > 4, then
VEY =

S p(y|Z) — 0, a.s., and consequently, p(7°|Z) — 1, a.s.

¥#°

The following lemma is useful to establish the almost sure convergence of p(v°|Z2).

LEMMA 5.6. Let e ~ N(0,031,).

(a). Let vy = (I, — Pv)Xvo\vﬁgo\y' Then liﬂsoléprvré%)g\vfye]/(HvyHgy/plog n) < 209, a.s.
(b). If S1 is nonnull, then limsup m%xeT(Pv — Po)e/((Iv] — sn)logn) < 403, a.s.
n—oo YEOS1

(c). If Sy is nonnull, then limsup max el Pye/(|v|logn) < 402, a.s.

n—oo YES2

(d). limnsup €' Poe/(splogn) < 403, a.s.

Proof of Lemma 5.6. The proofs can be completed by using the Borel-Cantelli lemma and the

techniques in the proof Lemma 5.1.
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(a) Similar to the proof of part (a) in Lemma 5.1, it can be shown that

|v” €] 2\?
pr | max —— > 20¢9+/plogn §Co< ) ,

7855 Toylz n?

therefore, Y pr (m%x 7€l /llvyll2 > 200+/2plog n> < 00. By the Borel-Cantelli lemma, the desired result
n vES2
holds.

(b) For any a > 4, we temporarily fix o’ > 2 such that 2o’ < «a. Following the proof of part (b) in
Lemma 5.1, for large n,

T

P, —P

pr (ma & Er = B0 g
veS1 (|y| — sn)logn

IN

(1+ (1 = 2/a/) 7 2nmele ) g

IN

exp ((1 - 2/0/)*1/271*0‘/0‘/1)) -1

< 2(1 _ 2/@/)—1/2n1—a/a’.

Therefore, by the Borel-Cantelli lemma, lim sup max el'(Py = Pyo)e/((|y| — sn)logn) < aof, a.s. Then
n YESL

the desired result holds by selecting a sequence of as approaching 4.
(c) & (d) These proofs can be accomplished by arguments similar to part (b). O

Proof of Theorem 5.4. We start with (5.1) to approximate the ratio p(v|Z)/p(7°|Z). The terms T}
and T3 in (5.1) are bounded below. The approximation of 75 is given by Lemma 5.2. By Lemma 5.6 (d),
Assumptions 2.2, 2.7 and 5.1, and a similar argument to (5.3), it can be shown that 0 < —Ty = O(1),

a.s.

To approximate T5, by Assumption 2.4, Lemma 5.6 and a careful revision of (5.5), (5.6) and (5.7),
one can show that with probability equal to one, for some constant C” > 0, there exists a large N
such that if n > N, uniformly for v € Sz, T5 > 271 (n + v)log(1 + C"42); uniformly for v € Sy,
Ts > —27Y(|y| — sn)ag logn.

Thus, by an argument similar to (5.9) and (5.11), it can be shown that > p(v|Z)/p(7°|Z) — 0,a.s.,

YES2
which implies that max p(|12)/p(7°|Z) — 0, a.s.
VES2

On the other hand, by the above approximations of T to T5, with probability equal to one, there exists
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a constant C"” > 0 such that when n is sufficiently large, uniformly for v € Si,
POIZ)/p(01Z) < C"exp (<27 (3] — s)log(L+ Can'=%,) +27X(1r] = 5, log ™)

(5.17) — o <1+C3”1_%n> i)

ne«o

Thus, if n1*5*a0¢n — 00, then max p(v|2)/p(7°|Z) — 0, as.
- YESL

By (5.17), with probability equal to one,

S o012)/p(102) < c"'z<

YE€S1 YE€S1

_ P—S8n
1+ an1_6¢ 1/2
. " Yn

Thus, if p? = 0(n1’5’a0¢n), then Y p(v|2)/p(7°|Z) — 0,a.s., which, by (2.7), implies p(7°|Z) —
o YEST

1+ 03n1—6¢n> =27 (|y]—sn)

noo

1,a.s. L]

Proof of Theorem 5.5. Proof is completed by similar arguments to the proofs of Theorems 2.4 and

5.4. O
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