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Abstract

Suppose that X is a random vector with probability distribution P and suppose that 2 denotes a proposed model that
involves interesting parameters and relationship between variables. We consider statistical inference procedures for the
case where P¢ 2 constructed as follows: let 0(P) denote the parameter of the distribution Q € # that minimizes a
Kullback-Leibler (K-L)-type discrepancy K(Q, P) between Q and P. We take 6(P) to be the parameter of interest. The
estimate of @(P), when it exists, is defined by 0= 0(P) where P is the empirical probability. We call 8(P) a Kullback—Leibler
empirical projection (KLEP). When 0(P) does not exist, we extend the concept of a K—L discrepancy to limits of empirical
likelihoods to obtain KLEP procedures. Properties of inference procedures based on 6 are considered when P¢ 2. In
particular we compare the naive procedure that uses the standard error applicable when P € 2, the sandwich formula
standard error, and the bootstrap standard error using asymptotic methods and Monte Carlo simulation. For regression
experiments with a model based on transforming both response and covariates, we use results of Hernandez and Johnson
[1980. The large-sample behavior of transformations to normality. J. Amer. Statist. Assoc. 75, 855-861] to derive KLEP
procedures.
© 2007 Elsevier B.V. All rights reserved.

Keywords: KLEP; Box-Cox transformation; Outside the box; K-L divergence; Sandwich formula; Bootstrap; Classification; Covariate
transformations

1. Introduction

Box (1979) captured the spirit of much of the work on statistical modeling when he said ‘““Models of course,
are never true but fortunately it is only necessary that they be useful”’. We consider, as have many others, the
effect on statistical inference of the true distribution being outside the working model. The probability
distribution P generating the data is outside the model class 2 being used in the statistical analysis.

A common example is linear regression models & where the response Y is modeled to depend linearly on
covariates X1,...,X . In this case, if the true distribution P generating (X,..., Xy, Y) falls outside 2, the
statistical least squares analysis applies to the coefficients in the linear model “‘closest” to P.
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In general, the Q in & closest to P is determined by minimizing a measure of how much Q differs from P.
We consider the Kullback—Leibler (K-L) divergence

K(Q, P) = —Ep(log[¢(Z)/p(Z))),

where Z denotes a random vector and p and ¢ are the densities of P and Q with respect to some common
measure u. Let

J(Q, P) = Ep(logg(Z))
be the entropy of Q under P and note that

arg inf{K(Q, P): Q € #} = arg sup{J(Q, P): O € #}. (1.1
Because P is unknown, we consider replacing it with the empirical distribution P which assigns probability

p: =n~! to each observed z; in the realization of an i.i.d. sample of size n from P.
If K(Q, P) does not exist in R, using (1.1), we can instead use

Q = arg sup{J(Q,P): Q € 2} = arg sup{Zlogq(zi) ONS Q} (1.2)
i=1
which is the method of maximum likelihood when 2 is a parametric model.

When £ is non- or semiparametric, then Q as defined in (1.2) may not exist. In this case we can use a
variation of an empirical likelihood (Owen, 1988, 2001; Shao, 2003; Bickel and Doksum, 2008) instead of
J(0, P). Here (Bickel and Doksum, 2008), we let 2 be the closure in weak convergence of the union of 2 and a
class Zp of discrete distributions Q that are consistent with the model 2 and assign positive probability
q; = 0({z;}))>0 to each z;, i=1,...,n, >+  ¢;=1. Then we define the maximum empirical likelihood
estimate (MELE)

O = arg sup{ilogqi: Qe@}. (1.3)

i=1

Let gp(z;) denote the ¢, that maximizes (1.3). The empirical K-L divergence corresponding to QE is
A n . . 1 1 .
Ke(Qp, P) = —E(loglge(2)/p(2)) =log - =~ 3 10gde(z),
i=1

which is non-negative and equals zero when 2 contains all distributions. Note that P is uniform and
maximizes the entropy among all distributions on {zi,...,z,} (e.g. Cover and Thomas, 2003), while QE
maximizes the entropy among these distributions over Q € 2.

One possible definition of #p is

Pp = {QD L Op(z) = q(za/z 4z): Q € g’}
=1
In this case, if we set § = Ep(q(Z)) and Qp € #p, then
K(Qp, P)—>p — Ep(loglg(2)/q)).

Thus, we can measure the “distance” between P and the model £ by
(2, P) = inf{—Ep(log[g(Z)/q]) : Q € Z}.

Often £ is parametrized as {Py : @ € O} where 6 = (f, 1) consists of a Euclidean parameter f and a function
n. We take the parameter of interest to be the 8(P) € © that is the parameter of the distribution Q in £ that is
closest in a K-L sense (as defined above) to the probability P that generates the data in an experiment. The
estimate of 6(P) is the Kullback—Leibler empirical projection (KLEP) 0= 0(P) This estimate provides the best
of two worlds: if P € 2, then 0 is asymptotically optimal by maximum (empirical) likelihood theory. If P¢ 2,
then 0 is nonparametrically asymptotically optimal by the theory of efficient influence functions (e.g. Bickel
et al., 1993, 1998; van der Vaart, 1998). We investigate the sandwich and bootstrap approach to statistical
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inference for the situation where P¢ # for linear, Box—Cox, and logistic models and find that, for the linear
model, both the sandwich and bootstrap approaches give good results while for the Box—Cox model, the
bootstrap is the best choice.

The goal is to select £ to be a useful model. One of the most useful models is the multivariate normal model
because of the intuitive interpretations of its parameters. On the other hand, the distance between P and %
should be small to avoid systematic distortions. Hernandez and Johnson’s (1980) results can be used to unite
the goals of being useful and realistic by using a model based on transforming the original data to multivariate
normality. We show in Section 5 how to use Hernandez and Johnson (1980) to derive KLEM estimates of the
parameters in a regression model based on transforming both the response and the covariates using Box—Cox
transformations (Box and Cox, 1964).

2. Regression

Let (Xi,...,Xw, Yi),i=1,...,n,bei.id. observations on (Xy,..., X4, Y). Let 2 be a class of linear models
or a class of distributions of (X,..., X4, Y) satisfying

d
Y=Zocjxj+s, Xo=1,

E(¢) =0, Var(e) = o2,

where X,..., X4 are independent of ¢. Let X = (X, X1,. ..,Xd)T, and >, = Cov(Xy,. ..,Xd)T. The above
model is semiparametric with the distribution X and ¢ arbitrary satisfying the following condition where P
denotes a probability distribution of (Xy,..., X4, Y).:

(A1) 0<EpY?<o0, 0<Varp(X;)<oo, j=1,XZy invertible.

Define

B = B(P) = arg min{Ep[Y — a" X]* : aeR*"}.
Clearly,

B =(EXX")'EXY).

The vector B is the coefficient vector of the distribution Py in & closest to the true P in the sense that
B(P) = B(Po) with

Py = arg min{K(Q, P) : Q € %y},
where 2, is the subset of 2 where e~N(0, ¢%) and K is the K-L discrepancy.

Least squares analysis corresponds to defining f to be the empirical plug-in estimate:

B = B(P) = arg min{Ep[Y — a'X]* : acRM"},
where P is the empirical probability which assigns probability n ! to each observed data point
(Xi1s .-« Xig, ¥;), 1 <i<n. Thus, ﬂ (X5 Xp)~ 1XT Y where Xp is the nx(d+ 1) design matrix and
Y=(Y4,..., ,,) The estimate [i is consistent and asymptotically normal with adjusted variance.

Proposition 2.1. If P satisfies (A.1), then ﬁ(ﬁ — B—> A0, 2), where
S=32x2 e=Y—-p'X,

Sixy = EXX;Xy), Zxe=E@EX;Xy), 0<j<d, 0<k<d. 2.1

The usual (naive) asymptotic covariance matrix of the least squares estimate which is based on assuming
that P is in the box is 627} where 6} = Varp(e). Thus, this naive variance is automatically inflated when P is
outside the box. However, it is often incorrect. See Sections 2.2 and 3.3 for cases where it is correct.
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In the context of heteroscedastic linear models, formula (2.1) is called a sandwich formula, e.g. Bickel and
Doksum (2007, Example 6.6.4). Here (2.1) applies without any model assumptions except second moment
conditions. Having the X’s spread out makes the » 1’)1( terms in (2.1) smaller, but the X'y, term larger when X
and e are correlated. An interpretation is that having the X’s spread out reduces variance but assuming
linearity in X over a wide range of X’s is questionable and leads to an inflation of variance when P is outside
the linear box £. There is no bias problem because the target is linear, but (2.1) inflates the variance when
there is a lack of model fit.

In a minimax sense, ii is the most efficient estimate of B if P is in the box. To see this note that for the
conditional distribution Zo(Y|Xp) of Y given Xp, ﬁ has the variance (if(XTDXD)_1 for all Q € #. Let
Q, € ?y and let B* be any estimate which is unbiased for . 0,(Y|Xp), then

sup MSEo(B*[Xp)=MSEq, (B*|Xp) = Varg, (B*|Xn) > Varg, (BIX ),
QE'O)I

where 2 is the class of probabilities in 2 with ¢% and o2 fixed. The second inequality follows from the
information inequality.

Proposition 2.2. The least square estimate 3 minimizes
sup{MSEo(f%)|Q € 21},
over the class of estimates unbiased for £ o(Y|Xp), Q € 2.

Suppose P is not in #. Because if = B(P) where P is the empirical probability, there are a number of results
that imply that in a class of regular estimates, if is nonparametrically asymptotically optimal. We refer to
Bickel et al. (1993, 1998, Sections 1.3, 3.3, and 5.5) and van der Vaart (1998, Chapter 25). The influence
function of the functional corresponding to X E Y is given by (2.6) in Doksum and Samarov (1995). This can
be used to show that the estimate based on the efficient score function coincides with ﬁ See also Bickel and
Ritov (2003).

2.1. Variance estimation, confidence regions, and variance adjustment
In order to find asymptotic confidence regions for the f coefficients, we need an estimate of Xy, (our
estimate of Xy is 21y = n_lXTDXD). For this purpose, we introduce
XDL):(X,]@,), 1<l<n, O<]<d
Then our estimate of X is the sandwich estimate
8 -1 —1
2 =n(XpXp) (XD X)X pXp) ™
When d = 1, the estimate of Var(ﬂ]) is
S(Xy — X)’e

208 = Var(hR.) —
R o o

and
Ep[(X| — 1))
[Varp(X )]

which reduces to the usual (naive) Varp(e)/Varp(X ) when X and e are independent, that is, when P is the
linear box 2. This d = 1 case provides the insight that:

nSE*(B)—>p

Proposition 2.3. Assume (A.1). When d = 1, the naive least square asymptotic variance of ﬁl is larger than the
sandwich formula variance iff (X — /41)2 and e* are negatively correlated.

Let &f =(n- dl— 1)_1221: ! éf be the usual estimate of residual variance. We obtain confidence regions for f

if we replace 2,62 in the usual linear model confidence regions with the sandwich estimate 3. These
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confidence regions have the correct asymptotic coverage probabilities for P satisfying our moment conditions
(A.1).

How large is the variance adjustment when we replace the naive variance estimate with the sandwich
estimate? We conduct a Monte Carlo (MC) study with d = 1 to compare the naive (SE([)’I)NAIVE) sandwich
(SE(ﬁl)SA) bootstrap (SE(ﬁl)BOOT) and MC (SE(ﬁl)MC) estimates of SE(ﬁl) when the true P satisfies

Y=0-=y)(cg+ o X))+ ypL(X)) + e, (2.2)

where  L(f) = 5+ 2.5[1 + exp(—=100)]"", &~N(0,6%) and X;~N(0,63) are independent, o< {0.1,
0.5,0.75,1.183}, 63 = 0.1, o9 = 6.25, o1 = 0.5, and y € {0,0.2,0.4,0.6,0.8, 1}. Here 0? = 1.183 is determined
by solving power = 0.5 for the classical #-test of Hy : f; =0, H; : f; >0, when y = 0.

MC simulation is based on 1000 different seeds with n = 128, i.e. generate (yy, X1.1), .- - , (128, X1,128) for each
simulation. For the ith MC simulation, we compute [301, B, i SE(ﬁl)NAIVEZ, and SE(ﬁ )SAZ Then we use the

usual formulae to compute the MC averages of these quantities. They are denoted as ﬁo, ﬁ 1> SE([?I)N ArvEs and

SE(B))sa- -
We use the MC estimate of SE(ﬁl) to represent the true SE(ﬁl) = \/Ep(B; — B,)* which can only be
computed when P is known. The MC estimate is given by

1000 (7 B2
- (Bri — B
SE = E —_— 2.3
For the bootstrap, we first use (2.2) to generate 128 data pairs, (y;, xi 1)[ J , (V1285 X128, P . From these 128

(x, ) pairs, we draw 100 bootstrap samples of size 128 and compute the bootstrap estimate of SE(ﬁ 1)- This is
repeated 200 times and the Monte Carlo estimate of the bootstrap estimate is the average of the 200 bootstrap
estimates of SE(ﬂl)

The MC [30 and ﬁ | are plotted against the nonlinearity parameter y in Fig. 1. Note that [30 is nearly constant
whlleAﬂ | increases linearly with y. A variety of ¢ values gives very similar results. When y =0, i.e. P € 2, ﬁo
and f3; are close to oy and o) as expected.

We compare the naive, sandwich (SA), and the bootstrap (BOOT) SE’s to the “true’” SE for model (2.2) in
Fig. 2, where the “true’ SE is represented by the MC SE (2.3). We see from Fig. 2 and other graphs not given
here that when y =0, i.e. P € 2, the four SE’s are close. For ¢ small, the naive estimate does poorly as y
increases, that is, as the true P moves away from the model 2, while for larger ¢2, all three methods perform
well. Both the sandwich and bootstrap approaches do well for all ¢> and all y. An 1nterest1ng result is observed
with o> = 1.183. All four estimates are close together when the noise is large. In summary, SE(ﬁl)SA, and
SE(ﬁl)BOOT are always close to SE(BI)MC SE(BI)NAWE is close to SE(ﬁl)MC only when the true distribution P

is in # and when the noise is large relative to SE(B -

6 {00 7m0 0 00 6 {00 0= 000

00 02 04 06 08 1.0 00 02 04 06 08 1.0
v Y

Fig. 1. Monte Carlo values of ﬁo (o) and ﬁl (A) plotted against the nonlinearity parameter 7. (a) 6> = 0.1 and (b) ¢* = 1.183.
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Fig. 2. The naive (o), sandwich (SA A), bootstrap (BOOT x), and Monte Carlo (MC e) fﬁl standard errors as functions of the nonlinearity
parameter y. (a) o> = 0.1 and (b) ¢> = 1.183.

2.2. Testing

Suppose we want to test whether X and Y are related while controlling for X>,..., X;. Then, because X
and the other X’s may be dependent (confounded), we test Hy : X is independent of X,,..., X4, Y. Let Py
denote this null distribution. If we use the linear model 2, Hy, is translated into Ho(2) : f; = 0, where, as we
have seen,

d
B = Z o'* Cov(Xy, Y)
k=1
with (¢/%),,, = Z3'. Thus, Hp implies Ho(2), but not vice versa. The hypothesis Ho(Z) states that in the linear
model closest to the true P, we cannot detect any relationship between X and Y after controlling for the
other X’s.
Under Hy, the sandwich formula simplifies. In particular, as n — oo,

o2

VarHO (ﬁ]) = (’2 5
nal

where 7 = Var(X) and o2 is computed under Hy. The implication of this is that:

Proposition 2.4. For testing Hy, the usual t-test based on t; = BI/SE(ﬁl) with SE(fil) = 6,/n'/?6, has an
asymptotic standard normal distribution provided only that Py satisfies (A.1). That is, even when the null
distribution Py is outside the linear model box 2.

2.3. Prediction

The advantage of parsimonious parametric models is that they give simple interpretable formulas that
connect a response Y to covariates X. In particular, the model provides formulae for predicting the response
Y, of a case with covariate vector Xy. In our framework, we introduce ¢y = Y — [iTX o and can then write

Yo = B Xo + e,

where the distribution of ¢y given Xy = x( depends on xy whenever P¢ #. However, for all P satisfying (A.1),
when X is random, Ep(ey) = 0. Thus, a population predictor for Y is BT X, with corresponding empirical
predictor

Yo = BXo.
The accuracy of the predictor can be judged by cross-validation, bootstrapping, or using 50% (say) of the
sample (a training sample) to estimate B, and the remaining 50% (a test sample) to compute residuals

Y, — pX;,i =[n/2],...,n, that can be used to determine prediction accuracy and prediction intervals. These
automatically incorporate lack of model fit, that is, when P is outside the box.
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3. Transformation and single index models. Box—Cox revisited and rebutted, revisited

Again we observe (Xi1,..., X, Y:), i=1,...,n, iid. as (X', Y)=(1,X,,...,X4 Y) and assume that
(X7, Y) has an unknown distribution P, except now the parameter f is defined as the coefficient vector of the
closest linear transformation model to P. Thus let Y =g(Y,1) be an increasing differentiable
transformation of Y with derivative ¢'(y, A) with respect to y and set

B(%),0*(7) = arg min{t Ep[ Y — a"X]* +log ©°:a € R, * >0}, (3.1

Ao = Ao(P) = arg min{%log o*(2) — Ep[log ¢'(Y,1)]: 1 € A}, 3.2)

where logg/'(Y, ) is the Jacobian term in transformation model and A is the range of the transformation
parameter A. The coefficient parameter is

By = (EIXXT]) ™ E(X Y1),
The variance of the residual e = Y“0) — BIX is
o3 = Varp(e) = Ep[ Y0 — BI X7

The box 2 is now the class of linear transformation models, that is, the class of probability distributions
Pw’gz of (X1,...,X4,Y) where for some A € 4, a € R and ¢ independent of Xy, -+, Xy,

d
g(Y,l) = Z o X+ e.
J=0

The true distribution P of (X, ..., Xy, Y)is unknown and satisfies (A.1) as in Section 2. Our parameter vector

B, is the coefficient vector of the linear transformation model Pﬁ0 20s02 closest to the true probability
0%

distribution P. Here “closest” is in the sense of minimizing the expressions in (3.1) and (3.2). These are
intuitive distances if our goal is to predict Y or estimate E(Y|X = x). If YV — ﬂOT()»)X is independent of X
and has a normal distribution, then (3.1) and (3.2) are proportional to expected log likelihoods, that is, to K-L
divergences.

More generally let 4,(y) denote the density of ¥¥ = (ng'), cee Yif))T given X = x and let f(y;,0) be a
multivariate normal distribution with mean BTx and covariance matrix 62/, where I, is the (n x n) identity
matrix. Define the K—L discrepancy

1(.h) = / 1) {log h(y) — log £(v. . 2)} dy.

Let g(y,4) be the Box—Cox transformation. If we select A,, B,, and ¢, to minimize this discrepancy, then
Hernandez and Johnson (1980) show that B, = (XEXD)_IXTDE( Y%)|X). Moreover, the arguments of
Hernandez and Johnson show that 1, = Z,(x) is the minimizer of (3.2) when P is replaced by the conditional
distribution of Y given X = x. See also Yeo and Johnson (2001).

3.1. Identifiability, interpretability, and stability

Box and Cox (1982) in the rebuttal of Bickel and Doksum (1981) have pointed out that if 4y is unknown,
then B(4p) is a vector of regression coefficients on an unknown scale, and therefore could be difficult to
interpret. However, Brillinger (1983) in the case of normally distributed X’s and Stoker (1986), generally, have
shown that independent of /o, f8;(4o) has an interpretation as the average relative change in E(Y|X = x) as x; is
perturbed. Here is a summary (see also Johnson and Doksum, 2002): assume that there exists a function /4 and
vector a such that

Ep(Y|X) = h(a'X). (3.3)
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Then, if V denotes the gradient with respect to X and ||| denotes the Euclidean norm:

_ EVE(Y|X)]
~IEIVE(Y XN

Thus, in model (3.3) which includes the Box—Cox model, « is identifiable, and it is interpretable as a coefficient
vector that gives the average directional change in Ep(Y|X) as X is perturbed. Model (3.3) has generated a lot
of work in statistics and econometrics. It is called a single index model (Stoker, 1986) and its analysis is related
to projection pursuit (Friedman and Stuetzle, 1981). In our framework, (3.3) defines the box £ and our analysis
is aimed at the parameter & = B(P) of the distribution in £ closest to the true P.

This discussion is related to the idea of a stable parameter. This is a parameter that has a stable value and
interpretation for a wide variety of models and values of the nuisance parameters in these models. Some
references are Brillinger (1983), Stoker (1986), Cox and Reid (1987), Chen et al. (2002), and Johnson and
Doksum (2002).

3.2. Asymptotics. Confidence regions

For the Box—Cox model 2, the sandwich formula for P¢ % was derived by Hernandez and Johnson (1980)
and Cho et al. (2001). A general treatment was given by Huber (1967). Let 2 = {Py : 0 € @} be a parametric
model with vector parameter 0 for the random vector Z. Let /(z; 0) denote the log likelihood for the i.i.d.
sample Z1,...,Z, from Py. In the Box—-Cox model, Z = (X, Y),0 = (B,0, /), and

10;Z) = — %nlog(27z) —nlogo — %6‘2 SV —pTXF+G -1 logY (3.4)
i=1

Now 0 and 0 are the minimizers of E(l(0; Z)) and [(0; Z) where [ is given in (3.4). It turns out that f(ﬁo — Bo)
is difficult. We obtain a simple argument and result by considering B, = (8;,...,B,)" = (B;(%0), ..., B,(%0))" .

The asymptotic distribution of ﬁd=(31,..., ﬁd) is obtained by writing ﬁd_ _12 vy Where Sy is
the d x d covariance matrix n_lXEXC,XC = (X — Xj)nxd,
nIS L (X — X) Y, 1<j<d. By the 6 method, if we set

and % vy 18 the d x 1 covariance vector

A 20) /5 -
Y = ¥V 4 WG ho) + op(n'1?),

where Wg.’) = (0/04) Ygﬂ'), and use Slutsky’s theorem, the LLN and the CLT, then we find, under regularity
conditions,

VB = Ba) = ZxM T PXEY — X cBly + Vn(h — ho)x T XEW OO
4+ op(l)—> ¢ Vi + cV>, (3.5)
where Viis N(0,20), Za=2%"Zxey2%', Zx = (Cov(Xi, X)) gras Zxey = E(e§(X; — u)(Xn — 1) axas
= y%) — ﬁT(AO)Xd, Xe=X1—py,.... X1 — ud) W = E(X;), V> is the normal weak limit of
f (4 — o), and
¢ = B;(4)
with B(Z0) = Z3' Zxwy, Wo = W,
Also note that by applying Slutsky’s theorem for matrices and thereby replacing Z by 3! up front, and

by ignoring the estimation of f§,, we have an op(1) remainder term that is relatively easy to control leading to
simpler regularity conditions than other approaches e.g. Hernandez and Johnson (1980) and Chen et al.

(2002).
In particular, we find the following conditions under which there is no inflation in the variance of the
regression coefficients f;, j =1,...,d, because 4o is unknown and has to be estimated.

Proposition 3.1. (a) Assume that P satisfies (A.1) with Y(lo) in place of Y, and assume that X and Y are
independent under P. Also assume that under P, Xy, exists, i pio, and that W exists and is continuous for .
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in a neighborhood of 4y. Then, under P,

VB> 2 N (0, 2).
(b) Let P satisfy the conditions of (a). Suppose P, is a sequence of probabilities contiguous to P with B; tending
to zero at the rate n="/2, j = 1,...,d. Then under P,, ﬁ(ﬁd — B)—> # N (b, X), where b is the limit of \/np,.

Outline of proof. (a) holds because by mean value theorem ng') = Ygﬂ'o) + Wf-m(i — Ap) with
12F = Jol<|4 — Jol, and n~' XEWU0) = Op(n~'/2) when X and Y are independent. (b) holds because if the
remainder term in (a) tends to zero under independence, then it tends to zero for P, contiguous to
independence. For contiguity, see e.g. van der Vaart (1998) and Bickel and Doksum (2008).

Note that the simplification in the proof occurs because ¢ = 0 when X and Y are independent. No such
simplification occurs if we include the intercept f5, in the parameter vector.

To obtain approximately valid confidence regions, we need good estimates of the covariance matrix of ifd.
We conduct an MC study of three candidates with d = 1 where the true distribution P satisfies

YD = (1= )0 + o X) + 7 [LO] + 2, (3.6)

where all parameter settings are the same as in (2.2) except Y = A~'(Y* — 1), 2 = 1. Using the Box—Cox
model, we compute MC f(4), f1(4), SE(B1(Z)mcs SE(B1(2)narve: SE(B1(A)nsa> and SE(S(4))poor- As in
Section 2.1, our sandwich estimate is >, = 5;1 > Xeg f}land thus is a naive sandwich (NSA) estimate because it
leaves out the ¢}V, term of the asymptotic expression (3.5) and is only valid under the conditions of
Proposition 3.1(b).

The MC BO(;I) and Bl(i) are plotted against the nonlinearity parameter y in Fig. 3. In this case these
coefficients are unstable for small ¢ (as in Bickel and Doksum, 1981) and stable for large a.

In Fig. 4 we compare the naive SE of f,(4) which is based on assuming that 4y is known and that P is in the
box, the NSA SE which is based on assuming that /g is known, and the nonparametric bootstrap to the “true”
SE which is represented by the MC SE. We have omitted the actual sandwich SE because it involves unwieldy
expressions and this is a situation where the bootstrap might be a good solution. Fig. 4 shows that the
bootstrap does well, but that it is a little conservative.

3.3. Testing

As in Section 2.2, if we are interested in testing whether X and Y are related while controlling for
Xa,..., X4 we test Hy : X is independent of X»,..., Xy, Y. In this case, Xy and 2 Xe, have zeroes under H,
wherever X appears. Thus, in formula (3.5), ¢; = 0 and

Va[Bi(2) = B (20)]—> # (0, 02)

a b
80_1 s s s s s
eo—f
<40 —‘
20—?,“___‘
ol
00 02 04 06 08 1.0 00 02 04 06 08 1.0
Y Y

Fig. 3. Monte Carlo values of /}0(1) (o) and [}1(1) (A) plotted against the nonlinearity parameter y. (a) 6> = 0.1 and (b) ¢ = 1.183.
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a b

00 02 04 06 08 1.0 00 02 04 06 08 10
Y Y

Fig. 4. The naive (o), naive sandwich (NSA A), bootstrap (BOOT x) and Monte Carlo (MC e) /}1(1) standard errors plotted against the
nonlinearity parameter y for the Box—-Cox model 2. Naive and NSA coincide. Here P¢ 2 for y>0. (a) 6> = 0.1 and (b) o> = 1.183.

with 62 = 2 /Var(X), e = Y% — BT(J¢)X. Thus, for testing H, let

1 1 .
/[m;()(n - X1)2],

then the usual #-statistic #; = ﬁ | (i) / SE(B 1(;1)) has an asymptotic standard normal distribution under Hy. We
can ignore both the fact that P¢ <% and that Ay needs to be estimated. The inflation in the variance is
automatically corrected for by the ¢-test. See Doksum and Wong (1983) for similar results.

. 1 L 5 AT
nSE*(B)) = mZ(YEM - B Xy
i=1

4. Binary regression
We observe (X;1,..., X, Yy, i=1,...,n,11d. as (Xq,..., X4, Y) where Y € {0,1}. Let £ be the class of
logistic regression models for (X1,..., Xy, Y), that is, the class of probabilities Q = Q,,a € R with
0,(Y = 11X = x) = g(a' x),

where g(7) = [1 +exp{—1}]"!, X = (XO,Xl,...,Xd)T, Xo=1, a=(ag,1,... ,ocd)T, and we assume the usual
identifiability conditions for Q,. For any probability P for (Xi,..., Xy, Y) satisfying (A.1), define

B = B(P) = arg min{K(Q,, P) : Q, € #,a € R*™},
where K is the K—L discrepancy. Note that

log L(X, Y; Q,) = Y logg(a' X) + (1 — Y)log[1 — g(a' X)]
and

P(P) = arg max Ep[log L(X, Y; Q,)]

Our estimate ii = [3(13) is the usual logistic regression analysis estimate

n

B = arg max n”! Z log L(X;, Yi; Q).

=1

It is known (e.g. Bickel and Doksum (2007, Section 6.4.3)) that with m = (g@™X1),..., 9" X)', ii solves
XE(Y —m) =0, or equivalently f solves

1 n
_Z .p(Xi: Y[: d) = 05
n i=1

where Y(X;, Yi;0) = (Xjei)<j<q and e; = Y; — m;. It follows that B is the solution to
Ep{X;[Y —g@' X))} =0, j=0,...,d.
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Asymptotic theory (e.g. Huber, 1967; Shao, 2003, Section 5.4.3; Bickel and Doksum, 2007, Section 6.2.1) gives

2B =B — o N(0,2p), Zp=I3Zx2i

Six = Ep(l(B" X)X X1), Zxe = Ep(@X;Xy), 0<j<d, 0<k<d,
where /() = exp{—t}[1 + exp{—1}]72 is the logistic density. For P = Q € P, Lo = Z}el with e = ¥ — g(B1 X)
where
Eg(e) = Eo(Eo(Y — g(B"X)|X)) = Eglg(B"X) — g(B"X)] = 0.
We estimate Xp for general P using the sandwich estimate
< P P |
2p =2y 2xey>
where Sy, is n7'ZLZp with Zp = (X;8)1<icnocjcar &= Yi— —g(B'X) and Sy =n “'WEWp with

xIxH,

Wp = (Xl V2(px Nax(d+1)- The estimate Xp can be used to construct confidence intervals for f3; and to test

Hy: B, =0.
We conducted an MC study to access the variance adjustment given by the sandwich estimate when the true

P satisfies

[F"X o [GETX )]
(_”H — F(a TX) ”E[I—G(ﬂxi)lyf" @D

where

F(a"X;) = (1 4+ exp{—(oto + 11 Xs1 + X)) ',

GOt X 0.1 if (ao 4+ 01X + 00X n)<0,
(o Xi) = 0.9 if (og + o1 X5 +000X) >0,

<

SE (Bp)

SE (B4)
SE (By)

Fig. 5. Upper left panel presents Monte Carlo values of ,BO (o), ﬁl (D), ffz (+) plotted against the mixture parameter y. Upper right, lower
left, and lower right panels represent the naive (NAIVE x), sandwich (SA +), and Monte Carlo (MC A) standard errors as functions of

the mixture parameter 7.
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X1 and X, are standard normal random variables, n = 128, oy = 0.25, oy = 0.5, and o, = 1. We simulated
from the above model 1000 times and compared the naive and sandwich (SA) SE’s to the “true’” SE for model
(4.1) in Fig. 5, where the “true” SE is represented by the Monte Carlo (MC) SE.

The inspection of the upper left panel of Fig. 5 shows that the MC estimates ﬁo, [)’1, ﬁ2 diverge from the
working model parameter values as y increases. The general trend observed in the lower left and lower right
panels is that when 7 = 0 the MC estimates are similar, and as y increases SE(ﬁ )sa 1nflate in a similar way to
SE(ﬁj)MC whereas SE(ﬁ )narve show smaller inflation. The fact that all estimates in the upper right panel are
close suggests that for smdll signal (recall that , = 0.25) all estimates perform in a similar way.

4.1. Classification

Suppose (Xo, Yo) is a random pair distributed as (X, Y) but only Xy = x¢ is observed. On the basis of
observing xy we are to classify Y as zero or one. If P € 2, 8 is known and the prior probability that ¥ = 0 is
7, the optimal Bayes decision rule for 01 loss (e.g. Bickel and Doksum, 2007, Section 3.2) is “decide Yy =1
iff g(BTxo)>n"". This suggests the following rule “classify Y as 1 iff g(ifoo) >7". Note that for P € 2, g(ﬁTxo)
is the MLE of g(B"x,) and in this case is an asymptotically efficient estimate of P(Yy = 1|1Xy = x0) = g( x0).

5. Models with both response and covariate transformations

Consider the model £ for a regression experiment where after transformations of both Y and the X’s, a
normal linear model holds. This leads to models of the form

n
A
KV =20+ (X)) + e,
j=1

where e~N(0, 6%). A problem with this model is that when o; = 0, then 4, is not identifiable (see e.g. Fan et al.,
2007). Instead of this approach we will use results of Hernandez and Johnson (1980) in combination with the
empirical K-L idea of Section 1 to develop a transformation to normality approach for regression. Write

ZzZ=(Z,.. Zd+1)T =(X,...,Xq, Y)T where Yis the response and X, ..., X; are covariates. Now let zZ% =

(Z(m gjﬁl)) where Z 4 is a 1-1 transformation of Z;. Further let P denote the distribution of Z®¥
and let QD,,E bead+ 1 Varlate normal distribution with mean vector g and positive definite covariance matrix
X. Now 2 is the class for which there exist 4, g, and £ such that Z#~_4"(u,X). For (X, Y)~P, we find
¥ = MP), p* = p(P),and L* = L(P) that make P and &, s as close as possible in the K-L sense. The choice
of the normal distribution is natural because the point of regression modeling is to introduce interesting
interpretable parameters that indicate the strength of relationships between variables. Because the K-L
discrepancy is equivariant under 1-1 transformations (e.g. Bickel and Doksum, 2007, p. 169), A*, u*, and X*

also minimize the K-L discrepancy between P and 2. If P € 2, then Z @ i exactly multivariate normal, and

: 5D b i) oy 70 AN .
the regression E(Z ;7" |Z, L) of Z, 57 onZy ..., Z, ¢ is linear. Thus, the parameter of interest
is the coefficient vector [f(P) = (ﬁO(P),...,ﬁd(P)) in this linear regression as given in Section 2 with

(X1,...,X4, Y) replaced by the transformed variables.

When Z](.)'f ), j=1,...,d+ 1, are Box—Cox transformations, we find, using Hernandez and Johnson (1980),
the following profile K-L solutions: first fix 4 and minimize the K-L discrepancy over p and X:

P X = arg inf (K(®,x, PY)}) = Ep(ZP), Covp(ZP). (5.1
nx

Next, according to Hernandez and Johnson (1980), we can find A(P) as
MP) = arg inf {(1 — )" Ep[log(Z)] + Llog(det[Covp(ZP)))}. (5.2)
A
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The solution to (5.2) is substituted in (5.1) to give u(P), X(P), and B(P). Now, because P is unknown we replace
it with the empirical distribution P which yields estimates that coincide with the classical linear model
estimates with the original data replaced with the transformed data. Inference can be carried out using the
nonparametric bootstrap.
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