DEPARTMENT OF STATISTICS
University of Wisconsin

1300 University Ave.

Madison, WI 53706

TECHNICAL REPORT NO. 1122
June 20, 2006

Uni ed Cortical Surface Morphometry and Its
Application to Quantifying Amount of Gray Matter

Moo K. Chung

mchung@stat.wisc.edu
http://lwww.stat.wisc.edu/ » mchung

Department of Statistics
Department of Biostatistics and Medical Informatics
Keck Laboratory for Functional Brain Imaging and Behavior
University of Wisconsin-Madison
Madison, WI 53706



Uni ed Cortical Surface Morphometry and Its
Application to Quantifying Amount of Gray Matter

Moo K. Chung, Kim M. Dalton, Li Shen,
Alan C. Evans, Richard J. Davidson

June 20, 2006

Abstract

In quantifying the amount of gray matter in a population, voxel-
based morphometry (VBM) and cortical thickness analysis are the
two most widely used techniques. There are still many unanswered
methodological questions regarding these methods. It is not clear what
is the optimal amount of registration needed in VBM. It is assumed
that the gray matter density obtained in the VBM will be positively
correlated to cortical thickness but there is no systematic study that
compared these two disparate measurements. The gray matter den-
sity is a 3D measurement de ned in voxels in 3D whole brain volume
while the thickenss is a 1D measurement de ned along the 2D cortical
surface. Due to this disparate dimensionality, it is not clear how to
compare them in a systematic fashion.

In this paper, we present a novel weighted Fourier Series (WFS)
representation for the cortical surface that enables us to address these
guestions in a uni ed mathematical framework. The WFS represen-
tation is a data smoothing technique formulated as a solution of the
Cauchy problem. This representation provides the explicit smooth
functional estimation of true unknown cortical boundary as a linear
combination of basis functions. Based on this new representation, cor-
tical thickness and gray matter density can be de ned and compared
naturally. The basic theory underlying the weighted Fourier Series
representation and its numerical implementation issues are presented
in detail.

As an illustration, this uni ed approach is applied in the cortical
thickness analysis and the VBM in a group of autistic subjects. The
thickness analysis and VBM results are compared in parallel.



1 Introduction

The cerebral cortex has a highly convoluted geometry and it $ likely that

the local di®erence in gray matter concentration can charaarize a clinical
population. Among many magnetic resonance imaging (MRI) mophometric

techniques proposed in quantifying the amount of gray matte locally, voxel-

based morphometry (VBM) [2] [20] [57] and cortical thicknes analysis [11]
[13] [23] [40] have been the two most widely used technique® $ar.

Voxel-based morphometry (VBM) is a fully automated image andysis
technique allowing identi cation of regional di®erences in gay and white
matters between groups of subjects without a prior region ofnterest (ROI).
Although there are many variations in VBM, the underpinning procedures
for di®erent VBM are identical. The 3D whole brain MRI is normalized into
a template then each voxel is assigned a probability of that wxel belonging to
a particular tissue class. There are three main tissue clags: cerebrospinal
°uid (CSF), gray matter, and white matter. Afterwards the tis sue prob-
ability is used in a general linear model (GLM) [26] to charaderizing the
amount of tissue concentration at each voxel.

On the other hand, cortical thickness analysis requires an dditional
step of segmenting the cortical surface. The CSF/gray matte interface is
called the outer surface (pial surface) while the gray/white matter interface
is called the inner surface [36]. Then the distance between the outer and
inner surfaces is de ned as thecortical thickness The cortical thickness has
been widely used as an anatomical index for quantifying the mount of gray
matter in the brain [11] [13] [23].

Although VBM and cortical thickness analysis are popular technigues,
in almost all studies, only a single morphometric techniqueis used to quan-
tify gray matter. Consequently, each study provides only a snall vignette
of the overall picture of a population. Further, studies using di®erent mor-
phometric techniques often result in contradictory ndings. Therefore it is
necessary to be able to compare and the VBM to the cortical thtkness anal-
ysis directly in a uni ed methodological framework. Studiesthat e®ectively
compare di®erent morphometric techniques and anatomical nasures will
provide more insight into understanding the population.

As a basic mathematical tool for achieving these goals, we psent a
new representation technique called the weighed Fourier sies (WFS) rep-
resentation. This is an explicit data smoothing technique brmulated as a
solution to a partial di®erential equation (PDE) and related to the spherical
harmonic (SPHARM) representation [27] [49] indirectly. The basic theo-
retical properties of WFS and its numerical implementation issues will be



presented in great detail so that readers should be able to iplement and
possibly modify the WFS for their own use. Based on WFS, VBM ard cor-
tical thickness analysis will be performed in parallel and te results will be
compared and combined together.

The two major contributions of the paper is the theoretical and com-
putational development of WFS, and showing various applicéions toward
VBM and cortical thickness analysis in a uni ed framework.

2 Literature Review

We will mainly review literatures that are directly related to our methodol-
ogy and address what is our new contributions in the context & the previ-
ous literatures. Although there are many di®erent morphometic techniques
such as deformation-based morphometry (DBM) [13] [21] and tesor-based
morphometry (TBM) [4] [12] [13] [51] [52], we will not review or address
these methods.

2.1 Voxel-based Morphometry

VBM as implemented in the statistical parametric mapping (SPM) software
(http://www. TLion.ucl.ac.uk/spm) starts with normalizi ng each structural
MRI to the standard SPM template and segmenting it into white and gray
matters, and CSF based on a Gaussian mixture model [2] [20] 92 [57]. In a
slightly di®erent formulation, the tissue density is generded by convoluting
the binary mask of the tissue with a 3D Gaussian kernel [42]. e resulting
density maps are warped into a normalized space and compareatross sub-
jects. A modi ed version of VBM has been also performed alonghe cortex,
where a fraction of gray matter within a ball of radius 15mm is taken as
gray matter density [51]. This is equivalent to convoluting the binary mask
of the gray matter with a uniform probability distribution o f radius 15mm
and interpolating voxel values to the cortical surface mesh This equivalence
relation is the basis of how we will project the 3D density mas to the 2D
cortical surface and compare them with the cortical thickness in our study.

VBM has been applied to various anatomical studies: normal évelop-
ment [29] [42], autism [10], depression [43], epilepsy [3@Nnd Alzheimer's
disease [32] [51]. Most previous studies in VBM did not compa the tissue
density to cortical thickness or any other morphometric meaures so our
study is the rst to present the comparative analysis with some counterin-
tuitive results.



The objective of VBM is to compare regional di®erence in reldve tissue
concentration. It is not necessary for image registration sed in VBM to
match every cortical features exactly, but merely correctsfor global brain
shape di®erences. If the image registration was exact, all thsegmented im-
ages would appear identical and no statistically signi cantdi®erences would
be detected [2]. The amount of image registration needed in BM has been
a contentious issue that has yet to be addressed quantitatiely [3] [5] [16]
[38]. The WFS representation will enable us to address thisssue in a uni ed
fashion.

2.2 Cortical Thickness Analysis

The cerebral cortex has the topology of a 2-dimensional convoted sheet.
Most of the features that distinguish these cortical regiors can only be mea-
sured relative to that local orientation of the cortical surface [17]. Unlike 3D
whole brain volume based VBM, 1D cortical thickness measurg have the ad-
vantage of providing a direct quanti cation of cortical geometry. It is likely
that di®erent clinical populations will exhibit di®erent cortical thickness.
By analyzing cortical thickness, brain shape di®erences cabe quanti ed
locally [13] [24] [36] [40].

The cortical surfaces are usually segmented as triangle miess that are
constructed from deformable surface algorithms [19] [23]36]. Then the
cortical thickness is mainly de ned and estimated as the shaest distance
between vertices of the two triangle meshes [23] [36]. The msh construction
and discrete thickness computation procedures introduce ubstantial noise
in the thickness measure [11] (Figure 5). So it is necessarytincrease the
signal-to-noise ratio (SNR) and smoothness of data for the sukequent ran-
dom "eld based statistical analysis. For smoothing cortical data, di®usion
equation based methods have been used [1] [8] [11] [13]. THeostcoming of
these approaches is the need for numerically solving the di®ion equation
possibly via the nite element technique. This is an additional time com-
putational step on top of the cortical thickness estimation. In this paper,
we present a more direct approach that smoothes and parametizes the
coordinates of a mesh directly via WFS such that the resulting thickness
measures are already smooth. In the WFS, the cortical surfaes are esti-
mated as a weighted linear combination of smooth basis funébns so that
most algebraic operations on the WFS will also be smooth. Ths is the rst
study comparing the result of VBM to a cortical thickness andysis. Taking
the WFS as some sort of ground truth, gray matter density and wrtical
thickness are correlated both within a subject and between sbjects.



2.3 Spherical Harmonic Representation

The SPHARM representation [6] has been applied to subcortial structures
such as the hippocampus and the amygdala [27] [31] [34] [49h particular,
Gerig et al. used the mean squared distance (MSD) of SPHARM o&tcients
in quantifying ventricle surface shape in a twin study [27]. Shen et al. used
the principal component analysis technique on the SPHARM cezxcients
of schizophrenic hippocampal surfaces in reducing the datdimension [49].
Recently it has begun to be applied to more complex cortical grfaces [12]
[31] [48]. Gu et al. presented the SPHARM representation as aurface
compression technique, where the main geometric feasureseaencoded in
the low degree spherical harmonics, while the noises are irhé high degree
spherical harmonics [31].

In SPHARM, the spherical harmonic functions are used in consucting
the Fourier series expansion of the mapping from the cortexa a unit sphere.
So the SPHARM representation is more of an interpolation te@inique than
a smoothing technique. On the other hand, WFS is a kernel smahing
technique given as a solution to a particular PDE. The solution to the PDE
is expanded in basis functions similar to the Fourier seriesexpansion with
weights. WFS o®ers many advantages over previous PDE-based swthing
techniques. The PDE-based smoothing methods tend to su®er a merical
convergence problem [1] [13] while WFS has no such problem. ire the
traditional PDE-based smoothing gives an implicit numerical solution, set-
ting up a statistical model is not straightforward. However, WFS provides
an explicit series expansion so it is easy to apply wide vartg of statistical
modeling techniques such as the GLM [26] , principal compon& analysis
(PCA) [49] and functional-PCA [41] [46]. Bulow used the spheical harmon-
ics in isotropic heat di®usion via the Fourier transform on a wit sphere as
a form of hierarchical surface representation [7].

The SPHARM representation will be shown to be the special cas of
WEFS. In SPHARM, all measurements are assigned equal weightand the
coezcients of the series expansion is estimated in the leasigsiares fashion.
In WFS, closer measurements are weighted more and the coezaits of the
series expansion is estimated in the weighted least squaréashion. So WFS
is more suitable than SPHARM when the realization of the cortical bound-
aries, as triangle meshes, are noisy [12]. In most SPHARM Igratures, the
degree of the Fourier series expansion has been arbitrary tlermined and the
problem of the optimal degree has not been addressed. Our WF#&rmula-
tion addresses the determination of the optimal degree in a oi ed statistical
modeling framework. The WFS-based global parametrization $ computa-



tionally expensive compared to the local quadratic polynonial tting [6] [13]
[17] [33] [45] while providing more accuracy and °exibility for hierarchical
representation.

3 Cauchy problem as a smoothing process

ConsiderM 2 RY to be a compact di®erentiable manifold. LetL2(M ) be

the space of square integrable functions iM with inner product
Z

hou; i = y 01(p)G2(p) d* (p); )

where! is the Lebegue measure such that (M ) is the total volume of M .
The norm k ¢ kis de ned as

kgk = hg; g =
The linear partial di®erential operator L is self-adjoint if
hg1; Lgai = hlLgs; goi

for all gi;0, 2 L2(M ). Then the eigenvalues, ; and eigenfunctionsAj of
the operator L are obtained by solving

LAj =, j Aj . (2)
Without the loss of generality, we can order eigenvalues
0<,o0: ,1- ,2-C¢¢

and the eigenfunctions to be orthonormal with respect to theinner product
(1). Consider the Cauchy problem of the following form:

@y+Lg=0:;9(p;t=0)= f(p): 3
The initial functional data f (p) can be further stochastically modeled as
f(p) = °(p) + 2(p); 4)

where? is a stochastic noise modeled as a mean zero Gaussian randonide
and ° is the unknown signal to be estiamted. The PDE (3) di®uses nois
initial data f over time and estimate the unknown signal® as a solution.
The time t controls the amount of smoothing and will be termed as theband-
width. The unique solution to equation (3) is given by the following theorem.



Theorem 1 For the self-adjoint linear di®erential operator L, the unique
solution of the Cauchy problem (3) is given by

X <
gp:ty= e 1t AGA (p): (5)
j=0
Proof For each xedt, g has expansion
R i
g = GOA(P: (6)
j=0

Substitute equation (6) into (3). Then we obtain

@x()+,jg()=0: (7)
The solution of equation (7) is given byc; (t) = B el -it. So we have solution
R .
glp;t)=  be - A(p):

j=0
At t =0, we have

x
g(P;0)=  BA(P) = f(p):
i=0

The coezcients j must be the Fourier coexcients Hf; Aji.

The implication of Theorem 1 is obvious. The solution decreaes ex-
ponentially as time t increases and smoothes out high spatial frequency
noises much faster than low frequency noises. This is the basof many
of PDE-based image smoothing methods. PDE involving self-adjint linear
partial di®erential operators such as the Laplace-Beltrami perator or iter-
ated Laplacian have been widely used in medical image analigsas a way to
smooth either scalar or vector data along anatomical boundees [1] [7] [8]
[13]. These methods directly solve the PDE using standard nmerical tech-
nigues such as the nite di®erence method or the nite element mod.
The problem with directly solving PDEs is the numerical instability and
the complexity of setting up the numerical scheme. WFS di®ergrom these
previous method in such a way that we only need to estimate the~ourier
coexcients in a hierarchical fashion to solve the PDE.



3.1 Weighted Fourier Series
We will investigate the properties of the nite expansion of (5) denoted by
k X it K i K
Felflp) = € AjiA (p):
j=0

This expansion will be called as theweighted Fourier Series(WFS). By re-
arranging the inner product, the WFS can be rewritten as kerrel smoothing:

K Z
FEEIR) = @ AP F@A(@ d (9 (8)
70 >
= @Ko d (@ (9)

with symmetric positive de nite kernel K given by

X
Kipa= & -1'"A(PA (o) (10)
j=0
The subscriptt is introduced to show the dependence of the kernel on timée.
This shows that the solution of the Cauchy problem (3) can be nterpreted
as kernel smoothing.

When the di®erential operator L = ¢, the Laplace-Beltrami operator,
the Cauchy problem (3) becomes an isotropic di®usion equatio For this
particular case, K{ is called the heat kernelwith bandwidth t [9] [11]. For
an arbitrary cortical manifold, the basis functions A; can be computed and
the exact shape of heat kernel can be determined numericallyAlthough it
can be done by setting up a huge nite element method [44], thiss not a
trivial numerical computation. A simpler approach is to use the rst order
approximation of the heat kernel for small bandwidth and iteratively apply
it up to the desired bandwidth [11].

The WFS can be reformulated as a kernel regression problem 22 At
each xed point p, we estimate unknown signal® (4) with smooth function
h 2 L?(M) by minimizing the integral of the weighted squared distance
betweenf and h: .

A ST O ORCHCE (11)

The minimizer of (11) is given by the following theorem.



Theorem 2

. FEIID)
v KE(piag (@

_ . (0.0 T (@) (o) 2 d (Q):
= arg min - KEPiA @i M) d (o

Proof Since the integral is quadratic inh, the minimum exists and obtained
when

@h, Kt(p; dif (@) i h(p)i® d* (q)

=iz KE(p;dlf () i h(p)] d*(q) =0:

4
@
M

Solving the equation, we obtain the result.

Theorem 2 shows the WFS is the solution of a weighted least s@ues mini-
mization problem.
When L is the Laplace-Beltrami operator with k = 1 , the heat kernel
K{ is a probability distribution in M , i.e.
z

Kt (pigdi(p)=1:
M

For this special case, Theorem 2 simpli es to
Z

FLf =arg min KL (p:a)f(a) i h(p) 2 d:(q):
¢ [F1(p) =arg iy, K (p;a) f(a) i h(p) “ d*(q)

In minimizing the weighted least squares in Theorem 2, it is wssible to
restrict the function space L?(M ) to a “nite subspace that is more useful in
numerical implementation. Let

X
H|:f _jAj(p):_jZRg
j=0
be the subspace spanned by basi8g; ¢ ¢ ¢A,. Then we have the following
theorem.

R
Theorem 3 If |, KK(p;g) d*(q)=1 and| - k, then
Z

F{If 1(p) = arg min y KE(p; 9if (@) i h(p)i? d* (a):

10



Proof Let h(p) = P }:O i Aj (p) 2 H: The integral is written as
Z _ X fz
(Casesy=  Ki@aT@i TA@E d(@:
j=0
Since the functional | is quadratic in ;¢ ¢ ¢ |, the minimum exists and it
is obtained when @%‘Io =0 for all j% By di®erentiating | and rearranging
terms, we obtain
Z

e - 1'A; (p)A;o(p) y f (A (a) d* (q)
j=0

= T A (DA o(p):
j=0
Now integrate the equations respect to measuré (p) and obtain
el ’jOtH;AJ’Oi = _jOZ

If K& is a probability distribution, this theorem holds. For any o ther sym-
metric positive de nite kernel, it can be made to be a probabiity distribu-
tion by renormalizing it. So Theorem 3 can be applicable in wile variety of
kernels.

3.2 Isotropic Di®usion on Unit Sphere

Let us apply the WFS theory to a unit sphere. Since algebraic arfaces
provide basis functions in a close form, it is not necessarya construct
numerical basis [44]. The WFS inS? is given by the solution of isotropic
di®usion. The spherical parametrization ofS? is given by the polar anglep
and the azimuthal angel" :

p = (sin pcos'; sinpsin'; cosy) (12)

with p=(u;") 2 [0;¥]- [0;2¥). The spherical Laplacian ¢ corresponding
to the parametrization (12) is given by

.
@_ @, 1 @

¢t= —— sinp— + ————:
sinp@u Ll@pl sinf u@'
There are 4 +1 eigenfunctions Y, (j | - m - 1), corresponding to the same
eigenvalue, | = I(l + 1) satisfying

¢ Yim = ,1Yim:

11



Yim is called the spherical harmonic of degreel and order m [15, 53]. It is
given explicitly as

8 o
2 cmP™(cosysin(mj' ); il m-i 1
Yim = %%Plo(cosu); m=0;

cm P} (cosp) cos(mj' ); 1. m- |
q_———
wheregm = 22 E:‘j]m};: and PM is the associated Legendre polynomials
of order m.

Unlike many previous imaging literatures on spherical harnonics that
used the complex-valued spherical harmonics [7] [27] [31] 9% only real-
valued spherical harmonics with di®erent normalizing consints are used
throughout the paper for its convenience for setting up a re&valued stochas-
tic model.

For f;h 2 L2(S?), we de ne the inner product as

Z 2Y4 Z Ya

i hi = F(Ph(p) d* (p);
"=0  p=0

where Lebesgue measuré! (p) = sin pdud'. Then with respect to the inner
product, the spherical harmonics satis es the orthonormal ondition
z

o Yij (P)Yim (P) d* (P) = % 4m ;

where % is the Kroneker's delta. The kernel Ktk is given by

K o\ = X X i 1(1+1) t .
Ke(pia) = e Yim () Yim (9): (13)

1=0 m=j |
The associated WFS is given by

X X
FEIFIp) = e D L Yim (D)

=0 m=j |

with Fourier coexcient fi, = H;Yhi. This form of WFS is called the
weighted-SPHARM and it has been used as a global di®erential parameter-
ization of the cortex for tensor-based morphometry [12]. Thespecial case
F(')‘[f] is the traditional SPHARM representation used in represening the

12
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Figure 1: Plots of RMSE over degree for bandwidthg = 0:01, 0001, Q0001,
0. The smoothed outer surfaces are at degrde= 85 showing the bandwidth
controls the amount of smoothing in representing the cortex The bandwidth
t = 0 corresponds to the traditional SPHARM. As t ! 0, the WFS converges
to SPHARM.

Cartesian coordinates of anatomical boundaries [27] [31#P]. Consider sub-
space
X X
Hi=f “imYim : m 2 Rg ¥%2L3(S?);
=0 m=j |
which is spanned by up to thek-th degree spherical harmonics. Then the
SPHARM sati es the least squares minimization problem di®ereat from

Theorem 2 and Theorem 3.

Theorem 4

F&IF1(p) = arg min kf | hk?: (14)
h2H i

13
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Figure 2: Automatic degree selection in the IRF algorithm. For each band-
width t, the optimal degree is automatically selected by checkingfiadding an

additional degree will be statistically signi cant. The out er cortical surfaces
are the results of the optimal selection procedure. The optnal degrees are
k =18(t =0:01);k =42(t =0:001); k =52(t = 0:0005) k = 78(t = 0:0001).

For our study, t = 0:0001 and the corresponding degre& = 78 is used

through the paper.

4 Numerical Implementation

In constructing the WFS representation, all we need is estinating Fourier

coezcients f|, = H; Y mi. There are three major techniques for computing
the Fourier coexcients. The rst method numerically integrat e the Fourier

coezcients over a high resolution triangle mesh [9]. Althoudn this approach

is the simplest to implement numerically and more accurate due to its brute

force nature of the technique, the computation is extremelyslow. The second
method is based on the fast Fourier transform (FFT) [7] [31]. The drawback

of the FFT is the need for a prede ned regular grid system so if he mesh
topology is di®erent for each subject as in the case of FreeSar [23], a time
consuming interpolation is needed. The third method is basé on solving
a system of linear equations [27] [48] [49] that minimize thdeast squares
problem in Theorem 4. This is the most widely used numerical echnique in
SPHARM literatures. However, the direct application of the least squares
estimation is not desirable when the size of the linear equabn is extremely
large.

Let
XX

h “im Yim(P) 2 H

1=0 m=j |

14



Given n nodespy; ¢ ¢ ¢p, in S2 mesh, the discretization of (14) is given by

,. xh XX o
kf i hk® Y f(pi)i Im Yim (Pi) - (15)
i=1 =0 m=j |

The minimum of (15) is obtained when

X x
f(pi) = im Yim (Pi) (16)
=0 m=j |
all 1 - i - n. The equation (16) is referred as thenormal equation in

statistical literatures. The normal equation is usually sdved via a matrix
inversion. Let

f = (f(p1); ¢ ¢¢f (pn))°

and
Ti=(neeey)e
Also let 2 3
Yii1(p) €€ ¢ Yy (p1)

Y= : :
Yii 1(pn) ¢ ¢ Yy (pn)
be an£ (2l +1) submatrix consisting of the I-th degree spherical harmonics

evaluated at each nodep;. Then (16) can be rewritten in the following
matrix form:

f=Y : (17)
with the design matrixY =[Y ;Y 1;¢ ¢ ¢Y ] and unknown parameter vec-
tor ~ = (" 9;¢¢ ¢ )0 The linear system is solved via

T=(Y%)ily&: (18)

The problem with this widely used formulation is that the siz e of the matrix

Y isn £ (k +1)?, which becomes fairly large and may not t in most of

computer memories. So it becomes unpractical to perform maix operation

(18) directly. This is true for many cortical surface extraction tools such

as FreeSurfer [23] that produces no less tham > 100 000 nodes for each
hemisphere. This computational bottleneck can be overcomdy breaking

the least squares problem in the subspacel into smaller subspaces using
the iterative residual tting (IRF) algorithm [48]. The IRF for WFS will

15



be given in the following subsection. Although IRF was rst introduced in
[48], the correctness of the algorithm was not given in [48]In this paper, we
present Theorem 5 that proves the correctness of the IRF forle rst time.
The IRF can be also used in estimating SPHARM coexzxcients by leting the
bandwidth t = 0 in the algorithm.

4.1 Iterative residual tting (IRF) algorithm

Decompose the subspackl into smaller subspaces as the direct sum:
Hk=10©11¢¢ ¢ O,

where subspace

X

I =f imYim(P) : 1m 2 Rg

m=i |
is spanned by thel-th degree spherical harmonics only. Then the IRF es-
timates the Fourier coetcients | in each subspacd | iteratively from in-
creasing the degree from 0 tok. Suppose we estimated the coezcients
“»¢¢¢ |, up to degreel j 1 somehow. Then the residual vector; ;
based on this estimation is given by

xr o
ria="f el 1ty = (19)
j=0

The components of the residual vectorr|; 1 are identical so we denote all
of them asrj; 1. At the next degree |, we estimate tlrye coexcients | by
minimizing the di®erence between the residuat;; ; and 'm:i [ ImYim 21 .
This is formally stated as the following theorem:

Theorem 5
X
fim Yim = argmin kry; 1 hk?: (20)
il h2l |
P, _ .
Proof Leth= [ _.| mYm(p) 21 The squared norm is denoted as
B ~Zon X i
L eeeyy) = o i 1(p) i imYim(P) d*(p):
m=j |

16



Sincel is quadratic in |n's, the minimum is obtained when @C‘Il”o =0 for
all m® By di®erentiating | with respect to "0 and letting it equal to zero,

we obtain

Z h X i
o Yim O(p) I l(p) i “im Yim (p) dt (p)
b m=j |
= < Yimo(P)ri; 1(P) d*(P) i~ imo: (21)

From (19), we have

Kix o
ria="j CRA A jim Yjm ;
j=0 m=j |

which is a linear combination of spherical harmonics up to [ 1)-th degree
so it is orthonormal to Y|, . Then the rst term in (21) simpli es to
z

, Yimo®)r1; 1(p) () = H: Y

Theorem 5 proves that the correctness of IRF procedure. Therthe dis-
cretization and the optimization is based on the normal equdion approach
(14):

TEYNY DY

Summarizing the results, the IRF algorithm is given below.
Algorithm 1 Iterative Residual Fitting (IRF)

1. Let | =0.

2. oA (YoYo)itY §f.
3.1A 1+1.
4

- P . _
CrpaAf g jLgel ity T

o1

TAMYDIY S o

(o2}

. If 1<k, go to step 3.

17



0.01

Figure 3: Shape of heat kernel with di®erent bandwidtht = 0:01, 005, 01,
0:5. The horizontal axis is the p value from the north pole (u = 0) to the
south pole (u= %)j. The weighting scheme used in WFS follows the shape
of the heat kernel.

4.2 Automatic optimal degree selection in IRF

The IRF algorithm hieratically build the WFS from lower to hi gher degree.
In most previous SPHARM literatures [7] [28] [27] [31] [48] 49], the issue
of the optimal degree has not been addressed. We present a $siical
framework for automatically determining optimal degree in the Algorithm
1. Although increasing the degree of WFS increases the goodss-of- t, it
also increases the number of coexcients to be estimated quaditically. So
it is necessary to nd the optimal degree where the goodness-ot and the
number of parameters balance out.

The Fourier coezcients f|,, can be modeled to follow independent normal
distribution N (% |m;?/1?). It is natural to assume the equal variance within
the same degree. This assumption is equivalent to modeling WS as the
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Figure 4: Plot of FWHM (vertical) over bandwidth t (horizontal) for both
heat kernel and Gaussian kernel. The FWHM has to be numericdy esti-
mated in the case of the heat kernel. The numerically computd FWHM is
used in the random "eld theory based multiple comparison corection.

sum of signal plus noise:

XI
f(pi) = e G Y () + 2(p1); (22)

1=0 m=j |

where 2 is a zero mean isotropic Gaussian random eld.
Then at each iteration, we test if adding the k-th degree terms in the i
1)-th degree model is statistically signi cant by testing the null hypothesis

Ho:'km =0 for jmj - k:

The test statistic is constructed from the sum of squared erors (SSE). Let
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the k-th degreesum of squared errors(SSE) be

X
SSE = ri(p):

i=1
The plot of the root mean squared errors(RMSE), P SSE=n for varying
degree 5 k - 85 is shown in Figure 1. As the degred increases, the root
mean squared errors keep decreasing until it °attens out. Satiis reasonable
to stop the iteration when the decrease in error is no longer igni cant.
Under Hyg, the test statistic is

£ = (SSBq1i SSE)=(2k+1) ~ _ )
SSE(| 1=(n i (k + 1) 2) 2k+1;nj (k+1) 2>

the F-distribution with 2 k + 1 and nj (k + 1)? degrees of freedom. We
compute the F statistic at each degree and stop the IRF procedure if the
corresponding P-value rst becomes bigger than the pre-speci@ signi -
cance® (® = 0:01 in this study). For bandwidth t = 0:0001, the optimal
degree is determined to bek = 78 (Figure 2).

4.3 Computing FWHM

Since the WFS representation is a kernel smoothing method tiis useful to
know the full width at the half maximum (FWHM) of the underlyi ng kernel.
The computed FWHM is later used in the random eld based multiple com-
parison corrections [11] [13] [56] [55]. Computing the FWHMof heat kernel
used in WFS is not trivial since there is no known close form egression
for FWHM as a function of bandwidth t. Therefore, FWHM is computed
numerically.

For p;q;r 2 S?, let us de ne the Cartesian inner product ¢as p ¢q =
cos(l); where 1 is an angle betweenp and g. The heat kernel (13) is sym-
metric along the geodesic circle. lp¢g= pdr, we haveK £(p; ) = K{(p;r).
This property can be used to simplify the expansion (13) usiig the harmonic
addition theorem [30] [53].

Theorem 6 (Harmonic addition theorem)
X 2 +1

2, PP eo): (23)

Yim () Yim (Q) =

m=i |
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Proof Fix the azimuthal angel * = 0 and p be the north pole, i.e. p =
(0;0;1). Now by varying g = (sin y;0;cosp) for 0 - u - ¥ we have
Yim(;' ) =0if m 6 0. Then we have

X 21+1
Yim (P)Yim (@) = Yio(p)Yio(Q) = 7,

m=j |

PL(1)PP(cosp):

Note that P2(p) = 1. This implies that the sum of product of the spherical
harmonics is a function of the inner product betweenp and g only. From
symmetry, if we rotate p back to the original position from the north pole,
the same result should hold.

Using the harmonic addition theorem, we simplify the heat kenel in the
following theorem.

Theorem 7 For any p;q2 S?,

X o4
Kipa=" 2 la0mtpo(peg): 24)

=0 44
Theorem 7 is used to plot the shape of the heat kernel by Xingp to be
the north pole and by varying pu = cos (p ¢q) (Figure 3). Similar result is
also given in [7]. The maximum of the kernel is obtained at = 0. Then the

FWHM is solved numerically for puin

1X 241 L, X+ ;
; = ai 10+1) % _ = el 10+ ¥pO(cosyy):
1=0 1=0

The FWHM is then 2. Figure 4 shows the nonlinear relationship between
bandwidth t and the corresponding FWHM. When t = 0:0001, the cor-

responding FWHM is 0.2262. This is the FWHM we have used in the
subsequent cortical thickness analysis.

5 Uni ed Surface-based Morphometry via WFS

In this section, we show how the WFS representation is used tauantify
cortical surface shape variations in a group of autistic sulects. The WFS
provides a uni ed framework for comparing VBM and the cortical thickness
analysis in parallel.
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Figure 5: Cortical thickness measures projected onto an avage surface for
better visualization. As the bandwidth increases fromt = 0:0001 tot = 0:01,
the amount of smoothing also increases. The rst image showshe cortical
thickness obtained from the traditional deformable surfae algorithm [11]
[13] [36].

5.1 Data Set

ny = 12 high functioning autistic (HFA) and n» =12 normal control (NC)
subjects were screened to be right-handed males. The autistisubjects were
diagnosed via The Autism Diagnostic Interview - Revised (AD-R) used by a
trained and certi ed psychologist at the Waisman center at the University of
Wisconsin-Madison [18]. Age distributions for HFA and NC are compatible
at 15:938 4:71 and 17088 2:78 respectively.

High resolution anatomical magnetic resonance images (MRlwere ob-
tained using a 3-Tesla GE SIGNA scanner with a quadrature headRF coil. A
three-dimensional, spoiled gradient-echo (SPGR) pulse segmce was used to
generate T1-weighted images. Image intensity nonuniformity was correted
using the nonparametric nonuniform intensity normalization method [50]
and then the image was spatially normalized into the Montred neurological
institute (MNI) stereotaxic space using a global atne transformation [14].
Afterwards, an automatic tissue-segmentation algorithm based on a super-
vised arti cial neural network classi er was used to classify each voxel as
cerebrospinal °uid (CSF), gray matter, or white matter [35]. Subsequently
a deformable surface algorithm [36] is used to generate theuter and the
inner cortical meshes.
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5.2 Stochastic Model

Let M o and M ; be the outer (pial) and inner surfaces of the brain respec-
tively. The unit sphere S? is realized as a triangle mesh and deformed to
match the outer and inner surfaces in such a way that anatomial homology
and the topological connectivity of meshes are preserved §3. The cortical
surfaces can be assumed to be smooth 2-dimensional Riemannimanifolds
parameterized by two parameters [19] [33]. Based on the defmable algo-
rithm [36] that establishes the homology between theS2 mesh and the outer
cortical surface, the Cartesian coordinates of the mappingre discretely pa-
rameterized by the spherical parametrization (12) as

v = (vi(p); v2(p); va(p)):

The inner surface is parameterized similarly as

w = (w1(p); wa(p); wa(p)):
These discrete coordinate functions are further smoothed pthe WFS:

X x .
vi(p) = e D Yim (p): (25)

=0 m=j |

We modelv; stochastically as (22) by assumingflim to follow independent
normal distribution N (1| ;%#) for coordinate i, degreel, and orderm. This

Im
assumption is equivalent to modelingv; as the sum of signal plus noise:
o X I(1+1) ty i
vi(p) = e Y im Yim (P) * 2 (p);
1=0 m=j |

where 2; is a zero mean Guassian random eld with a certain isotropic
covariance function. A similar stochastic modeling appro&h has been used
in [39] where the canonical expansion of Gaussian random elds used to
model the component of a deformation “eld.

The mean and the variance functions of the surface are givenyb

X X i l(1+1)tqi
Evi(p) = el Lim Yim (P); (26)
1I=0 m=j |
X X i 21(1+1) t32v/ 2
Wvi(p) = e Y Yim (P)
1I=0 m=j |
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The total variability of the surface is then measured by
z X X
Vv dt (p) = el 2 typ
s? =0 m=j |
indicating the increase of smoothing bandwidth decreasedhe total variabil-
ity. If
xoxo 1(1+2) te ij
vi (l5") = e fim Yim (1) (27)
1=0 m=j |
is the WFS for the j-th subject (1 - j - s), the unknown parameters? }m
and ¥¢ are estimated as the sample mean and the sample variance:

g = 27 (28)
j=1
5 = 1 X x i 2.
% - (2|+1)(S| 1)m:i|j:1(f|m | Im) .

The inner surface is stochastically modeled similarly as

X X .
wi (p) = el "Dl Yim (p): (29)

1I=0 m=j |

5.3 Surface normalization

Previously cortical surface normalization is performed byminimizing an ob-
jective function that measures the global t of two surfaces while maximizing
the smoothness of the deformation in such a way that the gyrapatterns are
matched smoothly [11] [47] [52]. In the WFS representationthe surface nor-
malization is straightforward and does not require any sortof optimizations
explicitly.
Given surfacesvi; and vj2 as in (27), the displacement eldd; that min-

imizes the integral of the squared errors of warpingvj1 to v, is simply given
by the following theorem.

Theorem 8
Z

Vi2i Vi1 =arg dmziﬂ 2[di (Vi1) i Viz]? dt (p):
i2Hk g
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Figure 6: Multi-scale representation of surface registraton toward the av-
erage template. The top is the inner surface while the bottomis the outer
surface. ® = 0 is the surface of one particular subject while® = 1 is the
average surface of 24 subject. The amount of registration sees as a multi-
scale representation where the optimal scale for di®erentilng two groups
should be searched for.

Theorem 8 shows that the optimal displacement in the least sgares sense is
obtained by simply taking the di®erence between two WFS reprgentations.
Unlike other surface registration methods used in warping srfaces between
subjects [11] [47] [52], it is not necessary to consider an didional cost
function that guarantees the smoothness of the displaceméneld since the
displacement eld vi> j vj; is already a linear combination of smooth basis
functions. Based on this idea, we normalize WFS surfaces.

Let ¥ be the mean surface obtained by replacing |, in (26) with the
sample mean (28). Figure 6 shows the mean surface for 24 subjs used in
the study. The mean surface serves as a template for a statigtal analysis
later. For subject j, the displacement from surfacevjj to the template is

Cvij = Vi vj:
Consider surface
Vi(®=vj+®vi=(1i ®vj +&¥; (30)

which is the trajectory of the deformation from vj; to the template ¥; param-
eterized by ® 2 [0;1]. When ® =0, vjj (®) is the j -th subject surface while
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Figure 7: Left: plot of image registration variability c(®). Middle: plot of

the maximum of T statistic at each scale. Right: plot of corrected P-value
corresponding to the maximum of T statistic. At ® = 0:4, the minimum

P-value of less than 0.1 is obtained so we choos®= 0:4 to be the optimal
scale that separates the two groups. The lines are the best "ihg quadratic
curve in the least squares sense.

when® = 1 it is the template surface. The parameter ® controls the amount
of registration from the coarse-to- ne scale toward the templde. Figure 6
showsv;(®) at 11 di®erent scales between 0 and 1 with 0.1 increment for a
single subject. The larger the value of®, the smaller the image registration
variability across the subjects with respect to the template. This is shown
from the total variability computed at each scale ®:

Z X X
V(vi) & (p) = o(®) ¢ 20419,
52

I=0 m=j |

where

(@) = nij 1®2+|1_ nj 1®¢2
n2 ' h

is decreasing over 0 ® - 1 (Figure 7).

5.4 Optimal Voxel-based Morphometry

Based on the multi-scale representation of surface registtaon, the optimal
amount of registration needed in VBM is determined. The gray matter
density is constructed using the 3D Euclidian distance map bthe surfaces
at each scale. For the outer surfaceM o(®) at scale ®, the distance map at
each voxelx is de ned as

dist o(x) = ymin(® kx i yk;

[o]
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Figure 8: Left: contour plot of the average distance map in mmat scale
® = 0. Right: Gaussian kernel smoothing of the gray matter densty map
with 20mm FWHM.

wherek ¢ kis the Euclidian norm. The minimum is found using the nearest
neighbor search algorithm on an optimized k-D tree [25]. Simarly we denote
the distance map for the inner surfaceM ;(®) asdist j(x). Then the average
distance map is de ned as

dist o(x) + dist j(x)

dist (x) = .

The average distance map for a subject is shown in Figure 8. Tédaminimum
of the average distance is always obtained in the middle of ta outer and the
inner surfaces, where the probability of a voxel belong to tie gray matter
class should be the highest. Then we de ne the gray matter derity as

. h dist 2(x)!
density (x) =exp i T() ; (31D
where parameter’2 controls the spread of density. In this paper, we used
Y% = 3. The gray matter density is always between 0 and 1 and it obains
its maximum in the interior of the gray matter region, where the average
distance map obtains the minimum. The density map is further convoluted
with the 3D Gaussian kernelK with 20mm FWHM to increase the smooth-
ness and normality of data [2] [10] (Figure 8). The smoothed dnsity map
K adensity (x) is stochastically modeled as a Gaussian random eld.
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At each scale, we construct the smoothed density map for eachubject.
Then the two sample t-test statistic T with the equal variance assumption
is computed on the convoluted gray matter density maps at eals voxel [10] .
The resulting T random "eld T (x) is distributed as a student t distribution
with © = n; + nyj 2 degrees of freedom at each voxel. Based on the
random “eld theory [56] [55] [54], the test statistic, which accounts for the
multiple comparison correction, is the maxima of T eld over the gray matter
M 4. The correspondingcorrected P-valueis computed using the following

formula;
3

P sup T(x)>h
X2M ¢

VoI(M ) (41n2)3%2% 0 ; i 1'3 » h2 it
FWHM3 (292 ° o !

1

where Vol(M ¢) = 2:13£ 10°mm?3 is the volume of the gray matter of the
template. The gray matter volume is estimated by computing the volume
bounded by the outer and inner meshes [13]. Restricting theearch region
from the whole brain volume to the gray matter boosts the sigral detection
power. The optimal image registration scale is determined® be the one that
provides the maximal discrepancy between the groups. Heng¢éhe minimum

corrected P-value can be chosen as a criteria for determininghe optimal

scale. The maximumT statistic value and its corresponding corrected P-
value at each scale are plotted in Figure 7 showing that the ofimal scale is
obtained when® = 0:4. At this scale, the maximum T-stat. is 5.43 while the
minimum T-stat. is -5.04. The random eld theory based thresholding of
h = §5:35 gives the corrected P-value of 0.1. Figure 9 shows the optiatly

constructed T-stat. map thresholded at § 4.0 and interpolated into the

nearest point in the cortical surface showing increased gsamatter density

in the localized areas of the autistic subjects.

5.5 Cortical Thickness Analysis

The previously available approaches for computing the coiital thickness
in discrete triangle meshes produce noisy thickness meass [11] [23] [36].
So it is necessary to smooth the thickness measurements algrthe cortex
via PDE based smoothing techniques [1] [8] [13]. On the othehand, the
WEFS provides smooth functional representation of the outerand inner sur-
faces so that the distance measures between the surfaces alibbe already
smooth.Hence, the WFS avoids this additional step of thickress smoothing
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Figure 9: T statistic map for gray matter density and cortical thickness
thresholded at between -4 and 4 for the comparison purpose. Ithe gray

matter density results, signals are mainly detected in eitker the inner sur-

face or the outer surface but not in the middle surface. This alidates the

conjecture in VBM that the signal will be mainly detected around the tis-

sue boundary. The gray matter density results and the thickress results do
not overlap recon rming that the thickness and gray matter density are not

positive correlated measurements. Our study directly demastrates that the

VBM and cortical thickness analysis SPMs will not overlap.

done in most of thickness analysis literatures [13] [11] . lis not necessary
to perform data smoothing in the WFS formulation.

Using Theorem 8, we establish the homology between the outeand the
inner surfaces in the least squares fashion. We will call tli homology as
the WFS-correspondence For the outer surface (25) and the inner surface
(29), the cortical thickness is de ned to be the Euclidean disance between
the WFS-correspondence:

hx x . R
thick (p) = e 2Dl ofl)2

1I=0 m=j |
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Figure 10: Top: gray matter density projected onto inner, mid and outer
surfaces. On the inner surface, the deep sulcal regions shahe low density
while the gyral ridges show high density. On the outer surfae, this is oppo-
site. The deep sulcal regions show high density while the g ridges show
lower density. The middle surface shows high density. Botton: Scatter plot
of gray matter density over thickness. They show negative coelations.

A similar approach has been proposed for measuring the closess be-
tween two surfaces [27]; however, this is the rst study usingthe spherical
harmonics in de ning the cortical thickness. Figure 5 shows he comparison
of cortical thickness computed from the traditional deformable surface al-
gorithm [36] and the WFS-correspondence. The cortical thickess obtained
from the traditional approach introduces a lot of triangle mesh noise into its
estimation while the WFS-correspondance approach dose notThe spatial
smoothness of the thickness is controlled by the bandwidtt.

For the group comparision between the autistic and the normé control
groups, two sample t-test is performed. The corresponding aoected P-value
is computed using the following formula:

3 .

P supT(p)>h

p2S?
) 1 (4In2) (= h31+h2 ey
FWHM 2 (219122 (3)*22i( 3) ° ’
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Figure 11: Correlation of thickness and gray matter densityfor 24 subjects
mapped on both the inner and the outer surfaces. Most of bothnner and
outer surfaces show negative correlation. Thicker cortichregions are less
convoluted so the gray matter density tend to be lower.

where FWHM is from the heat kernel used in the WFS. We used FWHM
= 0:2262 corresponding to bandwidtht = 0:0001. Then for the threshold
h = 8 4:5, we obtain the corrected P-value of 0.1. The minimum T-stat. &
-4.73 while the maximum T-stat. is 4.83. Figure 9 shows the T-sth map
thresholded at § 4.

5.6 Comparing Cortical Thickness and Gray Matter Density

Most morphometric studies [2] [5] [11] [13] [23] [29] perfon VBM and corti-
cal thickness analysis separately and it is not clear if two aatomical indices
measure the same anatomical characteristic. Although boththe gray matter
density and the cortical thickness are presumed to measurehe amount of
gray matter, it is unclear if these two measures are positivly correlated.
Comparing the SPM of density and thickness in Figure 9, no stéstically
signi cant regions overlap. Since both metrics have been assned to be the
indicators of the amount of gray matter, the result is paradoxical. So we
have correlated these two metrics within a subject (Figure D) and across
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[

Figure 12: Simple 2D schematic showing the negative correfmn between
thickness and gray matter density. Gray colored pixels are he gray matter.
The black circles are the contour of heat kernel. There are I&s gray matter
pixels in region (c) than region (a) although the thickness n region (c) is
thicker than that of region (a). The gray matter density in th e middle of the
gray matter (b) is close to 1 for all subject indicating very small between-
subject and between-group variability. Because of the smalbetween-group
variability, VBM does not usually detect signal in the middl e of the gray
matter. Most of the signi cant signal detected in VBM is near t he tissue
boundary where the between-group variability is high.
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subjects (Figure 11) to further investigate the relationship. Surprisingly the

scatter plot in Figure 10 shows negative correlation withina subject. By as-
signing the density value of a voxel that contains a vertex ofa cortical mesh
to the vertex, we can project the gray matter density onto inner, middle

and outer surfaces. The middle surface is obtained by averagg the inner

and the outer surfaces in the WFS-correspondance. Surfaceb@v di®erent
patterns of a negatively correlated scatter plots. Figure 1L shows complex
pattern of nonuniformity of density. On the outer surface, deep sulci have
higher density compared to gyri while on the inner surface, he pattern is

opposite. The middle surface shows higher density comparetb the outer

and the inner surfaces as expected. These complex patterng the nonuni-

formity of density is due to the folding pattern of the cortex. Since the sulci
on the outer surface and the gyri on the inner surface are higly folded,

these regions should have more gray matter within the spheref xed ra-

dius as illustrated in Figure 12. On the other hand, thin cortical regions
will fold more than thick cortical regions. This inverse geamnetric relation is

causing the negative correlation between density and thickess and, in turn,
the resulting SPM di®er in the regions of statistically signicant di®erence.
We further computed the correlation between two measures aoss 24 sub-
jects. Figure 10 shows a similar result showing negative coelation across
subjects in most regions of cortex. Based on this primary radgt, it is clear

that gray matter density and cortical thickness should be aralyzed together
in a multivariate fashion rather than analyzing separately.

6 Conclusions and Discussions

In this paper, we presented a uni ed theoretical framework fo the WFS and
detailed numerical implementation issues. The WFS is used @.a smooth
global parametrization of the cortex. It is a very °exible functional esti-
mation technique for scalar and vector data projected onto aunit sphere.
The WFS can be also viewed as a cortical data smoothing techgue. The
WEFS is shown to be a solution of the Cauchy problem in PDE and fo a
speci ¢ weights, it becomes di®usion smoothing [13]. As an afipation of
this novel approach, we used the WFS as a tool for comparing ta VBM
and the cortical thickness analysis. Using the WFS represdation as the
ground truth, cortical thickness and gray matter density are constructed,
and morphometric analysis on these indices are performed.

In the VBM, the problem of determining optimal amount of imag e reg-
istration has been addressed. It was shown that the opimal sde is obtained
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somewhere between global atne registration and the WFS-corsgpondance
based nonlinear warping. This multi-scale VBM incorporatesthe convoluted
nature of the gray matter using the WFS more accurately than the previous
3D-based VBM. The explicit mathematical representation of the WFS-based
surface-to-surface registration enabled us to construct therajectory of the
deformation "eld. This trajectory is used as a parameter for @ntrolling the
amount of image registration in a multi-scale fashion. Then te optimal
VBM is chosen that gives the maximal discrimination betweenthe two clin-
ical groups. In the cortical thickness analysis, the thickress is established
using the same WFS- correspondence. Afterwards, the SPMs d¢he VBM
and the thickness are compared to show the statistically sigi cant regions
do not overlap. This surprising result is caused by the negave correlation
between density and thickness. Increased folding increasethe gray mat-
ter density while decreasing thickness. This should servesaa spring board
for investigating further on comparing the VBM and the corti cal thickness
analysis.
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