
Supplementary Materials to “A Non-Homogeneous

Hidden Markov Model on First Order Differences for

Automatic Detection of Nucleosome Positions”

Pei Fen Kuan1, Dana Huebert2, Audrey Gasch3, Sündüz Keleş1,4∗
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1 Model fitting for the non-homogeneous HMM with

the Expectation-Maximization Algorithm

Let qt be the hidden state latent variable for probe t and λ = (π, A, B), where A is the

transition probability matrix and B is the emission distribution. The complete log likelihood

is given by:

log P (O,Q | X,λ) = log P (O | Q,X, λ)P (Q | X,λ)

= log

[
T∏

t=1

N∏

i=1

bi(Ot)
I(qt=i)

] 


T−1∏

t=1

N∏

i=1

N∏

j=1

ai,j(Xt+1)
I(qt=i,qt+1=j|Xt+1)




[
N∏

i=1

π
I(q1=i)
i

]
.

We assume that

bi(Ot) = N(µi, σ
2
i ),

ai,j(Xt+1) =
exp(γi,j + βjXt+1)∑N

k=1 exp(γj,k + βkXt+1)
.

Expected complete log likelihood is given by

E[log P (O,Q | X,λ)] =
N∑

i=1

P (q1 = i | O, λ) log πi

+
T∑

t=1

N∑

i=1

P (qt = i | O, λ) log


 1√

2π(X1)σ2
i

exp

(
−(Ot − µi)

2

2σ2
i

)


+
T−1∑

t=1

N∑

i=1

N∑

j=1

P (qt = i, qt+1 = j | O,Xt+1, λ) log ai,j(Xt+1).

E-step: Define two variables γt(i) and ξg,t+1(i, j):

γt(i) = P (qt = i | O, λ)
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=
αt(i)βt(i)∑N

i=1 αt(i)βt(i)

=
αt(i)βt(i)∑N

i=1 αT (i)

=
N∑

j=1

P (qt = j, qt+1 = j | O,Xt+1, λ),

ξt+1(i, j) = P (qt = i, qt+1 = j | O,Xt+1, λ)

=
αt(i)ai,j(Xt+t)bj(Ot+1)βt+1(j)∑N

i=1

∑N
j=1 αt(i)ai,j(Xt+t)bj(Ot+1)βt+1(j)

=
αt(i)ai,j(Xt+t)bj(Ot+1)βt+1(j)∑N

i=1 αT (i)
,

where αt(i) = P (O1, ..., Ot, qt = i | λ) and βt(i) = P (Ot+1, ..., OT | qt = i, λ).

M-step:

max E[log P (O,Q | X,λ)]

s.t
N∑

i=1

πi = 1,

N∑

j=1

ai,j(Xt+1) = 1, t = 1, ..., T − 1

yields

π̂i = γ1(i),



µ̂1 =
∑T

t=1
γt(BN )Ot−

∑T

t=1
γt(BL)Ot∑T

t=1

∑
i∈{BN ,BL}

γt(i)

µ̂2 =

∑T

t=1

∑
i∈{N1,N2a,L3}

γt(i)Ot−
∑T

t=1

∑
i∈{N2c,N3,L1}

γt(i)Ot∑T

t=1

∑
i∈{N1,N2a,N2c,N3,L1,L3}

γt(i)
, if µ̂1 ≥ µ̂2

µ̂1 = µ̂2 =

∑T
t=1

∑
i∈{BN ,N1,N2a,L3} γt(i)Ot −∑T

t=1

∑
i∈{BL,N2c,N3,L1} γt(i)Ot∑T

t=1

∑
i∈{BN ,BL,N1,N2a,N2c,N3,L1,L3} γt(i)

, if µ̂1 < µ̂2.

3



The non-parametric transition probabilities for the case study is updated as follows:

âi,j =

∑T−1
t=1 ξt+1(i, j)∑T−1

t=1 γt(i)
for i 6= N3, BL, L3,

âp
N3,BL

=

∑T−1
t=1 ξt+1(N3, BL)I(Xt+1 ≥ 0)
∑T−1

t=1 γt(N3)I(Xt+1 ≥ 0)
,

ân
BL,BN

=

∑T−1
t=1 ξt+1(BL, BN)I(Xt+1 < 0)
∑T−1

t=1 γt(BL)I(Xt+1 < 0)
,

ân
L3,BN

=

∑T−1
t=1 ξt+1(L3, BN)I(Xt+1 < 0)
∑T−1

t=1 γt(L3)I(Xt+1 < 0)
.

Note that the parameters in the logistic regression model cannot be solved analytically. The

parameters can be optimized via a conjugate gradient algorithm. The details can be found

in Robertson et al. (2004). The computation of αt(i) and βt(i) is based on the forward and

backward procedure (Rabiner; 1989).

1.1 Forward procedure

Let αt = P (O1, O2, ..., Ot, qt = i | λ).

• Initialization:

α1(i) = P (O1, q1 = i | λ) = πibi(O1), for 1 ≤ i ≤ N .

• Induction:

αt+1(j) = [
∑N

i=1 αt(i)ai,jX(t+1)]bj(Ot+1), for 1 ≤ t ≤ T − 1, 1 ≤ j ≤ N .

• Termination:

P (O | λ) =
∑N

i=1 αT (i).

1.2 Backward procedure

Let βt(i) = P (Ot+1, ..., OT | qt = i, λ).
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• Initialization:

βT (i) = 1, for 1 ≤ i ≤ N .

• Induction:

βt(i) =
∑N

j=1 ai,j(Xt+1)bj(Ot+1)βt+1(j), for t = T − 1, T − 2, ..., 1, 1 ≤ j ≤ N .

• Termination:

P (O | λ) =
∑N

i=1 β1(i)bi(O1)πi.

The optimal hidden state sequence is obtained via Viterbi algorithm (Rabiner; 1989).

1.3 Viterbi algorithm

Define δt(i) = maxq1,...,qt−1 P (q1, ..., qt = i, O1, ..., Ot | λ).

• Initialization:

δ1(i) = πibi(O1), for 1 ≤ i ≤ N ,

ψ1(i) = 0, for 1 ≤ i ≤ N .

• Recursion:

δt(j) = max1≤i≤N [δt−1(i)a
(t)
i,j ]bj(Ot), for 2 ≤ t ≤ T , 1 ≤ j ≤ N ,

ψt(j) = argmax1≤i≤N [δt−1(i)a
(t)
i,j ], for 2 ≤ t ≤ T , 1 ≤ j ≤ N .

• Termination:

P (O | λg)
∗ = max1≤i≤N [δT (i)],

q∗T = argmax1≤i≤N [δT (i)].

• Path backtracking:

q∗t = ψt+1(q
∗
t+t), for t = T − 1, T − 2, ..., 1.
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2 HMM architecture in simulation studies

Figures 1(a) and 1(b) show the HMM hidden states architecture used in Simulation I and II,

respectively. We simulate data for tiling arrays consisting of 50-mer oligonucleotides probes

tiled at 20 base pairs resolution. In Simulation I, we consider sinusoidal curves with different

periodicity as shown in Figure 2. An example of simulated data from Simulation II with

mixture emission distributions is given is Figure 3.

3 Example of “hand picked” annotation

An example of “hand picked” annotation from Yuan et al. (2005) is given in Figure 4, which

illustrates that some uncertainties in mapping nucleosome-linker boundaries still exist despite

careful visual inspection. For instance, the linker between the nucleosomes 2 and 3 in the

top left panel could possibly be shifted by one probe.

4 Summarizing reads across genomic position in ChIP-

Seq data

Figure 5 illustrates the procedure in obtaining total reads for each genomic position in the

ChIP-Seq data. In particular, we first extend these reads to 150 base pairs according to the

sequence orientation for both the plus and minus strands. The total reads for each genomic

position is then taken to be the sum of all extended reads at the position.
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Figure 1: HMM architecture in Yuan et al. (2005). D1-D9 represent delocalized high nucle-
osomes, N1-N8 represent well-positioned high nucleosomes, DL1-DL9 represent delocalized
low-signal nucleosomes, NL1-NL8 represent well-positioned low-signal nucleosomes and L
represents a linker probe.
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Figure 2: Trend lines in the simulated data. The periodicity of the sinusoidal trend lines is
varied in each simulation scenario.

9



300 350 400 450

−
3

−
1

0
1

2
3

Original data

Probe id

Lo
g 

ra
tio

s

300 350 400 450

−
3

−
1

0
1

2
3

Detrended data

Probe id

Lo
g 

ra
tio

s

300 350 400 450

−
3

−
1

0
1

2
3

Smoothed data

Probe id

Lo
g 

ra
tio

s

Figure 3: An example of simulated data from Simulation II. Middle panel is the data
detrended by comparing peak and trough within a window size of 7 probes. Bottom panel
is the smoothed data. Black vertical lines represent nucleosome probes.
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Figure 4: Examples of “hand picked” annotations in Yuan et al. (2005). The left panels are
original data based on the “hand picked” annotations in Yuan et al. (2005) for two regions
in chromosomes 5 and 7, respectively. The right panels are the smoothed data for similar
regions. Although the “hand picked” nucleosomes are reliable, there are still some uncer-
tainties in picking the boundaries of nucleosome-linker, for instance between nucleosomes 2
and 3 in the top panels and between nucleosomes 1 and 2 in the bottom panels.
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Figure 5: Illustration of obtaining reads for each genomic position in ChIP-Seq data. The
white rectangles are reads mapped to the plus strand and the black rectangles are reads
mapped to the minus strand. Panel B shows the extended reads (150 base pairs). Panel C
shows the total read for each genomic position.
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