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Abstract

Suppose that X is a random vector with probability distribution P and suppose that P denotes a proposed model that

involves interesting parameters and relationship between variables. We consider statistical inference procedures for the

case where PeP constructed as follows: let hðPÞ denote the parameter of the distribution Q 2 P that minimizes a

Kullback–Leibler (K–L)-type discrepancy KðQ;PÞ between Q and P. We take hðPÞ to be the parameter of interest. The

estimate of hðPÞ, when it exists, is defined by ĥ ¼ hðP̂Þ where P̂ is the empirical probability. We call hðP̂Þ a Kullback–Leibler

empirical projection (KLEP). When hðP̂Þ does not exist, we extend the concept of a K–L discrepancy to limits of empirical

likelihoods to obtain KLEP procedures. Properties of inference procedures based on ŷ are considered when PeP. In

particular we compare the naive procedure that uses the standard error applicable when P 2 P, the sandwich formula

standard error, and the bootstrap standard error using asymptotic methods and Monte Carlo simulation. For regression

experiments with a model based on transforming both response and covariates, we use results of Hernandez and Johnson

[1980. The large-sample behavior of transformations to normality. J. Amer. Statist. Assoc. 75, 855–861] to derive KLEP

procedures.

r 2007 Elsevier B.V. All rights reserved.
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1. Introduction

Box (1979) captured the spirit of much of the work on statistical modeling when he said ‘‘Models of course,
are never true but fortunately it is only necessary that they be useful’’. We consider, as have many others, the
effect on statistical inference of the true distribution being outside the working model. The probability
distribution P generating the data is outside the model class P being used in the statistical analysis.

A common example is linear regression models P where the response Y is modeled to depend linearly on
covariates X 1; . . . ;X d . In this case, if the true distribution P generating ðX 1; . . . ;X d ;Y Þ falls outside P, the
statistical least squares analysis applies to the coefficients in the linear model ‘‘closest’’ to P.
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In general, the Q in P closest to P is determined by minimizing a measure of how much Q differs from P.
We consider the Kullback–Leibler (K–L) divergence

KðQ;PÞ ¼ �EPðlog½qðZÞ=pðZÞ�Þ,

where Z denotes a random vector and p and q are the densities of P and Q with respect to some common
measure m. Let

JðQ;PÞ ¼ EPðlog qðZÞÞ

be the entropy of Q under P and note that

arg inffKðQ;PÞ : Q 2 Pg ¼ arg supfJðQ;PÞ : Q 2 Pg. (1.1)

Because P is unknown, we consider replacing it with the empirical distribution P̂ which assigns probability
p̂i ¼ n�1 to each observed zi in the realization of an i.i.d. sample of size n from P.

If KðQ; P̂Þ does not exist in R, using (1.1), we can instead use

Q̂ ¼ arg supfJðQ; P̂Þ : Q 2 Pg ¼ arg sup
Xn

i¼1

log qðziÞ : Q 2 P

( )
(1.2)

which is the method of maximum likelihood when P is a parametric model.
When P is non- or semiparametric, then Q̂ as defined in (1.2) may not exist. In this case we can use a

variation of an empirical likelihood (Owen, 1988, 2001; Shao, 2003; Bickel and Doksum, 2008) instead of
JðQ; P̂Þ. Here (Bickel and Doksum, 2008), we let P̄ be the closure in weak convergence of the union ofP and a
class PD of discrete distributions Q that are consistent with the model P and assign positive probability
qi ¼ QðfzigÞ40 to each zi, i ¼ 1; . . . ; n;

Pn
i¼1 qi ¼ 1. Then we define the maximum empirical likelihood

estimate (MELE)

Q̂E ¼ arg sup
Xn

i¼1

log qi : Q 2 P̄

( )
. (1.3)

Let q̂EðziÞ denote the qi that maximizes (1.3). The empirical K–L divergence corresponding to Q̂E is

KEðQ̂E; P̂Þ ¼ �EP̂ðlog½q̂EðZÞ=p̂ðZÞ�Þ ¼ log
1

n
�

1

n

Xn

i¼1

log q̂EðziÞ,

which is non-negative and equals zero when P contains all distributions. Note that P̂ is uniform and
maximizes the entropy among all distributions on fz1; . . . ; zng (e.g. Cover and Thomas, 2003), while Q̂E

maximizes the entropy among these distributions over Q 2 P̄.
One possible definition of PD is

PD ¼ QD : QDðziÞ ¼ qðziÞ
Xn

j¼1

qðziÞ : Q 2 P

,( )
.

In this case, if we set q̄ ¼ EPðqðZÞÞ and QD 2 PD, then

KðQD; P̂Þ�!P � EPðlog½qðZÞ=q̄�Þ.

Thus, we can measure the ‘‘distance’’ between P and the model P by

IðP;PÞ � inff�EPðlog½qðZÞ=q̄�Þ : Q 2 Pg.

Often P is parametrized as fPh : h 2 Yg where h ¼ ðb; ZÞ consists of a Euclidean parameter b and a function
Z. We take the parameter of interest to be the hðPÞ 2 Y that is the parameter of the distribution Q in P that is
closest in a K–L sense (as defined above) to the probability P that generates the data in an experiment. The
estimate of hðPÞ is the Kullback–Leibler empirical projection (KLEP) ĥ ¼ hðP̂Þ. This estimate provides the best
of two worlds: if P 2 P, then ĥ is asymptotically optimal by maximum (empirical) likelihood theory. If PeP,
then ĥ is nonparametrically asymptotically optimal by the theory of efficient influence functions (e.g. Bickel
et al., 1993, 1998; van der Vaart, 1998). We investigate the sandwich and bootstrap approach to statistical
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inference for the situation where PeP for linear, Box–Cox, and logistic models and find that, for the linear
model, both the sandwich and bootstrap approaches give good results while for the Box–Cox model, the
bootstrap is the best choice.

The goal is to select P to be a useful model. One of the most useful models is the multivariate normal model
because of the intuitive interpretations of its parameters. On the other hand, the distance between P and P
should be small to avoid systematic distortions. Hernandez and Johnson’s (1980) results can be used to unite
the goals of being useful and realistic by using a model based on transforming the original data to multivariate
normality. We show in Section 5 how to use Hernandez and Johnson (1980) to derive KLEM estimates of the
parameters in a regression model based on transforming both the response and the covariates using Box–Cox
transformations (Box and Cox, 1964).

2. Regression

Let ðX i1; . . . ;X id ;Y iÞ; i ¼ 1; . . . ; n, be i.i.d. observations on ðX 1; . . . ;X d ;Y Þ. LetP be a class of linear models
or a class of distributions of ðX 1; . . . ;X d ;Y Þ satisfying

Y ¼
Xd

j¼0

ajX j þ �; X 0 ¼ 1,

Eð�Þ ¼ 0; Varð�Þ ¼ s2,

where X 1; . . . ;X d are independent of �. Let X ¼ ðX 0;X 1; . . . ;X dÞ
T, and

P
X ¼ CovðX 1; . . . ;X dÞ

T. The above
model is semiparametric with the distribution X and � arbitrary satisfying the following condition where P

denotes a probability distribution of ðX 1; . . . ;X d ;Y Þ,:

(A.1) 0oEPY 2o1; 0oVarPðX jÞo1; jX1;SX invertible.

Define

b ¼ bðPÞ ¼ arg minfEP½Y � aTX �2 : a�Rdþ1g.

Clearly,

b ¼ ðE½XXT�Þ
�1EðXY Þ.

The vector b is the coefficient vector of the distribution P0 in P closest to the true P in the sense that
bðPÞ ¼ bðP0Þ with

P0 ¼ arg minfKðQ;PÞ : Q 2 P0g,

where P0 is the subset of P where ��Nð0; s2Þ and K is the K–L discrepancy.
Least squares analysis corresponds to defining b̂ to be the empirical plug-in estimate:

b̂ ¼ bðP̂Þ ¼ arg minfEP̂½Y � aTX �2 : a�Rdþ1g,

where P̂ is the empirical probability which assigns probability n�1 to each observed data point
ðxi1; . . . ; xid ; yiÞ; 1pipn. Thus, b̂ ¼ ðXT

DXDÞ
�1XT

DY where XD is the n� ðd þ 1Þ design matrix and
Y ¼ ðY 1; . . . ;Y nÞ

T. The estimate b̂ is consistent and asymptotically normal with adjusted variance.

Proposition 2.1. If P satisfies (A.1), then
ffiffiffi
n
p
ðb̂� bÞ�!LNð0;SÞ, where

S ¼ S�11XSXeS�11X ; e ¼ Y � bTX ,

S1X ¼ EðX jX kÞ; SXe ¼ Eðe2X jX kÞ; 0pjpd; 0pkpd. (2.1)

The usual (naive) asymptotic covariance matrix of the least squares estimate which is based on assuming
that P is in the box is s20S

�1
1X where s20 ¼ VarPðeÞ. Thus, this naive variance is automatically inflated when P is

outside the box. However, it is often incorrect. See Sections 2.2 and 3.3 for cases where it is correct.
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In the context of heteroscedastic linear models, formula (2.1) is called a sandwich formula, e.g. Bickel and
Doksum (2007, Example 6.6.4). Here (2.1) applies without any model assumptions except second moment
conditions. Having the X ’s spread out makes the S�11X terms in (2.1) smaller, but the SXe term larger when X
and e are correlated. An interpretation is that having the X’s spread out reduces variance but assuming
linearity in X over a wide range of X ’s is questionable and leads to an inflation of variance when P is outside
the linear box P. There is no bias problem because the target is linear, but (2.1) inflates the variance when
there is a lack of model fit.

In a minimax sense, b̂ is the most efficient estimate of b if P is in the box. To see this note that for the
conditional distribution LQðY jXDÞ of Y given XD, b̂ has the variance s2� ðX

T
DXDÞ

�1 for all Q 2 P. Let
Q0 2 P0 and let bn be any estimate which is unbiased for LQ0

ðY jXDÞ, then

sup
Q2P1

MSEQðb
njXDÞXMSEQ0

ðbnjXDÞ ¼ VarQ0
ðbnjXDÞXVarQ0

ðb̂jXDÞ,

where P1 is the class of probabilities in P with s2X and s2� fixed. The second inequality follows from the
information inequality.

Proposition 2.2. The least square estimate b̂ minimizes

supfMSEQðb
nÞjQ 2 P1g,

over the class of estimates unbiased for LQðY jXDÞ, Q 2 P0.

Suppose P is not in P. Because b̂ ¼ bðP̂Þ where P̂ is the empirical probability, there are a number of results
that imply that in a class of regular estimates, b̂ is nonparametrically asymptotically optimal. We refer to
Bickel et al. (1993, 1998, Sections 1.3, 3.3, and 5.5) and van der Vaart (1998, Chapter 25). The influence
function of the functional corresponding to XT

DY is given by (2.6) in Doksum and Samarov (1995). This can
be used to show that the estimate based on the efficient score function coincides with b̂. See also Bickel and
Ritov (2003).

2.1. Variance estimation, confidence regions, and variance adjustment

In order to find asymptotic confidence regions for the b coefficients, we need an estimate of SXe (our
estimate of S1X is Ŝ1X ¼ n�1XT

DXDÞ. For this purpose, we introduce

XDe ¼ ðX ij êiÞ; 1pipn; 0pjpd.

Then our estimate of S is the sandwich estimate

Ŝ ¼ nðXT
DXDÞ

�1
ðXT

DeXDeÞðX
T
DXDÞ

�1.

When d ¼ 1, the estimate of Varðb̂1Þ is

SE2
ðb̂1Þ � ^Varðb̂1Þ ¼

P
ðX i1 � X̄ 1Þ

2ê2i

½
P
ðX i1 � X̄ 1Þ

2
�2

and

nSE2
ðb̂1Þ�!P

EP½ðX 1 � m1Þ
2e2�

½VarPðX 1Þ�
2

,

which reduces to the usual (naive) VarPðeÞ=VarPðX 1Þ when X 1 and e are independent, that is, when P is the
linear box P. This d ¼ 1 case provides the insight that:

Proposition 2.3. Assume (A.1). When d ¼ 1, the naive least square asymptotic variance of b̂1 is larger than the

sandwich formula variance iff ðX 1 � m1Þ
2 and e2 are negatively correlated.

Let ŝ2e ¼ ðn� d � 1Þ�1
Pn

i¼1 ê2i be the usual estimate of residual variance. We obtain confidence regions for b

if we replace Ŝ
�1

1X ŝ
2
e in the usual linear model confidence regions with the sandwich estimate Ŝ. These
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confidence regions have the correct asymptotic coverage probabilities for P satisfying our moment conditions
(A.1).

How large is the variance adjustment when we replace the naive variance estimate with the sandwich
estimate? We conduct a Monte Carlo (MC) study with d ¼ 1 to compare the naive (SEðb̂1ÞNAIVE), sandwich
(SEðb̂1ÞSA), bootstrap (SEðb̂1ÞBOOT), and MC (SEðb̂1ÞMC) estimates of SEðb̂1Þ when the true P satisfies

Y ¼ ð1� gÞða0 þ a1X 1Þ þ gLðX 1Þ þ �, (2.2)

where LðtÞ ¼ 5þ 2:5½1þ expð�10tÞ��1, ��Nð0;s2Þ and X 1�Nð0; s20Þ are independent, s2 2 f0:1;
0:5; 0:75; 1:183g, s20 ¼ 0:1, a0 ¼ 6:25, a1 ¼ 0:5, and g 2 f0; 0:2; 0:4; 0:6; 0:8; 1g. Here s2 ¼ 1:183 is determined
by solving power ¼ 0:5 for the classical t-test of H0 : b1 ¼ 0, H1 : b140, when g ¼ 0.

MC simulation is based on 1000 different seeds with n ¼ 128, i.e. generate ðy1;x1;1Þ; . . . ; ðy128;x1;128Þ for each
simulation. For the ith MC simulation, we compute b̂0;i, b̂1;i, SEðb̂1ÞNAIVE;i, and SEðb̂1ÞSA;i. Then we use the

usual formulae to compute the MC averages of these quantities. They are denoted as b̂0, b̂1, SEðb̂1ÞNAIVE, and

SEðb̂1ÞSA.
We use the MC estimate of SEðb̂1Þ to represent the true SEðb̂1Þ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
EPðb̂1 � b1Þ

2
q

which can only be
computed when P is known. The MC estimate is given by

SEðb̂1ÞMC ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiX1000
i¼1

ðb̂1;i � b̂1Þ
2

1000

vuut . (2.3)

For the bootstrap, we first use (2.2) to generate 128 data pairs, ðy1;x1;1Þ
½1�; . . . ; ðy128;x128;1Þ

½1�. From these 128
ðx; yÞ pairs, we draw 100 bootstrap samples of size 128 and compute the bootstrap estimate of SEðb̂1Þ. This is
repeated 200 times and the Monte Carlo estimate of the bootstrap estimate is the average of the 200 bootstrap
estimates of SEðb̂1Þ.

The MC b̂0 and b̂1 are plotted against the nonlinearity parameter g in Fig. 1. Note that b̂0 is nearly constant
while b̂1 increases linearly with g. A variety of s values gives very similar results. When g ¼ 0, i.e. P 2 P, b̂0
and b̂1 are close to a0 and a1 as expected.

We compare the naive, sandwich (SA), and the bootstrap (BOOT) SE’s to the ‘‘true’’ SE for model (2.2) in
Fig. 2, where the ‘‘true’’ SE is represented by the MC SE (2.3). We see from Fig. 2 and other graphs not given
here that when g ¼ 0, i.e. P 2 P, the four SE’s are close. For s2 small, the naive estimate does poorly as g
increases, that is, as the true P moves away from the model P, while for larger s2, all three methods perform
well. Both the sandwich and bootstrap approaches do well for all s2 and all g. An interesting result is observed
with s2 ¼ 1:183. All four estimates are close together when the noise is large. In summary, SEðb̂1ÞSA, and
SEðb̂1ÞBOOT are always close to SEðb̂1ÞMC. SEðb̂1ÞNAIVE is close to SEðb̂1ÞMC only when the true distribution P

is in P and when the noise is large relative to SEðb̂1Þ.
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Fig. 1. Monte Carlo values of b̂0 ð�Þ and b̂1 ðnÞ plotted against the nonlinearity parameter g. (a) s2 ¼ 0:1 and (b) s2 ¼ 1:183.
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2.2. Testing

Suppose we want to test whether X 1 and Y are related while controlling for X 2; . . . ;X d . Then, because X 1

and the other X’s may be dependent (confounded), we test H0 : X 1 is independent of X 2; . . . ;X d ;Y . Let P0

denote this null distribution. If we use the linear model P, H0 is translated into H0ðPÞ : b1 ¼ 0, where, as we
have seen,

b1 ¼
Xd

k¼1

s1k CovðX k;Y Þ

with ðsjkÞd�d � S�1X . Thus, H0 implies H0ðPÞ, but not vice versa. The hypothesis H0ðPÞ states that in the linear
model closest to the true P, we cannot detect any relationship between X 1 and Y after controlling for the
other X’s.

Under H0, the sandwich formula simplifies. In particular, as n!1,

VarH0
ðb̂1Þ �

s2e
ns21

,

where s21 ¼ VarðX 1Þ and s2e is computed under H0. The implication of this is that:

Proposition 2.4. For testing H0, the usual t-test based on t1 ¼ b̂1=SEðb̂1Þ with SEðb̂1Þ ¼ ŝe=n1=2ŝ1 has an

asymptotic standard normal distribution provided only that P0 satisfies (A.1). That is, even when the null

distribution P0 is outside the linear model box P.

2.3. Prediction

The advantage of parsimonious parametric models is that they give simple interpretable formulas that
connect a response Y to covariates X . In particular, the model provides formulae for predicting the response
Y 0 of a case with covariate vector X0. In our framework, we introduce e0 ¼ Y 0 � bTX0 and can then write

Y 0 ¼ bTX0 þ e0,

where the distribution of e0 given X0 ¼ x0 depends on x0 whenever PeP. However, for all P satisfying (A.1),
when X0 is random, EPðe0Þ ¼ 0. Thus, a population predictor for Y 0 is bTX0, with corresponding empirical
predictor

Ŷ 0 ¼ b̂X0.

The accuracy of the predictor can be judged by cross-validation, bootstrapping, or using 50% (say) of the
sample (a training sample) to estimate b, and the remaining 50% (a test sample) to compute residuals
Ŷ i � b̂X i; i ¼ ½n=2�; . . . ; n, that can be used to determine prediction accuracy and prediction intervals. These
automatically incorporate lack of model fit, that is, when P is outside the box.
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Fig. 2. The naive (�), sandwich (SA 4), bootstrap (BOOT �), and Monte Carlo (MC 	) b̂1 standard errors as functions of the nonlinearity

parameter g. (a) s2 ¼ 0:1 and (b) s2 ¼ 1:183.
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3. Transformation and single index models. Box–Cox revisited and rebutted, revisited

Again we observe ðX i1; . . . ;X id ;Y iÞ; i ¼ 1; . . . ; n, i.i.d. as ðXT;Y Þ ¼ ð1;X 1; . . . ;X d ;Y Þ and assume that
ðXT;Y Þ has an unknown distribution P, except now the parameter b is defined as the coefficient vector of the
closest linear transformation model to P. Thus let Y ðlÞ ¼ gðY ; lÞ be an increasing differentiable
transformation of Y with derivative g0ðy; lÞ with respect to y and set

bðlÞ; s2ðlÞ � arg min t�2EP½Y
ðlÞ � aTX �2 þ log t2 : a 2 Rdþ1; t240

� �
, (3.1)

l0 � l0ðPÞ ¼ arg min 1
2
log s2ðlÞ � EP½log g0ðY ; lÞ� : l 2 L

� �
, (3.2)

where log g0ðY ; lÞ is the Jacobian term in transformation model and L is the range of the transformation
parameter l. The coefficient parameter is

b0 ¼ ðE½XXT�Þ
�1 EðXY ðl0ÞÞ.

The variance of the residual e ¼ Y ðl0Þ � bT
0 X is

s20 � VarPðeÞ ¼ EP½Y
ðl0Þ � bT

0 X �2.

The box P is now the class of linear transformation models, that is, the class of probability distributions
Pa;l;s2 of ðX 1; . . . ;X d ;Y Þ where for some l 2 L, a 2 Rdþ1, and � independent of X 1; 
 
 
 ;X d ,

gðY ; lÞ ¼
Xd

j¼0

ajX j þ �.

The true distribution P of ðX 1; . . . ;X d ;Y Þ is unknown and satisfies (A.1) as in Section 2. Our parameter vector
b0 is the coefficient vector of the linear transformation model P

b0;l0;s
2
0
closest to the true probability

distribution P. Here ‘‘closest’’ is in the sense of minimizing the expressions in (3.1) and (3.2). These are

intuitive distances if our goal is to predict Y ðlÞ or estimate EðY ðlÞjX ¼ xÞ. If Y ðlÞ � bT
0 ðlÞX is independent of X

and has a normal distribution, then (3.1) and (3.2) are proportional to expected log likelihoods, that is, to K–L
divergences.

More generally let hlðyÞ denote the density of Y ðlÞ ¼ ðY
ðlÞ
1 ; 
 
 
 ;Y

ðlÞ
n Þ

T given X ¼ x and let f ðy; b; sÞ be a
multivariate normal distribution with mean bTx and covariance matrix s2In where In is the ðn� nÞ identity
matrix. Define the K–L discrepancy

Iðf ; hÞ ¼

Z
hlðyÞflog hlðyÞ � log f ðy; b;sÞgdy.

Let gðy; lÞ be the Box–Cox transformation. If we select l�; b�, and s� to minimize this discrepancy, then
Hernandez and Johnson (1980) show that b� ¼ ðX

T
DXDÞ

�1XT
DEðY ðl�ÞjXÞ. Moreover, the arguments of

Hernandez and Johnson show that l� ¼ l�ðxÞ is the minimizer of (3.2) when P is replaced by the conditional
distribution of Y given X ¼ x. See also Yeo and Johnson (2001).

3.1. Identifiability, interpretability, and stability

Box and Cox (1982) in the rebuttal of Bickel and Doksum (1981) have pointed out that if l0 is unknown,
then bðl0Þ is a vector of regression coefficients on an unknown scale, and therefore could be difficult to
interpret. However, Brillinger (1983) in the case of normally distributed X’s and Stoker (1986), generally, have
shown that independent of l0, bjðl0Þ has an interpretation as the average relative change in EðY jX ¼ xÞ as xj is
perturbed. Here is a summary (see also Johnson and Doksum, 2002): assume that there exists a function h and
vector a such that

EPðY jXÞ ¼ hðaTXÞ. (3.3)
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Then, if r denotes the gradient with respect to X and kk denotes the Euclidean norm:

a ¼
E½rEðY jXÞ�

kE½rEðY jXÞ�k
.

Thus, in model (3.3) which includes the Box–Cox model, a is identifiable, and it is interpretable as a coefficient
vector that gives the average directional change in EPðY jXÞ as X is perturbed. Model (3.3) has generated a lot
of work in statistics and econometrics. It is called a single index model (Stoker, 1986) and its analysis is related
to projection pursuit (Friedman and Stuetzle, 1981). In our framework, (3.3) defines the boxP and our analysis
is aimed at the parameter a ¼ bðPÞ of the distribution in P closest to the true P.

This discussion is related to the idea of a stable parameter. This is a parameter that has a stable value and
interpretation for a wide variety of models and values of the nuisance parameters in these models. Some
references are Brillinger (1983), Stoker (1986), Cox and Reid (1987), Chen et al. (2002), and Johnson and
Doksum (2002).

3.2. Asymptotics. Confidence regions

For the Box–Cox model P, the sandwich formula for PeP was derived by Hernandez and Johnson (1980)
and Cho et al. (2001). A general treatment was given by Huber (1967). Let P ¼ fPh : h 2 Yg be a parametric
model with vector parameter h for the random vector Z. Let lðz; hÞ denote the log likelihood for the i.i.d.
sample Z1; . . . ;Zn from Ph. In the Box–Cox model, Z ¼ ðX ;Y Þ; h ¼ ðb;s; lÞ, and

lðh;ZÞ ¼ �
1

2
n logð2pÞ � n log s�

1

2
s�2

Xn

i¼1

½Y
ðlÞ
i � bTX i�

2 þ ðl� 1Þ
X

logY i. (3.4)

Now h and ĥ are the minimizers of Eðlðh;ZÞÞ and lðh;ZÞ where l is given in (3.4). It turns out that
ffiffiffi
n
p
ðb̂0 � b0Þ

is difficult. We obtain a simple argument and result by considering bd ¼ ðb1; . . . ; bdÞ
T
� ðb1ðl0Þ; . . . ;bdðl0ÞÞ

T.

The asymptotic distribution of b̂d ¼ ðb̂1; . . . ; b̂dÞ
T is obtained by writing b̂d ¼ Ŝ

�1

X ŜXŶ where ŜX is

the d � d covariance matrix n�1XT
CX C ,X C ¼ ðX ij � X jÞn�d , and ŜXŶ is the d � 1 covariance vector

n�1
Pn

i¼1 ðX ij � X jÞY
ðl̂Þ
i ; 1pjpd. By the d method, if we set

Y
ðl̂Þ
i ¼ Y

ðl0Þ
i þW

ðl0Þ
i ðl̂� l0Þ þ oPðn

�1=2Þ,

where W
ðlÞ
i ¼ ðq=qlÞY

ðlÞ
i , and use Slutsky’s theorem, the LLN and the CLT, then we find, under regularity

conditions,ffiffiffi
n
p
ðb̂d � bdÞ ¼ S�1X fn

�1=2XT
C ½Y

ðl0Þ � X Cbd �g þ
ffiffiffi
n
p
ðl̂� l0ÞS�1X fn

�1XT
CW ðl0Þg

þ oPð1Þ�!LV1 þ cV 2, ð3:5Þ

where V 1 is Nð0;SdÞ, Sd ¼ S�1X SXe0
S�1X , SX ¼ ðCovðX i;X jÞÞd�d , SXe0

¼ Eðe20ðX j � mjÞðX h � mhÞÞd�d ,
e0 ¼ Y ðl0Þ � bT

d ðl0ÞXd , Xd ¼ ðX 1 � m1; . . . ;X 1 � mdÞ
T, mj ¼ EðX jÞ, V2 is the normal weak limit offfiffiffi

n
p
ðl̂� l0Þ, and

c ¼ b�dðl0Þ

with b�dðl0Þ ¼ S�1X SXW0
, W 0 ¼W ðl0Þ.

Also note that by applying Slutsky’s theorem for matrices and thereby replacing Ŝ
�1

X by S�1X up front, and
by ignoring the estimation of b0, we have an oPð1Þ remainder term that is relatively easy to control leading to
simpler regularity conditions than other approaches e.g. Hernandez and Johnson (1980) and Chen et al.
(2002).

In particular, we find the following conditions under which there is no inflation in the variance of the
regression coefficients b̂j ; j ¼ 1; . . . ; d, because l0 is unknown and has to be estimated.

Proposition 3.1. (a) Assume that P satisfies (A.1) with Y ðl0Þ in place of Y, and assume that X and Y are

independent under P. Also assume that under P, SXW0
exists, l̂!Pl0, and that W ðlÞ exists and is continuous for l
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in a neighborhood of l0. Then, under P,ffiffiffi
n
p

b̂d�!LNð0;SdÞ.

(b) Let P satisfy the conditions of (a). Suppose Pn is a sequence of probabilities contiguous to P with bj tending

to zero at the rate n�1=2, j ¼ 1; . . . ; d. Then under Pn,
ffiffiffi
n
p
ðb̂d � bdÞ�!LNðb;Sd Þ, where b is the limit of

ffiffiffi
n
p

bd .

Outline of proof. (a) holds because by mean value theorem Y
ðl̂Þ
i ¼ Y

ðl0Þ
i þW

ðl�Þ
i ðl̂� l0Þ with

jl� � l0jpjl̂� l0j, and n�1XT
CW ðl0Þ ¼ OPðn

�1=2Þ when X and Y are independent. (b) holds because if the
remainder term in (a) tends to zero under independence, then it tends to zero for Pn contiguous to
independence. For contiguity, see e.g. van der Vaart (1998) and Bickel and Doksum (2008).

Note that the simplification in the proof occurs because c ¼ 0 when X and Y are independent. No such
simplification occurs if we include the intercept b0 in the parameter vector.

To obtain approximately valid confidence regions, we need good estimates of the covariance matrix of b̂d .
We conduct an MC study of three candidates with d ¼ 1 where the true distribution P satisfies

Y ðlÞ ¼ ð1� gÞða0 þ a1X Þ þ g½LðX 1Þ� þ �, (3.6)

where all parameter settings are the same as in (2.2) except Y ðlÞ ¼ l�1ðY l � 1Þ, l ¼ 1. Using the Box–Cox

model, we compute MC b̂0ðl̂Þ, b̂1ðl̂Þ, SEðb̂1ðl̂ÞÞMC, SEðb̂1ðl̂ÞÞNAIVE, SEðb̂1ðl̂ÞÞNSA, and SEðb̂1ðl̂ÞÞBOOT. As in

Section 2.1, our sandwich estimate is Ŝd ¼ Ŝ
�1

X ŜXe0
Ŝ
�1

X and thus is a naive sandwich (NSA) estimate because it

leaves out the cV2 term of the asymptotic expression (3.5) and is only valid under the conditions of
Proposition 3.1(b).

The MC b̂0ðl̂Þ and b̂1ðl̂Þ are plotted against the nonlinearity parameter g in Fig. 3. In this case these
coefficients are unstable for small s (as in Bickel and Doksum, 1981) and stable for large s.

In Fig. 4 we compare the naive SE of b̂1ðl̂Þ which is based on assuming that l0 is known and that P is in the
box, the NSA SE which is based on assuming that l0 is known, and the nonparametric bootstrap to the ‘‘true’’
SE which is represented by the MC SE. We have omitted the actual sandwich SE because it involves unwieldy
expressions and this is a situation where the bootstrap might be a good solution. Fig. 4 shows that the
bootstrap does well, but that it is a little conservative.

3.3. Testing

As in Section 2.2, if we are interested in testing whether X 1 and Y are related while controlling for
X 2; . . . ;X d we test H0 : X 1 is independent of X 2; . . . ;X d ;Y . In this case, SX and SXe0

have zeroes under H0

wherever X 1 appears. Thus, in formula (3.5), c1 ¼ 0 andffiffiffi
n
p
½b̂1ðl̂Þ � b1ðl0Þ��!LNð0; s20Þ
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Fig. 3. Monte Carlo values of b̂0ðl̂Þ ð�Þ and b̂1ðl̂Þ ðnÞ plotted against the nonlinearity parameter g. (a) s2 ¼ 0:1 and (b) s2 ¼ 1:183.
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with s20 ¼ s2e=VarðX 1Þ, e ¼ Y ðl0Þ � bTðl0ÞX. Thus, for testing H0, let

nSE2
ðb̂1Þ ¼

1

n� d � 1

Xn

i¼1

ðY
ðl̂Þ
i � b̂

T
X iÞ

2

" #,
1

n� 1

Xn

i¼1

ðX i1 � X̄ 1Þ
2

" #
,

then the usual t-statistic t1 ¼ b̂1ðl̂Þ=SEðb̂1ðl̂ÞÞ has an asymptotic standard normal distribution under H0. We
can ignore both the fact that PeP and that l0 needs to be estimated. The inflation in the variance is
automatically corrected for by the t-test. See Doksum and Wong (1983) for similar results.

4. Binary regression

We observe ðX i1; . . . ;X id ;Y iÞ, i ¼ 1; . . . ; n, i.i.d. as ðX 1; . . . ;X d ;Y Þ where Y 2 f0; 1g. Let P be the class of
logistic regression models for ðX 1; . . . ;X d ;Y Þ, that is, the class of probabilities Q ¼ Qa; a 2 Rdþ1, with

QaðY ¼ 1jX ¼ xÞ ¼ gðaTxÞ,

where gðtÞ ¼ ½1þ expf�tg��1, X ¼ ðX 0;X 1; . . . ;X d Þ
T, X 0 ¼ 1, a ¼ ða0; a1; . . . ; adÞ

T, and we assume the usual
identifiability conditions for Qa. For any probability P for ðX 1; . . . ;X d ;Y Þ satisfying (A.1), define

b ¼ bðPÞ ¼ arg minfKðQa;PÞ : Qa 2 P; a 2 Rdþ1g,

where K is the K–L discrepancy. Note that

logLðX ;Y ;QaÞ ¼ Y log gðaTXÞ þ ð1� Y Þ log½1� gðaTXÞ�

and

bðPÞ ¼ arg max
a

EP½logLðX ;Y ;QaÞ�.

Our estimate b̂ ¼ bðP̂Þ is the usual logistic regression analysis estimate

b̂ ¼ arg max
a

n�1
Xn

i¼1

logLðX i;Y i;QaÞ.

It is known (e.g. Bickel and Doksum (2007, Section 6.4.3)) that with m ¼ ðgðaTX1Þ; . . . ; gðaTXnÞÞ
T, b̂ solves

XT
DðY �mÞ ¼ 0, or equivalently b̂ solves

1

n

Xn

i¼1

wðX i;Y i; aÞ ¼ 0,

where wðX i;Y i; aÞ ¼ ðX ijeiÞ0pjpd and ei ¼ Y i �mi. It follows that b is the solution to

EPfX j½Y � gðaTXÞ�g ¼ 0; j ¼ 0; . . . ; d.
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Asymptotic theory (e.g. Huber, 1967; Shao, 2003, Section 5.4.3; Bickel and Doksum, 2007, Section 6.2.1) gives

n1=2ðb̂� bÞ�!LNð0;SPÞ; SP ¼ S�1lX SXeS�1lX ,

SlX ¼ EPðlðb
TXÞX jX kÞ; SXe ¼ EPðe

2X jX kÞ; 0pjpd; 0pkpd,

where lðtÞ ¼ expf�tg½1þ expf�tg��2 is the logistic density. For P ¼ Q 2 P;SQ ¼ S�1Xe with e ¼ Y � gðbTXÞ
where

EQðeÞ ¼ EQðEQðY � gðbTXÞjXÞÞ ¼ EQ½gðb
TXÞ � gðbTXÞ� ¼ 0.

We estimate SP for general P using the sandwich estimate

ŜP ¼ Ŝ
�1

lX ŜXeŜ
�1

lX ,

where ŜXe is n�1ZT
DZD with ZD ¼ ðX ij êiÞ1pipn;0pjpd , êi ¼ Y i � gðb̂

T
X iÞ and ŜlX ¼ n�1WT

DWD with
WD ¼ ðX ijl

1=2
ðb̂X iÞÞn�ðdþ1Þ. The estimate ŜP can be used to construct confidence intervals for bj and to test

H0 : bj ¼ 0.
We conducted an MC study to access the variance adjustment given by the sandwich estimate when the true

P satisfies

ð1� gÞ
Yn

i¼1

½F ðaTX iÞ�
Yi

½1� F ðaTX iÞ�
Yi�1
þ g

Yn

i¼1

½GðaTX iÞ�
Yi

½1� GðaTX iÞ�
Yi�1

, (4.1)

where

F ðaTX iÞ ¼ ð1þ expf�ða0 þ a1X i1 þ a2X i2ÞgÞ
�1,

GðaTX iÞ ¼
0:1 if ða0 þ a1X i1 þ a2X i2Þo0;

0:9 if ða0 þ a1X i1 þ a2X i2ÞX0;

(
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Fig. 5. Upper left panel presents Monte Carlo values of b̂0 ð�Þ, b̂1 ðnÞ, b̂2 ðþÞ plotted against the mixture parameter g. Upper right, lower

left, and lower right panels represent the naive ðNAIVE �Þ, sandwich ðSA þÞ, and Monte Carlo ðMC nÞ standard errors as functions of

the mixture parameter g.
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X i1 and X i2 are standard normal random variables, n ¼ 128, a0 ¼ 0:25, a1 ¼ 0:5, and a2 ¼ 1. We simulated
from the above model 1000 times and compared the naive and sandwich (SA) SE’s to the ‘‘true’’ SE for model
(4.1) in Fig. 5, where the ‘‘true’’ SE is represented by the Monte Carlo (MC) SE.

The inspection of the upper left panel of Fig. 5 shows that the MC estimates b̂0, b̂1, b̂2 diverge from the
working model parameter values as g increases. The general trend observed in the lower left and lower right
panels is that when g ¼ 0 the MC estimates are similar, and as g increases SEðb̂jÞSA inflate in a similar way to
SEðb̂jÞMC whereas SEðb̂jÞNAIVE show smaller inflation. The fact that all estimates in the upper right panel are
close suggests that for small signal (recall that b0 ¼ 0:25) all estimates perform in a similar way.

4.1. Classification

Suppose ðX0;Y 0Þ is a random pair distributed as ðX ;Y Þ but only X0 ¼ x0 is observed. On the basis of
observing x0 we are to classify Y 0 as zero or one. If P 2 P;b is known and the prior probability that Y ¼ 0 is
p, the optimal Bayes decision rule for 0–1 loss (e.g. Bickel and Doksum, 2007, Section 3.2) is ‘‘decide Y 0 ¼ 1

iff gðbTx0Þ4p’’. This suggests the following rule ‘‘classify Y 0 as 1 iff gðb̂
T

x0Þ4p’’. Note that for P 2 P; gðb̂
T

x0Þ

is the MLE of gðbTx0Þ and in this case is an asymptotically efficient estimate of PðY 0 ¼ 1jX0 ¼ x0Þ ¼ gðbTx0Þ.

5. Models with both response and covariate transformations

Consider the model P for a regression experiment where after transformations of both Y and the X’s, a
normal linear model holds. This leads to models of the form

hðkÞðY Þ ¼ a0 þ
Xn

j¼1

ajh
ðlj Þ

j ðX jÞ þ �,

where ��Nð0;s2Þ. A problem with this model is that when aj ¼ 0, then lj is not identifiable (see e.g. Fan et al.,

2007). Instead of this approach we will use results of Hernandez and Johnson (1980) in combination with the
empirical K–L idea of Section 1 to develop a transformation to normality approach for regression. Write

Z � ðZ1; . . . ;Zdþ1Þ
T
� ðX ; . . . ;X d ;Y Þ

T where Y is the response and X 1; . . . ;X d are covariates. Now let Z ðkÞ ¼

ðZ
ðl1Þ
1 ; . . . ;Z

ðldþ1Þ

dþ1 Þ
T where Z

ðlj Þ

j is a 1–1 transformation of Zj. Further let PðkÞ denote the distribution of Z ðkÞ

and let Fl;R be a d þ 1 variate normal distribution with mean vector l and positive definite covariance matrix

R. Now P is the class for which there exist k, l, and R such that Z ðkÞ�Nðl;RÞ. For ðX ;Y Þ�P, we find

k� � kðPÞ;l� � lðPÞ,and R� � RðPÞ that make PðkÞ and Fl;R as close as possible in the K–L sense. The choice

of the normal distribution is natural because the point of regression modeling is to introduce interesting
interpretable parameters that indicate the strength of relationships between variables. Because the K–L
discrepancy is equivariant under 1–1 transformations (e.g. Bickel and Doksum, 2007, p. 169), k�, l�, and R�

also minimize the K–L discrepancy between P and P. If P 2 P, then Z ðk
�Þ is exactly multivariate normal, and

the regression EðZ
ðl�

dþ1
Þ

dþ1 jZ
ðl�
1
Þ

1 ; . . . ;Z
ðl�

d
Þ

d Þ of Z
ðl�

dþ1
Þ

dþ1 on Z
ðl�
1
Þ

1 ; . . . ;Z
ðl�

d
Þ

d is linear. Thus, the parameter of interest

is the coefficient vector bðPÞ ¼ ðb0ðPÞ; . . . ;bd ðPÞÞ
T in this linear regression as given in Section 2 with

ðX 1; . . . ;X d ;Y Þ replaced by the transformed variables.

When Z
ðlj Þ

j ; j ¼ 1; . . . ; d þ 1, are Box–Cox transformations, we find, using Hernandez and Johnson (1980),

the following profile K–L solutions: first fix k and minimize the K–L discrepancy over l and R:

lðkÞ;RðkÞ � arg inf
l;R
fKðFl;R;P

ðkÞÞg ¼ EPðZ
ðkÞÞ;CovPðZ

ðkÞÞ. (5.1)

Next, according to Hernandez and Johnson (1980), we can find kðPÞ as

kðPÞ ¼ arg inf
k

fð1� kÞTEP½logðZÞ� þ
1
2
logðdet½CovPðZ

ðkÞÞ�Þg. (5.2)
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The solution to (5.2) is substituted in (5.1) to give lðPÞ, RðPÞ, and bðPÞ. Now, because P is unknown we replace
it with the empirical distribution P̂ which yields estimates that coincide with the classical linear model
estimates with the original data replaced with the transformed data. Inference can be carried out using the
nonparametric bootstrap.
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