
Lecture 40: V-statistics and the weighted LSE

Let X1, ..., Xn be i.i.d. from P .
For every U-statistic Un as an estimator of ϑ = E[h(X1, ..., Xm)], there is a closely related
V-statistic defined by

Vn =
1

nm

n
∑

i1=1

· · ·
n
∑

im=1

h(Xi1 , ..., Xim). (1)

As an estimator of ϑ, Vn is biased; but the bias is small asymptotically as the following
results show.
For a fixed sample size n, Vn may be better than Un in terms of their mse’s.

Proposition 3.5. Let Vn be defined by (1).
(i) Assume that E|h(Xi1 , ..., Xim)| < ∞ for all 1 ≤ i1 ≤ · · · ≤ im ≤ m.
Then the bias of Vn satisfies

bVn
(P ) = O(n−1).

(ii) Assume that E[h(Xi1 , ..., Xim)]2 < ∞ for all 1 ≤ i1 ≤ · · · ≤ im ≤ m. Then the variance
of Vn satisfies

Var(Vn) = Var(Un) + O(n−2),

where Un is the U-statistic corresponding to Vn.

To study the asymptotic behavior of a V-statistic, we consider the following representation
of Vn in (1):

Vn =
m
∑

j=1

(

m

j

)

Vnj,

where

Vnj = ϑ +
1

nj

n
∑

i1=1

· · ·
n
∑

ij=1

gj(Xi1, ..., Xij )

is a “V-statistic” with

gj(x1, ..., xj) =hj(x1, ..., xj) −
j
∑

i=1

∫

hj(x1, ..., xj)dP (xi)

+
∑

1≤i1<i2≤j

∫ ∫

hj(x1, ..., xj)dP (xi1)dP (xi2) − · · ·

+ (−1)j
∫

· · ·
∫

hj(x1, ..., xj)dP (x1) · · ·dP (xj)

and hj(x1, ..., xj) = E[h(x1, ..., xj , Xj+1, ..., Xm)].
Using an argument similar to the proof of Theorem 3.4, we can show that

EV 2
nj = O(n−j), j = 1, ..., m, (2)
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provided that E[h(Xi1 , ..., Xim)]2 < ∞ for all 1 ≤ i1 ≤ · · · ≤ im ≤ m.
Thus,

Vn − ϑ = mVn1 + m(m−1)
2

Vn2 + op(n
−1), (3)

which leads to the following result similar to Theorem 3.5.

Theorem 3.16. Let Vn be given by (1) with E[h(Xi1 , ..., Xim)]2 < ∞ for all 1 ≤ i1 ≤ · · · ≤
im ≤ m.
(i) If ζ1 = Var(h1(X1)) > 0, then

√
n(Vn − ϑ) →d N(0, m2ζ1).

(ii) If ζ1 = 0 but ζ2 = Var(h2(X1, X2)) > 0, then

n(Vn − ϑ) →d

m(m − 1)

2

∞
∑

j=1

λjχ
2
1j ,

where χ2
1j ’s and λj ’s are the same as those in Theorem 3.5.

Theorem 3.16 shows that if ζ1 > 0, then the amse’s of Un and Vn are the same. If ζ1 = 0
but ζ2 > 0, then an argument similar to that in the proof of Lemma 3.2 leads to

amseVn
(P )=

m2(m − 1)2ζ2

2n2
+

m2(m − 1)2

4n2





∞
∑

j=1

λj





2

=amseUn
(P ) +

m2(m − 1)2

4n2





∞
∑

j=1

λj





2

(see Lemma 3.2). Hence Un is asymptotically more efficient than Vn, unless
∑∞

j=1 λj = 0.

Example 3.28. Consider the estimation of µ2, where µ = EX1.
From the results in §3.2, the U-statistic Un = 1

n(n−1)

∑

1≤i<j≤n XiXj is unbiased for µ2.

The corresponding V-statistic is simply Vn = X̄2.
If µ 6= 0, then ζ1 6= 0 and the asymptotic relative efficiency of Vn w.r.t. Un is 1.
If µ = 0, then

nVn →d σ2χ2
1 and nUn →d σ2(χ2

1 − 1),

where χ2
1 is a random variable having the chi-square distribution χ2

1.
Hence the asymptotic relative efficiency of Vn w.r.t. Un is

E(χ2
1 − 1)2/E(χ2

1)
2 = 2/3.
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The weighted LSE

In the linear model
X = Zβ + ε, (4)

the unbiased LSE of lτβ may be improved by a slightly biased estimator when V = Var(ε)
is not σ2In and the LSE is not BLUE.

Assume that Z is of full rank so that every lτβ is estimable.
If V is known, then the BLUE of lτβ is lτ β̆, where

β̆ = (ZτV −1Z)−1ZτV −1X (5)

(see the discussion after the statement of assumption A3 in §3.3.1).
If V is unknown and V̂ is an estimator of V , then an application of the substitution principle
leads to a weighted least squares estimator

β̂w = (Zτ V̂ −1Z)−1Zτ V̂ −1X. (6)

The weighted LSE is not linear in X and not necessarily unbiased for β.
If the distribution of ε is symmetric about 0 and V̂ remains unchanged when ε changes to
−ε, then the distribution of β̂w − β is symmetric about 0 and, if Eβ̂w is well defined, β̂w is
unbiased for β.
In such a case the LSE lτ β̂ may not be a UMVUE (when ε is normal), since Var(lτ β̂w) may
be smaller than Var(lτ β̂).

Asymptotic properties of the weighted LSE depend on the asymptotic behavior of V̂ .
We say that V̂ is consistent for V if and only if

‖V̂ −1V − In‖max →p 0, (7)

where ‖A‖max = maxi,j |aij| for a matrix A whose (i, j)th element is aij .

Theorem 3.17. Consider model (4) with a full rank Z. Let β̆ and β̂w be defined by (5) and
(6), respectively, with a V̂ consistent in the sense of (7). Assume the conditions in Theorem
3.12. Then

lτ (β̂w − β)/an →d N(0, 1),

where l ∈ Rp, l 6= 0, and
a2

n = Var(lτ β̆) = lτ (ZτV −1Z)−1l.

Proof. Using the same argument as in the proof of Theorem 3.12, we obtain that

lτ (β̆ − β)/an →d N(0, 1).

By Slutsky’s theorem, the result follows from

lτ β̂w − lτ β̆ = op(an).
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Define
ξn = lτ (Zτ V̂ −1Z)−1Zτ (V̂ −1 − V −1)ε

and
ζn = lτ [(Zτ V̂ −1Z)−1 − (ZτV −1Z)−1]ZτV −1ε.

Then
lτ β̂w − lτ β̆ = ξn + ζn.

The result follows from ξn = op(an) and ζn = op(an) (details are in the textbook).

Theorem 3.17 shows that as long as V̂ is consistent in the sense of (7), the weighted LSE β̂w

is asymptotically as efficient as β̆, which is the BLUE if V is known.
By Theorems 3.12 and 3.17, the asymptotic relative efficiency of the LSE lτ β̂ w.r.t. the
weighted LSE lτ β̂w is

lτ (ZτV −1Z)−1l

lτ (ZτZ)−1ZτV Z(ZτZ)−1l
,

which is always less than 1 and equals 1 if lτ β̂ is a BLUE (in which case β̂ = β̆).

Finding a consistent V̂ is possible when V has a certain type of structure.

Example 3.29. Consider model (4). Suppose that V = Var(ε) is a block diagonal matrix
with the ith diagonal block

σ2Imi
+ UiΣU τ

i , i = 1, ..., k, (8)

where mi’s are integers bounded by a fixed integer m, σ2 > 0 is an unknown parameter, Σ is
a q×q unknown nonnegative definite matrix, Ui is an mi×q full rank matrix whose columns
are in R(Wi), q < infi mi, and Wi is the p × mi matrix such that Zτ = ( W1 W2 ... Wk ).
Under (8), a consistent V̂ can be obtained if we can obtain consistent estimators of σ2 and
Σ.
Let X = (Y1, ..., Yk), where Yi is an mi-vector, and let Ri be the matrix whose columns are
linearly independent rows of Wi. Then

σ̂2 =
1

n − kq

k
∑

i=1

Y τ
i [Imi

− Ri(R
τ
i Ri)

−1Rτ
i ]Yi (9)

is an unbiased estimator of σ2.
Assume that Yi’s are independent and that supi E|εi|2+δ < ∞ for some δ > 0.
Then σ̂2 is consistent for σ2 (exercise). Let ri = Yi − W τ

i β̂ and

Σ̂ =
1

k

k
∑

i=1

[

(U τ
i Ui)

−1U τ
i rir

τ
i Ui(U

τ
i Ui)

−1 − σ̂2(U τ
i Ui)

−1
]

. (10)

It can be shown (exercise) that Σ̂ is consistent for Σ in the sense that ‖Σ̂ − Σ‖max →p 0 or,

equivalently, ‖Σ̂ − Σ‖ →p 0 (see Exercise 116).
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