
Lecture 38: Asymptotic properties of LSE’s

We consider first the consistency of the LSE lτ β̂ with l ∈ R(Z) for every n.

Theorem 3.11. Consider model
X = Zβ + ε (1)

under assumption A3 (E(ε) = 0 and Var(ε) is an unknown matrix).
Suppose that supn λ+[Var(ε)] < ∞, where λ+[A] is the largest eigenvalue of the matrix A,
and that limn→∞ λ+[(ZτZ)−] = 0. Then lτ β̂ is consistent in mse for any l ∈ R(Z).
Proof. The result follows from the fact that lτ β̂ is unbiased and

Var(lτ β̂) = lτ (ZτZ)−ZτVar(ε)Z(ZτZ)−l

≤λ+[Var(ε)]lτ (ZτZ)−l.

Without the normality assumption on ε, the exact distribution of lτ β̂ is very hard to obtain.
The asymptotic distribution of lτ β̂ is derived in the following result.

Theorem 3.12. Consider model (1) with assumption A3. Suppose that 0 < infn λ−[Var(ε)],
where λ−[A] is the smallest eigenvalue of the matrix A, and that

lim
n→∞

max
1≤i≤n

Zτ
i (ZτZ)−Zi = 0. (2)

Suppose further that n =
∑k

j=1 mj for some integers k, mj , j = 1, ..., k, with mj ’s bounded
by a fixed integer m, ε = (ξ1, ..., ξk), ξj ∈ Rmj , and ξj’s are independent.
(i) If supi E|εi|

2+δ < ∞, then for any l ∈ R(Z),

lτ (β̂ − β)
/
√

Var(lτ β̂) →d N(0, 1). (3)

(ii) Suppose that when mi = mj , 1 ≤ i < j ≤ k, ξi and ξj have the same distribution. Then
result (3) holds for any l ∈ R(Z).
Proof. Let l ∈ R(Z). Then

lτ (ZτZ)−ZτZβ − lτβ = 0

and

lτ (β̂ − β) = lτ (ZτZ)−Zτε =
k
∑

j=1

cτ
njξj ,

where cnj is the mj-vector whose components are lτ (ZτZ)−Zi, i = kj−1 + 1, ..., kj, k0 = 0,
and kj =

∑j
t=1 mt, j = 1, ..., k.

Note that
k
∑

j=1

‖cnj‖
2 = lτ (ZτZ)−ZτZ(ZτZ)−l = lτ (ZτZ)−l. (4)

Also,

max
1≤j≤k

‖cnj‖
2 ≤m max

1≤i≤n
[lτ (ZτZ)−Zi]

2

≤mlτ (ZτZ)−l max
1≤i≤n

Zτ
i (ZτZ)−Zi,
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which, together with (4) and condition (2), implies that

lim
n→∞



max
1≤j≤k

‖cnj‖
2

/ k
∑

j=1

‖cnj‖
2



 = 0.

The results then follow from Corollary 1.3.

Under the conditions of Theorem 3.12, Var(ε) is a diagonal block matrix with Var(ξj) as the
jth diagonal block, which includes the case of independent εi’s as a special case.

Exercise 80 shows that condition (2) is almost a necessary condition for the consistency of
the LSE.

The following lemma tells us how to check condition (2).

Lemma 3.3. The following are sufficient conditions for (2).
(a) λ+[(ZτZ)−] → 0 and Zτ

n(ZτZ)−Zn → 0, as n → ∞.
(b) There is an increasing sequence {an} such that an → ∞, an/an+1 → 1, and ZτZ/an

converges to a positive definite matrix.
Proof. (a) Since ZτZ depends on n, we denote (ZτZ)− by An.
Let in be the integer such that hin = max1≤i≤n hi.
If limn→∞ in = ∞, then

lim
n→∞

hin = lim
n→∞

Zτ
in

AnZin ≤ lim
n→∞

Zτ
in

AinZin = 0,

where the inequality follows from in ≤ n and, thus, Ain − An is nonnegative definite.
If in ≤ c for all n, then

lim
n→∞

hin = lim
n→∞

Zτ
in

AnZin ≤ lim
n→∞

λn max
1≤i≤c

‖Zi‖
2 = 0.

Therefore, for any subsequence {jn} ⊂ {in} with limn→∞ jn = a ∈ (0,∞], limn→∞ hjn
= 0.

This shows that limn→∞ hin = 0.
(b) Omitted.

If n−1
∑n

i=1 t2i → c and n−1
∑n

i=1 ti → d in the simple linear regression model (Example 3.12),
where c is positive and c > d2, then condition (b) in Lemma 3.3 is satisfied with an = n and,
therefore, Theorem 3.12 applies.

In the one-way ANOVA model (Example 3.13),

max
1≤i≤n

Zτ
i (ZτZ)−Zi = λ+[(ZτZ)−] = max

1≤j≤m
n−1

j .

Hence conditions related to Z in Theorem 3.12 are satisfied if and only if minj nj → ∞.
Some similar conclusions can be drawn in the two-way ANOVA model (Example 3.14).
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Functions of unbiased estimators

If the parameter to be estimated is ϑ = g(θ) with a vector-valued parameter θ and Un is a
vector of unbiased estimators of components of θ, then Tn = g(Un) is often asymptotically
unbiased for ϑ.
Assume that g is differentiable and cn(Un − θ) →d Y . Then

amseTn
(P ) = E{[∇g(θ)]τY }2/c2

n

(Theorem 2.6). Hence, Tn has a good performance in terms of amse if Un is optimal in terms
of mse (such as the UMVUE or BLUE).

Example 3.22. Consider a polynomial regression of order p:

Xi = βτZi + εi, i = 1, ..., n,

where β = (β0, β1, ..., βp−1), Zi = (1, ti, ..., t
p−1

i ), and εi’s are i.i.d. with mean 0 and variance
σ2 > 0.
Suppose that the parameter to be estimated is tβ ∈ T ⊂ R such that

p−1
∑

j=0

βjt
j
β = max

t∈T

p−1
∑

j=0

βjt
j .

Note that tβ = g(β) for some function g.

Let β̂ be the LSE of β.
Then the estimator t̂β = g(β̂) is asymptotically unbiased and its amse can be derived under
some conditions.

Example 3.23. In the study of the reliability of a system component, we assume that

Xij = θ
τ
i z(tj) + εij, i = 1, ..., k, j = 1, ..., m.

Here Xij is the measurement of the ith sample component at time tj ;
z(t) is a q-vector whose components are known functions of the time t;
θi’s are unobservable random q-vectors that are i.i.d. from Nq(θ, Σ), where θ and Σ are
unknown;
εij’s are i.i.d. measurement errors with mean zero and variance σ2;
θi’s and εij’s are independent.
As a function of t, θ

τz(t) is the degradation curve for a particular component and θτz(t) is
the mean degradation curve.
Suppose that a component will fail to work if θ

τz(t) < η, a given critical value.
Assume that θ

τz(t) is always a decreasing function of t.
Then the reliability function of a component is

R(t) = P (θτz(t) > η) = Φ

(

θτz(t) − η

s(t)

)

,
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where s(t) =
√

[z(t)]τΣz(t) and Φ is the standard normal distribution function.

For a fixed t, estimators of R(t) can be obtained by estimating θ and Σ, since Φ is a known
function.
It can be shown (exercise) that the BLUE of θ is the LSE

θ̂ = (ZτZ)−1ZτX̄,

where Z is the m × q matrix whose jth row is the vector z(tj), Xi = (Xi1, ..., Xim), and X̄
is the sample mean of Xi’s.
The estimation of Σ is more difficult.
It can be shown (exercise) that a consistent (as k → ∞) estimator of Σ is

Σ̂ =
1

k

k
∑

i=1

(ZτZ)−1Zτ (Xi − X̄)(Xi − X̄)τZ(ZτZ)−1 − σ̂2(ZτZ)−1,

where

σ̂2 =
1

k(m − q)

k
∑

i=1

[Xτ
i Xi − Xτ

i Z(ZτZ)−1ZτXi].

Hence an estimator of R(t) is

R̂(t) = Φ

(

θ̂τz(t) − η

ŝ(t)

)

,

where

ŝ(t) =
√

[z(t)]τ Σ̂z(t).

Yi1 = Xτ
i Z(ZτZ)−1z(t)

Yi2 = [Xτ
i Z(ZτZ)−1z(t)]2

Yi3 = [Xτ
i Xi − Xτ

i Z(ZτZ)−1ZτXi]/(m − q)
Yi = (Yi1, Yi2, Yi3) It is apparent that R̂(t) can be written as g(Ȳ ) for a function

g(y1, y2, y3) = Φ





y1 − η
√

y2 − y2
1 − y3[z(t)]τ (ZτZ)−1z(t)



 .

Suppose that εij has a finite fourth moment, which implies the existence of Var(Yi).

The amse of R̂(t) can be derived (exercise).
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