Lecture 37: Robustness of LSE’s

Consider model
X=7ZF+c¢. (1)

under assumption A3 (F(e) = 0 and Var(e) is an unknown matrix).

An interesting question is under what conditions on Var(e) is the LSE of I"3 with [ € R(Z)
still the BLUE.

If ZTB is still the BLUE, then we say that lTﬂA, considered as a BLUE, is robust against
violation of assumption A2.

A statistical procedure having certain properties under an assumption is said to be robust
against violation of the assumption if and only if the statistical procedure still has the same
properties when the assumption is (slightly) violated.

For example, the LSE of [ with [ € R(Z), as an unbiased estimator, is robust against
violation of assumption Al or A2, since the LSE is unbiased as long as E(¢) = 0, which can
be always assumed without loss of generality.

On the other hand, the LSE as a UMVUE may not be robust against violation of assumption
Al.

Theorem 3.10. Consider model (1) with assumption A3. The following are equivalent.
(a) I7f3 is the BLUE of 73 for any [ € R(Z).

(b) E(I"3n"X) = 0 for any | € R(Z) and any 5 such that E(n"X) = 0.

(c) Z™Var(e)U = 0, where U is a matrix such that Z7U = 0 and R(U") + R(Z7) = R™.
(d) Var(e) = ZA1Z7 + UALU™ for some Ay and As.

(e) The matrix Z(Z7Z)~Z"Var(e) is symmetric.

Proof. We first show that (a) and (b) are equivalent, which is an analogue of Theorem
3.2(1).

Suppose that (b) holds.

Let l € R(Z).

If ¢"X is unbiased for I3, then E(n"X) =0 with n=c— Z(Z7Z)"1.

Hence

"X +17p)
0" X) + Var(I"3) + 2Cov(n™ X, 17 3)
1" X) + Var(I"3) + 2E(I" 3" X)
1 I5)
> Var(I"3).
Suppose now that there are I € R(Z) and 1 such that E(n7X) = 0 but § = E(I"3y" X)) # 0.
Let ¢, =tn+ Z(Z7Z)" L.
From the previous proof,

Var(c] X) = t*Var(n”X) 4 Var(I"3) + 20t.
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As long as ¢ # 0, there exists a t such that Var(cf X) < Var(I7 ).
This shows that [75 cannot be a BLUE and, therefore, (a) implies (b).

We next show that (b) implies (c).
Suppose that (b) holds.

Since | € R(Z), | = Z7~ for some 7.
Let n € R(UT).

Then E(n"X) =n"Z3 = 0 and, hence,

0=E(lByX)=EWZ2(ZZ) Z"XX ] =+ Z(Z" Z)~ Z"Var(e)n.

Since this equality holds for all I € R(Z), it holds for all ~.
Thus,
Z(Z7Z)” Z™Var(e)U = 0,
which implies
Z27Z(Z7Z)" Z™Var(e)U = Z"Var(e)U = 0,

since ZTZ(Z7Z)"ZT = 7.
Thus, (c) holds.
To show that (c) implies (d), we need to use the following facts from the theory of linear
algebra: there exists a nonsingular matrix C' such that Var(e) = CC”™ and C' = ZC; + UCy
for some matrices C; (since R(UT) + R(Z7) = R"™).
Let Al = Clof, A2 = 0205, and Ag = Cng
Then

Var(e) = ZMZ™ + UNUT + ZAUT + UANLZT (2)
and Z"Var(e)U = Z7ZA3UTU, which is 0 if (c) holds.
Hence, (c) implies

0= Z(Z72)"Z"ZAUTUUTU) U™ = ZAU”,
which with (2) implies (d).
If (d) holds, then Z(Z7Z)~Z"Var(e) = ZA1Z7, which is symmetric.
Hence (d) implies (e).
To complete the proof, we need to show that (e) implies (b), which is left as an exercise.

As a corollary of this theorem, the following result shows when the UMVUE’s in model (1)
with assumption Al are robust against the violation of Var(e) = ¢21,,.

Corollary 3.3. Consider model (1) with a full rank Z, ¢ = N,(0,%), and an unknown
positive definite matrix X. Then [ is a UMVUE of ["§ for any [ € R? if and only if one of
(b)-(e) in Theorem 3.10 holds.

Example 3.16. Consider model (1) with (3 replaced by a random vector 3 that is indepen-
dent of e.



Such a model is called a linear model with random coefficients.
Suppose that Var(e) = 021, and E(3) = 3. Then

X=Zp+Z(B—-p)+ec=ZB+e, (3)
where e = Z(8 — 3) + ¢ satisfies E(e) = 0 and
Var(e) = ZVar(B8)Z" + o1,.
Since
Z(Z7Z)~Z Var(e) = ZVar(B)Z7 + 0*Z(Z7Z)" 27

is symmetric, by Theorem 3.10, the LSE "3 under model (3) is the BLUE for any 7[5,
leR(Z). A

If Z is of full rank and ¢ is normal, then, by Corollary 3.3, "3 is the UMVUE of [" 3 for any
leRP.

Example 3.17 (Random effects models). Suppose that
Xij :N+Ai+eij7 jzl,...,ni,izl,...,m, (4)

where p € R is an unknown parameter, A;’s are i.i.d. random variables having mean 0 and
variance o2, e;;’s are i.i.d. random errors with mean 0 and variance o%, and A;’s and €ij’s
are independent.

Model (4) is called a one-way random effects model and A;’s are unobserved random effects.
Let €ij = AZ + €ij-

Then (4) is a special case of the general model (1) with

Var(e) = 0% + 0°1,,,

where ¥ is a block diagonal matrix whose ith block is J,,J7 and Jj is the k-vector of ones.

Under this model, Z = J,, n = Y™ ng, and Z(Z7Z)" 27 = = J, J7.
Note that
nidp Iy nadnJy, o Nmdn Jy
JnJ;L_E _ nIJNZ J777,—1 na J"Z J;?,—2 T nman J;f—m 7
mdn, Iy, nodn,Jn, o Mmdn,Jn
which is symmetric if and only if ny =ng =+ = n,,.

Since J,,J] Var(e) is symmetric if and only if J,J73 is symmetric, a necessary and sufficient
condition for the LSE of i to be the BLUE is that all n;’s are the same.

This condition is also necessary and sufficient for the LSE of i to be the UMVUE when ¢;5’s
are normal.

In some cases, we are interested in some (not all) linear functions of [.
For example, consider 73 with [ € R(H), where H is an n x p matrix such that R(H) C
R(Z).



Proposition 3.4. Consider model (1) with assumption A3. Suppose that H is a matrix
such that R(H) C R(Z). A necessary and sufficient condition for the LSE {73 to be the
BLUE of 73 for any | € R(H) is H(Z7Z)~Z"Var(e)U = 0, where U is the same as that in
(c) of Theorem 3.10.

Example 3.18. Consider model (1) with assumption A3 and Z = (H; H,), where H] Hy =
0.
Suppose that under the reduced model

X = Hlﬂl + €,
I" 3 is the BLUE for any I3, | € R(H;), and that under the reduced model
X = HQﬁQ + g,

I" 35 is not a BLUE for some "3, | € R(H,), where 3 = (1, 52) and Bj’s are LSE’s under
the reduced models.
Let H = (H; 0) be n x p.
Note that
H(Z™Z)~Z"Var(e)U = Hy(HTH,)~ HI Var(e)U,

which is 0 by Theorem 3.10 for the U given in (c) of Theorem 3.10, and
Z(Z7Z)~Z"Var(e)U = Hy(Hj Hy)~ Hi Var(e)U,

which is not 0 by Theorem 3.10. R
This implies that some LSE ("3 is not a BLUE of {3 but ["3 is the BLUE of [" 5 if | € R(H).

Finally, we consider model (1) with Var(e) being a diagonal matrix whose ith diagonal
element is 07, i.e., &;’s are uncorrelated but have unequal variances.

A straightforward calculation shows that condition (e) in Theorem 3.10 holds if and only if,
for all i # j, 07 # o7 only when h;; = 0, where h;; is the (4, j)th element of the projection
matrix Z(Z7Z)" 7.

Thus, an LSE is not a BLUE in general, although it is still unbiased for estimable [ .

Suppose that the unequal variances of ¢;’s are caused by some small perturbations, i.e.,
g; = e; + u;, where Var(e;) = o2, Var(u;) = §;, and ¢; and u; are independent so that
o2 = o% + ;.

Var(lT@) =1"(Z"7)" Z YA AR

i=1

If ; = 0 for all ¢ (no pertuArbations), then assumption A2 holds and lTﬂA is the BLUE of any
estimable [73 with Var(I"3) = o7 (Z7Z)"1.
Suppose that 0 < §; < 025. Then

Var(I"3) < (1+6)o2I" (27 Z)71.

This indicates that the LSE is robust in the sense that its variance increases slightly when
there is a slight violation of the equal variance assumption (small 0).



