Lecture 35: The LSE and estimability

One of the most useful statistical models
Xi :ﬁTZZ'—I—SZ', 1= 1,...,n, (].)

where X is the ith observation and is often called the ith response;
[ is a p-vector of unknown parameters (main parameters of interest), p < n;
Z; is the ith value of a p-vector of explanatory variables (or covariates);
€1, ...,&n are random errors (not observed).
Data: (Xl, Zl), ey (Xn, Zn)
Z;’s are nonrandom or given values of a random p-vector, in which case our analysis is
conditioned on 2y, ..., Z,.
X =(Xy,...X,), e =(e1,...,6n)
Z = the n X p matrix whose ith row is the vector Z;, i =1,...,n
A matrix form of model (1) is
X=7Zp3+c¢. (2)

Definition 3.4. Suppose that the range of § in model (2) is B C RP. A least squares
estimator (LSE) of 3 is defined to be any 5 € B such that
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1 = Z5]]" = min [|X — Zb||". (3)

For any [ € R?, ZTB is called an LSE of [75.

Throughout this book, we consider B = RP unless otherwise stated.
Differentiating || X — Zb||? w.r.t. b, we obtain that any solution of

777b=7"X (4)

is an LSE of .
If the rank of the matrix Z is p, in which case (Z7Z)~! exists and Z is said to be of full
rank, then there is a unique LSE, which is

B=(2"2)"'7"X. (5)

If Z is not of full rank, then there are infinitely many LSE’s of .
Any LSE of (3 is of the form

A

B=(Z2"2)"72"X, (6)
where (Z77)~ is called a generalized inverse of Z7Z and satisfies
AVAVAPANAN AN

Generalized inverse matrices are not unique unless Z is of full rank, in which case (Z72)" =
(Z7Z)~! and (6) reduces to (5).



To study properties of LSE’s of 3, we need some assumptions on the distribution of X or ¢
(conditional on Z if Z is random).

Assumption Al: ¢ is distributed as N, (0,0%I,) with an unknown o2 > 0.
Assumption A2: E(g) =0 and Var(e) = ¢*I,, with an unknown o2 > 0.

Assumption A3: E(e) =0 and Var(e) is an unknown matrix.

Assumption Al is the strongest and implies a parametric model.

We may assume a slightly more general assumption that € has the N, (0,02D) distribution
with unknown o2 but a known positive definite matrix D.

Let D~'/2 be the inverse of the square root matrix of D.

Then model (2) with assumption Al holds if we replace X, Z, and ¢ by the transformed
variables X = D™V2X | Z = D~Y2Z and & = D~/2¢, respectively.

A similar conclusion can be made for assumption A2.

Under assumption Al, the distribution of X is N, (Zf,0%I,), which is in an exponential
family P with parameter § = (3,02) € RP x (0, 00).

However, if the matrix Z is not of full rank, then P is not identifiable (see §2.1.2), since
Z Py = Z 35 does not imply 5 = (5.

Suppose that the rank of 7 is r < p.
Then there is an n X r submatrix Z, of Z such that

Z =70 (7)
and Z, is of rank r, where @) is a fixed r X p matrix, and

P is identifiable if we consider the reparameterization B=0Qg.
The new parameter (3 is in a subspace of R” with dimension r.

In many applications, we are interested in estimating some linear functions of 3, i.e., ¥ ="/
for some [ € R?.

From the previous discussion, however, estimation of {73 is meaningless unless [ = Q"¢ for
some ¢ € R" so that

B=cQB=cp.
The following result shows that {7 is estimable if [ = Q"¢, which is also necessary for [/
to be estimable under assumption Al.

Theorem 3.6. Assume model (2) with assumption A3.

(i) A necessary and sufficient condition for [ € R? being Q"¢ for some ¢ € R" is | € R(Z) =
R(Z7Z), where @) is given by (7) and R(A) is the smallest linear subspace containing all
rows of A.

(i) If I € R(Z), then the LSE [73 is unique and unbiased for I73.



(iii) If | € R(Z) and assumption A1l holds, then {73 is not estimable.
Proof. (i) Note that a € R(A) if and only if a = A7b for some vector b. If [ = Q7¢, then

| =Qc=Q ZIZ(Z2IZ) ‘e = Z"|Z(ZI Z,) ).
Hence | € R(Z). If | € R(Z), then | = Z7( for some ¢ and
1= (Z.Q)C=Q¢c
with ¢ = Z7¢.
(i) If l e R(Z) = R(Z7Z), then | = Z7 Z( for some ¢ and by (6),
E(I'3)=E[l(Z7Z) Z"X]
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=1"5.
If 3 is any other LSE of 3, then, by (4),

UG—1B=C(Z"2)3-B)=C (27X —Z7X) =0.

(iii) Under assumption A1, if there is an estimator h(X, Z) unbiased for I73, then

I8 = / Wz, Z)(2m) 0" exp {—slle — Z5)°} da.
R?’L
Differentiating w.r.t. § and applying Theorem 2.1 lead to
=2z / W, Z2)(2m) 20" (& — ZB) exp {5 |lv — 25|} da,

which implies | € R(Z).

Example 3.12 (Simple linear regression). Let 8 = (8o, 31) € R? and Z; = (1,4), t; € R,
1=1,..,n.
Then model (1) or (2) is called a simple linear regression model.

It turns out that
n i1 ti
777 = )
St Yt

This matrix is invertible if and only if some t;’s are different.
Thus, if some t;’s are different, then the unique unbiased LSE of {73 for any [ € R? is
I"(Z™Z)~'Z7 X, which has the normal distribution if assumption A1 holds.

The result can be easily extended to the case of polynomial regression of order p in which

B = (8o, b1, Bp1) and Z; = (1,t;,...,t771).



Example 3.13 (One-way ANOVA). Suppose that n = 7", n; with m positive integers
N1, ..., Ny, and that

Xi:,llj‘l‘gi, i:kj_l—}—l,...,kj, j:]_,...,m,

where ky =0, k; = S, j=1,...,m, and (pi1, ..., ftan) = B

Let J,, be the m-vector of ones.

Then the matrix Z in this case is a block diagonal matrix with J,,; as the jth diagonal

column.

Consequently, Z7Z is an m x m diagonal matrix whose jth diagonal element is n;.

Thus, Z™Z is invertible and the unique LSE of  is the m-vector whose jth component is
—1 kJJ .

’/I,j i:kj,1+1 Xi, j — 1,...’m.

Sometimes it is more convenient to use the following notation:
Xij = in,1+j> €ij = Eki_14j> J = 1a ceey Mgy 1= ]-7 ey MY,

and
Wi = 1+ oy, Zzl,,m

Then our model becomes
Xij:M—FOéi—F&ij, jzl,...,ni,izl,...,m, (8)

which is called a one-way analysis of variance (ANOVA) model.
Under model (8), 3 = (u, aq, ..., @) € R™L

The matrix Z under model (8) is not of full rank.

An LSE of § under model (8) is

= (X, Xy~ X, X — X))
where X is still the sample mean of Xi;'s and X,. is the sample mean of the ith group
{XZ],] = 1, ,’)’Lz}

The notation used in model (8) allows us to generalize the one-way ANOVA model to any
s-way ANOVA model with a positive integer s under the so-called factorial experiments.

Example 3.14 (Two-way balanced ANOVA). Suppose that
X,Jk:,u+az+ﬁj+'y,]—l—€,]k, ’l:]_,,a,,]:]_,,b,kf:l,,c, (9)

where a, b, and ¢ are some positive integers.
Model (9) is called a two-way balanced ANOVA model.
If we view model (9) as a special case of model (2), then the parameter vector [ is

ﬁ = (:U’uah "'7aa7517 "'76b77117 vy Vb -+ Yal, "‘7/76&6)' (10)

One can obtain the matrix Z and show that it is n x p, where n = abc and p = 14+a+ b+ ab,
and is of rank ab < p.



It can also be shown that an LSE of 3 is given by the right-hand side of (10) with u, «,
Bj, and ;; replaced by fi, &;, Bj, and 4;;, respectively, where i = X, & = X;. — X,
B =X, —X., 4 =X — X;.— X, + X, and a dot is used to denote averaging over the
indicated subscript, e.g.,
X = i 2D Xijk
i=1 k=1
with a fixed j.



