
Le
ture 19: SuÆ
ient statisti
s and fa
torization theoremA statisti
 T (X) provides a redu
tion of the �-�eld �(X)Does su
h a redu
tion results in any loss of information 
on
erning the unknown population?If a statisti
 T (X) is fully as informative as the original sample X, then statisti
al analyses
an be done using T (X) that is simpler than X.The next 
on
ept des
ribes what we mean by fully informative.De�nition 2.4 (SuÆ
ien
y). Let X be a sample from an unknown population P 2 P,where P is a family of populations. A statisti
 T (X) is said to be suÆ
ient for P 2 P (orfor � 2 � when P = fP� : � 2 �g is a parametri
 family) if and only if the 
onditionaldistribution of X given T is known (does not depend on P or �).On
e we observe X and 
ompute a suÆ
ient statisti
 T (X), the original data X do not
ontain any further information 
on
erning the unknown population P (sin
e its 
onditionaldistribution is unrelated to P ) and 
an be dis
arded.A suÆ
ient statisti
 T (X) 
ontains all information about P 
ontained in X and provides aredu
tion of the data if T is not one-to-one.The 
on
ept of suÆ
ien
y depends on the given family P.If T is suÆ
ient for P 2 P, then T is also suÆ
ient for P 2 P0 � P but not ne
essarilysuÆ
ient for P 2 P1 � P.Example 2.10. Suppose that X = (X1; :::; Xn) and X1; :::; Xn are i.i.d. from the binomialdistribution with the p.d.f. (w.r.t. the 
ounting measure)f�(z) = �z(1� �)1�zIf0;1g(z); z 2 R; � 2 (0; 1):For any realization x of X, x is a sequen
e of n ones and zeros.Consider the statisti
 T (X) = Pni=1Xi, whi
h is the number of ones in X.T 
ontains all information about �, sin
e � is the probability of an o

urren
e of a one in x.Given T = t (the number of ones in x), what is left in the data set x is the redundantinformation about the positions of t ones.Compute the 
onditional distribution of X given T = t.P (T = t) = �nt��t(1� �)n�tIf0;1;:::;ng(t).Let xi be the ith 
omponent of x.If t 6= Pni=1 xi, then P (X = x; T = t) = 0. If t = Pni=1 xi, thenP (X = x; T = t) = nYi=1P (Xi = xi) = �t(1� �)n�t nYi=1 If0;1g(xi):Let Bt = f(x1; :::; xn) : xi = 0; 1; Pni=1 xi = tg. ThenP (X = xjT = t) = P (X = x; T = t)P (T = t) = 1�nt�IBt(x)is a known p.d.f. This shows that T (X) is suÆ
ient for � 2 (0; 1), a

ording to De�nition2.4 with the family ff� : � 2 (0; 1)g. 1



Finding a suÆ
ient statisti
 by means of the de�nition is not 
onvenientIt involves guessing a statisti
 T that might be suÆ
ient and 
omputing the 
onditionaldistribution of X given T = t.For families of populations having p.d.f.'s, a simple way of �nding suÆ
ient statisti
s is touse the fa
torization theorem.Lemma 2.1. If a family P is dominated by a �-�nite measure, then P is dominated by aprobability measure Q = P1i=1 
iPi, where 
i's are nonnegative 
onstants with P1i=1 
i = 1and Pi 2 P.Proof. See the textbook.Theorem 2.2 (The fa
torization theorem). Suppose that X is a sample from P 2 P andP is a family of probability measures on (Rn;Bn) dominated by a �-�nite measure �. ThenT (X) is suÆ
ient for P 2 P if and only if there are nonnegative Borel fun
tions h (whi
hdoes not depend on P ) on (Rn;Bn) and gP (whi
h depends on P ) on the range of T su
hthat dPd� (x) = gP (T (x))h(x): (1)Proof. (i) Suppose that T is suÆ
ient for P 2 P.For any A 2 Bn, P (AjT ) does not depend on P .Let Q be the probability measure in Lemma 2.1.By Fubini's theorem and the result in Exer
ise 35 of x1.6,Q(A \ B)= 1Xj=1 
jPj(A \ B)= 1Xj=1 
j ZB P (AjT )dPj= ZB 1Xj=1 
jP (AjT )dPj= ZB P (AjT )dQfor any B 2 �(T ). Hen
e, P (AjT ) = EQ(IAjT ) a.s. Q, where EQ(IAjT ) denotes the 
ondi-tional expe
tation of IA given T w.r.t. Q.Let gP (T ) be the Radon-Nikodym derivative dP=dQ on the spa
e (Rn; �(T ); Q). ThenP (A)= Z P (AjT )dP= Z EQ(IAjT )gP (T )dQ= Z EQ[IAgP (T )jT ℄dQ= ZA gP (T )dQd� d�for any A 2 Bn. Hen
e, (1) holds with h = dQ=d�.2



(ii) Suppose that (1) holds. ThendPdQ = dPd� � 1Xi=1 
idPid� = gP (T )� 1Xi=1 gPi (T ) a.s. Q; (2)where the se
ond equality follows from the result in Exer
ise 35 of x1.6.Let A 2 �(X) and P 2 P.The suÆ
ien
y of T follows fromP (AjT ) = EQ(IAjT ) a.s. P; (3)where EQ(IAjT ) is given in part (i) of the proof.This is be
ause EQ(IAjT ) does not vary with P 2 P, and result (3) and Theorem 1.7 implythat the 
onditional distribution of X given T is determined by EQ(IAjT ), A 2 �(X).By the de�nition of 
onditional probability, (3) follows fromZB IAdP = ZB EQ(IAjT )dP (4)for any B 2 �(T ).By (2), dP=dQ is a Borel fun
tion of T .Then the right-hand side of (4) is equal toZB EQ(IAjT )dPdQdQ = ZB EQ  IAdPdQ ����T! dQ = ZB IAdPdQdQ;whi
h equals the left-hand side of (4).This proves (4) for any B 2 �(T ) and 
ompletes the proof.If P is an exponential family, then Theorem 2.2 
an be applied withg�(t) = expf[�(�)℄� t� �(�)g;i.e., T is a suÆ
ient statisti
 for � 2 �.In Example 2.10 the joint distribution ofX is in an exponential family with T (X) = Pni=1Xi.Hen
e, we 
an 
on
lude that T is suÆ
ient for � 2 (0; 1) without 
omputing the 
onditionaldistribution of X given T .
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Example 2.11 (Trun
ation families). Let �(x) be a positive Borel fun
tion on (R;B) su
hthat R ba �(x)dx < 1 for any a and b, �1 < a < b < 1. Let � = (a; b), � = f(a; b) 2 R2 :a < bg, and f�(x) = 
(�)�(x)I(a;b)(x);where 
(�) = hR ba �(x)dxi�1. Then ff� : � 2 �g, 
alled a trun
ation family, is a parametri
family dominated by the Lebesgue measure on R. Let X1; :::; Xn be i.i.d. random variableshaving the p.d.f. f�. Then the joint p.d.f. of X = (X1; :::; Xn) isnYi=1 f�(xi) = [
(�)℄nI(a;1)(x(1))I(�1;b)(x(n)) nYi=1�(xi); (5)where x(i) is the ith smallest value of x1; :::; xn. Let T (X) = (X(1); X(n)), g�(t1; t2) =[
(�)℄nI(a;1)(t1)I(�1;b)(t2), and h(x) = Qni=1 �(xi). By (5) and Theorem 2.2, T (X) is suf-�
ient for � 2 �.Example 2.12 (Order statisti
s). Let X = (X1; :::; Xn) and X1; :::; Xn be i.i.d. randomvariables having a distribution P 2 P, where P is the family of distributions on R havingLebesgue p.d.f.'s. Let X(1); :::; X(n) be the order statisti
s given in Example 2.9. Note thatthe joint p.d.f. of X is f(x1) � � �f(xn) = f(x(1)) � � �f(x(n)):Hen
e, T (X) = (X(1); :::; X(n)) is suÆ
ient for P 2 P. The order statisti
s 
an be shown tobe suÆ
ient even when P is not dominated by any �-�nite measure, but Theorem 2.2 is notappli
able (see Exer
ise 31 in x2.6).
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