
Le
ture 18: Exponential and lo
ation-s
ale familiesTwo important types of parametri
 familiesDe�nition 2.2 (Exponential families). A parametri
 family fP� : � 2 �g dominated by a�-�nite measure � on (
;F) is 
alled an exponential family if and only ifdP�d� (!) = expf[�(�)℄�T (!)� �(�)gh(!); ! 2 
; (1)where expfxg = ex, T is a random p-ve
tor with a �xed positive integer p, � is a fun
tionfrom � to Rp, h is a nonnegative Borel fun
tion on (
;F), and�(�) = log�Z
 expf[�(�)℄�T (!)gh(!)d�(!)� :In De�nition 2.2, T and h are fun
tions of ! only, whereas � and � are fun
tions of � only.The representation (1) of an exponential family is not unique.~�(�) = D�(�) with a p � p nonsingular matrix D gives another representation (with Trepla
ed by ~T = (D� )�1T ).A 
hange of the measure that dominates the family also 
hanges the representation.If we de�ne �(A) = RA hd� for any A 2 F , then we obtain an exponential family withdensities dP�d� (!) = expf[�(�)℄�T (!)� �(�)g: (2)In an exponential family, 
onsider the reparameterization � = �(�) andf�(!) = expf��T (!)� �(�)gh(!); ! 2 
; (3)where �(�) = log fR
 expf��T (!)gh(!)d�(!)g.This is the 
anoni
al form for the family (not unique).The new parameter � is 
alled the natural parameter.The new parameter spa
e � = f�(�) : � 2 �g, a subset of Rp, is 
alled the natural parameterspa
e.An exponential family in 
anoni
al form is 
alled a natural exponential family.If there is an open set 
ontained in the natural parameter spa
e of an exponential family,then the family is said to be of full rank.Example 2.6. The normal family fN(�; �2) : � 2 R; � > 0g is an exponential family, sin
ethe Lebesgue p.d.f. of N(�; �2) 
an be written as1p2� exp( ��2x� 12�2x2 � �22�2 � log �) :Hen
e, T (x) = (x;�x2), �(�) = � ��2 ; 12�2 �, � = (�; �2), �(�) = �22�2 +log �, and h(x) = 1=p2�.Let � = (�1; �2) = � ��2 ; 12�2 �. Then � = R� (0;1) and we 
an obtain a natural exponentialfamily of full rank with �(�) = �21=(4�2) + log(1=p2�2).1



A subfamily of the previous normal family, fN(�; �2) : � 2 R; � 6= 0g, is also an exponentialfamily with the natural parameter � = ( 1� ; 12�2 ) and natural parameter spa
e � = f(x; y) :y = 2x2; x 2 R; y > 0g. This exponential family is not of full rank.For an exponential family, (2) implies that there is a nonzero measure � su
h thatdP�d� (!) > 0 for all ! and �: (4)We 
an use this fa
t to show that a family of distributions is not an exponential family.Consider the family of uniform distributions, i.e., P� is U(0; �) with an unknown � 2 (0;1).If fP� : � 2 (0;1)g is an exponential family, then (4) holds with a nonzero measure �.For any t > 0, there is a � < t su
h that P�([t;1)) = 0, whi
h with (4) implies that�([t;1)) = 0.Also, for any t � 0, P�((�1; t℄) = 0, whi
h with (4) implies that �((�1; t℄) = 0.Sin
e t is arbitrary, � � 0.This 
ontradi
tion implies that fP� : � 2 (0;1)g 
annot be an exponential family.Whi
h of the parametri
 families from Tables 1.1 and 1.2 are exponential families?An important exponential family 
ontaining multivariate dis
rete distributions.Example 2.7 (The multinomial family). Consider an experiment having k + 1 possibleout
omes with pi as the probability for the ith out
ome, i = 0; 1; :::; k, Pki=0 pi = 1. In nindependent trials of this experiment, let Xi be the number of trials resulting in the ithout
ome, i = 0; 1; :::; k. Then the joint p.d.f. (w.r.t. 
ounting measure) of (X0; X1; :::; Xk) isf�(x0; x1; :::; xk) = n!x0!x1! � � �xk!px00 px11 � � � pxkk IB(x0; x1; :::; xk);where B = f(x0; x1; :::; xk) : xi's are integers � 0, Pki=0 xi = ng and � = (p0; p1; :::; pk). Thedistribution of (X0; X1; :::; Xk) is 
alled the multinomial distribution, whi
h is an extension ofthe binomial distribution. In fa
t, the marginal 
.d.f. of ea
h Xi is the binomial distributionBi(pi; n).ff� : � 2 �g is the multinomial family, where � = f� 2 Rk+1 : 0 < pi < 1;Pki=0 pi = 1g.Let x = (x0; x1; :::; xk), � = (log p0; log p1; :::; log pk), and h(x) = [n!=(x0!x1! � � �xk!)℄IB(x).Then f�(x0; x1; :::; xk) = exp f��xg h(x); x 2 Rk+1: (5)Hen
e, the multinomial family is a natural exponential family with natural parameter �.However, representation (5) does not provide an exponential family of full rank, sin
e thereis no open set of Rk+1 
ontained in the natural parameter spa
e.A reparameterization leads to an exponential family with full rank.Using the fa
t that Pki=0Xi = n and Pki=0 pi = 1, we obtain thatf�(x0; x1; :::; xk) = exp f���x� � �(��)gh(x); x 2 Rk+1; (6)where x� = (x1; :::; xk), �� = (log(p1=p0); :::; log(pk=p0)), and �(��) = �n log p0.The ��-parameter spa
e is Rk.Hen
e, the family of densities given by (6) is a natural exponential family of full rank.2



If X1; :::; Xm are independent random ve
tors with p.d.f.'s in exponential families, then thep.d.f. of (X1; :::; Xm) is again in an exponential family.The following result summarizes some other useful properties of exponential families.Its proof 
an be found in Lehmann (1986).Theorem 2.1. Let P be a natural exponential family given by (3).(i) Let T = (Y; U) and � = (#; '), where Y and # have the same dimension.Then, Y has the p.d.f. f�(y) = expf#�y � �(�)gw.r.t. a �-�nite measure depending on '.In parti
ular, T has a p.d.f. in a natural exponential family.Furthermore, the 
onditional distribution of Y given U = u has the p.d.f. (w.r.t. a �-�nitemeasure depending on u) f#;u(y) = expf#�y � �u(#)g;whi
h is in a natural exponential family indexed by #.(ii) If �0 is an interior point of the natural parameter spa
e, then the m.g.f.  �0 of P�0 Æ T�1is �nite in a neighborhood of 0 and is given by �0(t) = expf�(�0 + t)� �(�0)g:Furthermore, if f is a Borel fun
tion satisfying R jf jdP�0 <1, then the fun
tionZ f(!) expf��T (!)gh(!)d�(!)is in�nitely often di�erentiable in a neighborhood of �0, and the derivatives may be 
omputedby di�erentiation under the integral sign.Example 2.5. Let P� be the binomial distribution Bi(�; n) with parameter �, where n is a�xed positive integer. Then fP� : � 2 (0; 1)g is an exponential family, sin
e the p.d.f. of P�w.r.t. the 
ounting measure isf�(x) = exp nx log �1�� + n log(1� �)o nx!If0;1;:::;ng(x)(T (x) = x, �(�) = log �1�� , �(�) = �n log(1 � �), and h(x) = �nx�If0;1;:::;ng(x)). If we let� = log �1�� , then � = R and the family with p.d.f.'sf�(x) = exp fx� � n log(1 + e�)g nx!If0;1;:::;ng(x)is a natural exponential family of full rank.Using Theorem 2.1(ii) and the result in Example 2.5, we obtain that the m.g.f. of the binomialdistribution Bi(�; n) is  �(t)= expfn log(1 + e�+t)� n log(1 + e�)g= 1 + e�et1 + e� !n=(1� � + �et)n:3



De�nition 2.3 (Lo
ation-s
ale families). Let P be a known probability measure on (Rk;Bk),V � Rk, and Mk be a 
olle
tion of k � k symmetri
 positive de�nite matri
es. The familyfP(�;�) : � 2 V; � 2 Mkg (7)is 
alled a lo
ation-s
ale family (on Rk), whereP(�;�)(B) = P ���1=2(B � �)� ; B 2 Bk;��1=2(B� �) = f��1=2(x� �) : x 2 Bg � Rk, and ��1=2 is the inverse of the \square root"matrix �1=2 satisfying �1=2�1=2 = �. The parameters � and �1=2 are 
alled the lo
ation ands
ale parameters, respe
tively.The following are some important examples of lo
ation-s
ale families.The family fP(�;Ik) : � 2 Rkg is a lo
ation family, where Ik is the k � k identity matrix.The family fP(0;�) : � 2 Mkg is a s
ale family.In some 
ases, we 
onsider a lo
ation-s
ale family of the form fP(�;�2Ik) : � 2 Rk; � > 0g.If X1; :::; Xk are i.i.d. with a 
ommon distribution in the lo
ation-s
ale family fP(�;�2) : � 2R; � > 0g, then the joint distribution of the ve
tor (X1; :::; Xk) is in the lo
ation-s
ale familyfP(�;�2Ik) : � 2 V; � > 0g with V = f(x; :::; x) 2 Rk : x 2 Rg.A lo
ation-s
ale family 
an be generated as follows.Let X be a random k-ve
tor having a distribution P .Then the distribution of �1=2X + � is P(�;�).On the other hand, if X is a random k-ve
tor whose distribution is in the lo
ation-s
alefamily (7), then the distribution DX+
 is also in the same family, provided that D�+
 2 Vand D�D� 2 Mk.Let F be the 
.d.f. of P .Then the 
.d.f. of P(�;�) is F ���1=2(x� �)�, x 2 Rk.If F has a Lebesgue p.d.f. f , then the Lebesgue p.d.f. of P(�;�) is Det(��1=2)f ���1=2(x� �)�,x 2 Rk (Proposition 1.8).Many families of distributions in Table 1.2 (x1.3.1) are lo
ation, s
ale, or lo
ation-s
alefamilies.For example, the family of exponential distributions E(a; �) is a lo
ation-s
ale family on Rwith lo
ation parameter a and s
ale parameter �;the family of uniform distributions U(0; �) is a s
ale family on R with a s
ale parameter �.The k-dimensional normal family is a lo
ation-s
ale family on Rk.
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