Lecture 15: The law of large numbers

The law of large numbers concerns the limiting behavior of a sum of random variables.
The weak law of large numbers (WLLN) refers to convergence in probability.
Te strong law of large numbers (SLLN) refers to a.s. convergence.

Lemma 1.6. (Kronecker’s lemma). Let z,, € R, a, € R, 0 < a, < apy1, n = 1,2, ..., and
a, — oo. If the series >°° | r,, /a, converges, then a ' >"  x; — 0.

Our first result gives the WLLN and SLLN for a sequence of independent and identically
distributed (i.i.d.) random variables.

Theorem 1.13. Let X;, X5, ... be i.i.d. random variables.
(i) (The WLLN). A necessary and sufficient condition for the existence of a sequence of real
numbers {a,} for which
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is that nP(|X;| > n) — 0, in which case we may take a,, = E(X Ijx,<n}).
(ii) (The SLLN). A necessary and sufficient condition for the existence of a constant ¢ for
which
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is that E|X;| < oo, in which case ¢ = EX; and
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for any bounded sequence of real numbers {c¢;}.

Proof. (i) We prove the sufficiency. The proof of necessity can be found in Petrov (1975).
Consider a sequence of random variables obtained by truncating X;’s at n: Y,,; = X;I{x;/<n}-
Let T, =X1+---+X,and Z,=Y,1 +---+Y,,. Then
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P(T, # Z,) Z ) =nP(|X1| > n) = 0. (4)

For any € > 0, it follows from Chebyshev’s inequality that

Z, — EBEZ
ot

n

e) < Var(Z,)  Var(Y,) < EY?

- — )
€2n? e2n e2n

where the last equality follows from the fact that Y,,;, 7 = 1,...,n, are i.i.d.
From integration by parts, we obtain that
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which converges to 0 since nP(|.X;| > n) — 0 (why?). This proves that (Z, — EZ,)/n —, 0,
which together with (4) and the fact that EY,; = E(X,I{x,|<n}) imply the result.
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(ii) The proof for sufficiency is given in the textbook.
We prove the necessity. Suppose that (2) holds for some ¢ € R. Then
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From Exercise 114, X,,/n — . 0 and the i.i.d. assumption on X,,’s imply

S P(X > ) = 3 P(X,| > n) < o6,

n=1 n=1
which implies E|X;| < oc (Exercise 54). From the proved sufficiency, ¢ = FX;.

If £|X;| < oo, then a, in (1) converges to FX; and result (1) is actually established in
Example 1.28 in a much simpler way.

On the other hand, if F|X;| < oo, then the stronger result (2) can be obtained.

Some results for the case of E|X;| = 0o can be found in Exercise 148 and Theorem 5.4.3 in
Chung (1974).

The next result is for sequences of independent but not necessarily identically distributed
random variables.

Theorem 1.14. Let X, X, ... be independent random variables with finite expectations.
(i) (The SLLN). If there is a constant p € [1, 2] such that
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(ii)) (The WLLN). If there is a constant p € [1, 2] such that
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Proof. See the textbook.

Note that (5) implies (7) (Lemma 1.6).

The result in Theorem 1.14(i) is called Kolmogorov’'s SLLN when p = 2 and is due to
Marcinkiewicz and Zygmund when 1 < p < 2.

An obvious sufficient condition for (5) with p € (1,2] is sup,, F|X,[? < oc.

The WLLN and SLLN have many applications in probability and statistics.



Example 1.32. Let f and g be continuous functions on [0, 1] satisfying 0 < f(z) < Cyg(x)
for all z, where C' > 0 is a constant. We now show that
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(assuming that [} g(z)dz # 0). Let X;, X5, ... be i.i.d. random variables having the uni-
form distribution on [0,1]. By Theorem 1.2, E[ (X))] = [y f(x)dr < oo and E[g(X,)] =
) g(z)dx < co. By the SLLN (Theorem 1.13(11)),
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and the same result holds when f is replaced by g. By Theorem 1.10(i),
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Since the random variable on the left-hand side of (10) is bounded by C, result (9) follows
from the dominated convergence theorem and the fact that the left-hand side of (9) is the
expectation of the random variable on the left-hand side of (10).
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Example: Let T, = >, X;, where X,’s are independent random variables satisfying
P(X, = +n’) = 0.5 and § > 0 is a constant.

We want to show that T,,/n —, 0. when 6 < 0.5.

When 6 < 0.5,
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By the Kolmogorov strong law of large numbers, T,,/n —, . 0.

Example (Exercise 165): Let Xj, X5, ... be independent random variables. Suppose that
"(X; — EXj)/o, —4 N(0,1), where 07 = Var(X}_, X;).

We want to show that n=' Y7, (X; — EX;) —, 0 if and only if 6,,/n — 0.

If o,/n — 0, then by Slutsky s theorem,

— > (X; —FEXj)=——) (X, — EX;) =4 0.

Assume now oy, /n does not converge to 0 but n=' X7, (X; — EX;) —, 0. Without loss of

generality, assume that o,/n — ¢ € (0, 00]. By Slutsky’s theorem,
1 n
— S (X; - EXj) = —= (X, — BX;) = 0.

This contradicts the fact that 37, (X; — EX;)/0n, —4 N(0,1). Hence, n=' 37_, (X; — EX})
does not converge to 0 in probability.



