
Le
ture 15: The law of large numbersThe law of large numbers 
on
erns the limiting behavior of a sum of random variables.The weak law of large numbers (WLLN) refers to 
onvergen
e in probability.Te strong law of large numbers (SLLN) refers to a.s. 
onvergen
e.Lemma 1.6. (Krone
ker's lemma). Let xn 2 R, an 2 R, 0 < an � an+1, n = 1; 2; :::, andan !1. If the series P1n=1 xn=an 
onverges, then a�1n Pni=1 xi ! 0.Our �rst result gives the WLLN and SLLN for a sequen
e of independent and identi
allydistributed (i.i.d.) random variables.Theorem 1.13. Let X1; X2; ::: be i.i.d. random variables.(i) (The WLLN). A ne
essary and suÆ
ient 
ondition for the existen
e of a sequen
e of realnumbers fang for whi
h 1n nXi=1Xi � an !p 0 (1)is that nP (jX1j > n)! 0, in whi
h 
ase we may take an = E(X1IfjX1j�ng).(ii) (The SLLN). A ne
essary and suÆ
ient 
ondition for the existen
e of a 
onstant 
 forwhi
h 1n nXi=1Xi !a:s: 
 (2)is that EjX1j <1, in whi
h 
ase 
 = EX1 and1n nXi=1 
i(Xi � EX1)!a:s: 0 (3)for any bounded sequen
e of real numbers f
ig.Proof. (i) We prove the suÆ
ien
y. The proof of ne
essity 
an be found in Petrov (1975).Consider a sequen
e of random variables obtained by trun
atingXj's at n: Ynj = XjIfjXj j�ng.Let Tn = X1 + � � �+Xn and Zn = Yn1 + � � �+ Ynn. ThenP (Tn 6= Zn) � nXj=1P (Ynj 6= Xj) = nP (jX1j > n)! 0: (4)For any � > 0, it follows from Chebyshev's inequality thatP �����Zn � EZnn ���� > �� � Var(Zn)�2n2 = Var(Yn1)�2n � EY 2n1�2n ;where the last equality follows from the fa
t that Ynj, j = 1; :::; n, are i.i.d.From integration by parts, we obtain thatEY 2n1n = 1n Z[0;n℄ x2dFjX1j(x) = 2n Z n0 xP (jX1j > x)dx� nP (jX1j > n);whi
h 
onverges to 0 sin
e nP (jX1j > n)! 0 (why?). This proves that (Zn�EZn)=n!p 0,whi
h together with (4) and the fa
t that EYnj = E(X1IfjX1j�ng) imply the result.1



(ii) The proof for suÆ
ien
y is given in the textbook.We prove the ne
essity. Suppose that (2) holds for some 
 2 R. ThenXnn = Tnn � 
� n� 1n � Tn�1n� 1 � 
�+ 
n !a:s: 0:From Exer
ise 114, Xn=n!a:s: 0 and the i.i.d. assumption on Xn's imply1Xn=1P (jXnj � n) = 1Xn=1P (jX1j � n) <1;whi
h implies EjX1j <1 (Exer
ise 54). From the proved suÆ
ien
y, 
 = EX1.If EjX1j < 1, then an in (1) 
onverges to EX1 and result (1) is a
tually established inExample 1.28 in a mu
h simpler way.On the other hand, if EjX1j <1, then the stronger result (2) 
an be obtained.Some results for the 
ase of EjX1j =1 
an be found in Exer
ise 148 and Theorem 5.4.3 inChung (1974).The next result is for sequen
es of independent but not ne
essarily identi
ally distributedrandom variables.Theorem 1.14. Let X1; X2; ::: be independent random variables with �nite expe
tations.(i) (The SLLN). If there is a 
onstant p 2 [1; 2℄ su
h that1Xi=1 EjXijpip <1; (5)then 1n nXi=1(Xi � EXi)!a:s: 0: (6)(ii) (The WLLN). If there is a 
onstant p 2 [1; 2℄ su
h thatlimn!1 1np nXi=1EjXijp = 0; (7)then 1n nXi=1(Xi � EXi)!p 0: (8)Proof. See the textbook.Note that (5) implies (7) (Lemma 1.6).The result in Theorem 1.14(i) is 
alled Kolmogorov's SLLN when p = 2 and is due toMar
inkiewi
z and Zygmund when 1 � p < 2.An obvious suÆ
ient 
ondition for (5) with p 2 (1; 2℄ is supnEjXnjp <1.The WLLN and SLLN have many appli
ations in probability and statisti
s.2



Example 1.32. Let f and g be 
ontinuous fun
tions on [0; 1℄ satisfying 0 � f(x) � Cg(x)for all x, where C > 0 is a 
onstant. We now show thatlimn!1 Z 10 Z 10 � � � Z 10 Pni=1 f(xi)Pni=1 g(xi)dx1dx2 � � �dxn = R 10 f(x)dxR 10 g(x)dx (9)(assuming that R 10 g(x)dx 6= 0). Let X1; X2; ::: be i.i.d. random variables having the uni-form distribution on [0; 1℄. By Theorem 1.2, E[f(X1)℄ = R 10 f(x)dx < 1 and E[g(X1)℄ =R 10 g(x)dx <1. By the SLLN (Theorem 1.13(ii)),1n nXi=1 f(Xi)!a:s: E[f(X1)℄;and the same result holds when f is repla
ed by g. By Theorem 1.10(i),Pni=1 f(Xi)Pni=1 g(Xi) !a:s: E[f(X1)℄E[g(X1)℄ : (10)Sin
e the random variable on the left-hand side of (10) is bounded by C, result (9) followsfrom the dominated 
onvergen
e theorem and the fa
t that the left-hand side of (9) is theexpe
tation of the random variable on the left-hand side of (10).Example: Let Tn = Pni=1Xi, where Xn's are independent random variables satisfyingP (Xn = �n�) = 0:5 and � > 0 is a 
onstant.We want to show that Tn=n!a:s: 0. when � < 0:5.When � < 0:5, 1Xn=1 EX2nn2 = 1Xn=1 n2�n2 <1:By the Kolmogorov strong law of large numbers, Tn=n!a:s: 0.Example (Exer
ise 165): Let X1; X2; ::: be independent random variables. Suppose thatPnj=1(Xj � EXj)=�n !d N(0; 1), where �2n = Var(Pnj=1Xj).We want to show that n�1Pnj=1(Xj � EXj)!p 0 if and only if �n=n! 0.If �n=n! 0, then by Slutsky's theorem,1n nXj=1(Xj � EXj) = �nn 1�n nXj=1(Xj � EXj)!d 0:Assume now �n=n does not 
onverge to 0 but n�1Pnj=1(Xj � EXj) !p 0. Without loss ofgenerality, assume that �n=n! 
 2 (0;1℄. By Slutsky's theorem,1�n nXj=1(Xj � EXj) = n�n 1n nXj=1(Xj � EXj)!p 0:This 
ontradi
ts the fa
t that Pnj=1(Xj�EXj)=�n !d N(0; 1). Hen
e, n�1Pnj=1(Xj�EXj)does not 
onverge to 0 in probability. 3


