
Le
ture 12: Relationship among 
onvergen
e modes and uniform integrabilityTheorem 1.8. Let X;X1; X2; : : : be random k-ve
tors.(i) If Xn !a:s: X, then Xn !p X. (The 
onverse is not true.)(ii) If Xn !Lr X for an r > 0, then Xn !p X. (The 
onverse is not true.)(iii) If Xn !p X, then Xn !d X. (The 
onverse is not true.)(iv) (Skorohod's theorem). If Xn !d X, then there are random ve
tors Y; Y1; Y2; ::: de�nedon a 
ommon probability spa
e su
h that PY = PX , PYn = PXn , n = 1; 2;..., and Yn !a:s: Y .(A useful result; a 
onditional 
onverse of (i)-(iii).)(v) If, for every � > 0, P1n=1 P (kXn �Xk � �) <1, then Xn !a:s: X.(A 
onditional 
onverse of (i): P (kXn �Xk � �) tends to 0 fast enough.)(vi) If Xn !p X, then there is a subsequen
e fXnj ; j = 1; 2; :::g su
h that Xnj !a:s: X asj !1. (A partial 
onverse of (i).)(vii) If Xn !d X and P (X = 
) = 1, where 
 2 Rk is a 
onstant ve
tor, then Xn !p 
. (A
onditional 
onverse of (i).)(viii) Suppose that Xn !d X. Then, for any r > 0,limn!1EkXnkrr = EkXkrr <1 (1)if and only if fkXnkrrg is uniformly integrable in the sense thatlimt!1 supn E �kXnkrrIfkXnkr>tg� = 0: (2)(A 
onditional 
onverse of (ii).)Dis
ussion on uniform integrabilityIf there is only one random ve
tor, then (2) islimt!1E �kXkrrIfkXkr>tg� = 0;whi
h is equivalent to the integrability of kXkrr (dominated 
onvergen
e theorem).SuÆ
ient 
onditions for uniform integrability:supn EkXnkr+Ær <1 for a Æ > 0This is be
auselimt!1 supn E �kXnkrrIfkXnkr>tg�� limt!1 supn E  kXnkrrIfkXnkr>tgkXnkÆrtÆ !� limt!1 1tÆ supn E �kXnkr+Ær �=0Exer
ises 117-120. 1



Proof of Theorem 1.8. (i) The result follows from Lemma 1.4.(ii) The result follows from Chebyshev's inequality with '(t) = jtjr.(iii) Assume k = 1. (The general 
ase is proved in the textbook.)Let x be a 
ontinuity point of FX and � > 0 be given. ThenFX(x� �) =P (X � x� �)�P (Xn � x) + P (X � x� �;Xn > x)�FXn(x) + P (jXn �Xj > �) :Letting n!1, we obtain that FX(x� �) � lim infn FXn(x):Swit
hing Xn and X in the previous argument, we 
an show thatFX(x+ �) � lim supn FXn(x):Sin
e � is arbitrary and FX is 
ontinuous at x, FX(x) = limn!1 FXn(x).(iv) The proof of this part 
an be found in Billingsley (1986, pp. 399-402).(v) Let An = fkXn � Xk � �g. The result follows from Lemma 1.4, Lemma 1.5(i), andProposition 1.1(iii).(vi) Xn !p X means limn!1 P (kXn �Xk > �) = 0 for every � > 0.That is, for every � > 0, P (kXn �Xk > �) < � for n > n� (n� is an integer depending on �).For every j = 1; 2; :::, there is a positive integer nj su
h thatP (kXnj �Xk > 2�j) < 2�j:For any � > 0, there is a k� su
h that for j � k�, P (kXnj �Xk > �) < P (kXnj �Xk > 2�j).Sin
e P1j=1 2�j = 1, it follows from the result in (v) that Xnj !a:s: X as j !1.(vii) The proof for this part is left as an exer
ise.(viii) First, by part (iv), we may assume that Xn !a:s: X (why?).Proof of (2) implies (1)Note that (2) (the uniform integrability of fkXnkrrg) implies that supnEkXnkrr <1 (why?)By Fatou's lemma (Theorem 1.1(i)), EkXkrr � lim infnEkXnkrr <1.Hen
e, (1) follows if we 
an show thatlim supn EkXnkrr � EkXkrr: (3)For any � > 0 and t > 0, let An = fkXn �Xkr � �g and Bn = fkXnkr > tg. ThenEkXnkrr =E(kXnkrrIA
n\Bn) + E(kXnkrrIA
n\B
n) + E(kXnkrrIAn)�E(kXnkrrIBn) + trP (A
n) + EkXnIAnkrr:For r � 1, kXnIAnkrr � (kXn �Xkrr + kXkrr)IAn andEkXnIAnkrr � E[(kXn �Xkrr + kXkrr)IAn℄ � �r + EkXkrr:2



For r > 1, an appli
ation of Minkowski's inequality leads toEkXnIAnkrr =Ek(Xn �X)IAn +XIAnkrr�E [k(Xn �X)IAnkr + kXIAnkr℄r� n[Ek(Xn �X)IAnkrr℄1=r + [EkXIAnkrr℄1=ror� n�+ [EkXkrr℄1=ror :In any 
ase, sin
e � is arbitrary, lim supnEkXnIAnkrr � EkXkrr. This result and the previ-ously established inequality imply thatlim supn EkXnkrr� lim supn E(kXnkrrIBn) + tr limn!1P (A
n)+ lim supn EkXnIAnkrr� supn E(kXnkrrIfkXnkr>tg) + EkXkrr;sin
e P (A
n)! 0. Sin
e fkXnkrrg is uniformly integrable, letting t!1 we obtain (3).Proof of (1) impies (2)Let �n = kXnkrrIB
n � kXkrrIB
n . Then �n !a:s: 0 and j�nj � tr + kXkrr, whi
h is integrable.By the dominated 
onvergen
e theorem, E�n ! 0; this and (1) imply thatE(kXnkrrIBn)� E(kXkrrIBn)! 0:From the de�nition of Bn, Bn � fkXn �Xkr > t=2g [ fkXkr > t=2g.Sin
e EkXkrr <1, it follows from the dominated 
onvergen
e theorem thatlimn!1E(kXkrrIfkXn�Xkr>t=2g) = 0Hen
e lim supn E(kXnkrrIBn) � lim supn E(kXkrrIBn) � E(kXkrrIfkXkr>t=2g):Letting t!1, it follows from the dominated 
onvergen
e theorem thatlimt!1 lim supn E(kXnkrrIBn) � limt!1E(kXkrrIfkXkr>t=2g) = 0:This proves (2).
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