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4 Heterogeneous Linear Models

T

General linear model, observe Y ~ N, (X5, Y)
> diagonal matrix, r-dimensional parameter 3, r < p,
X p x r matrix of rank r,

Y =X(G+e€.

The vector ¢ formed by independent errors

€;, ] =1,...,p, with zero mean and unknown variances
(7]2-.

Meta-analysis: p independent buf heterogeneous
studies, each study produces an unbiased estimate of
Its linear function of 5. The accuracy of this estimate

may not be given.
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4 Inferlaboratory comparisons
= W

The classical least squares estimate ﬁ
X'y 'xg=X"n"ly,

not attainable, depends on unknown 3.

The common mean case, r = 1, X p-dimensiondl
vector of ones.

A typical interlaboratory comparisons study involves
severadl laboratories, each of which analyzes its
measurements, reports the final result consisting of the
estimate of the reference value and the combined
uncertainty.

This uncertainty is composed of Type A and Type B
components.
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# Iype B uncertainties

o

Statistical derivations (Type A); scientific
judgment (Type B).

ISO GUM (1993) and NIST Guidelines for
Evaluating and Expressing Uncertainty
(1994).

Type B uncertainties dominate, make the

accuracy of the estimators uncertain.
Implication: ¥ is not known.
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# Gold Vapor Pressure

o

Paule and Mandel (1970): several laboratories
performed measurements via different techniques of
gold vapor pressure P as a function of the albsolute
tfemperature T

log P is a linear function of 1/7. The data on P was
collected from 38 runs of ten laboratories, tofal of 375
different temperature points.

A natural assumption: the error variance depends only
on the run within each individual laboratory (not on
the temperafure value). Fits our model with p = 375,
only 38 different values of 032. corresponding tfo each
run. The matrix X: the reciprocals of T" employed by
each laboratory.
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{ Relevant Work
]

Carrol and Rupert (1982) investigate different
parametric models for heferoscedasticity.

Fuller and Rao (19/8) a two stage estimation
procedure assuming that observations compose
several groups with constant variance within each
group. The residuals derived from ordinary least
sguares are employed 1o estimate the covariance
mMaltrix, subsequent generalized least squares.

Wu (1986) a class of jackknife variance estimators,
compared them to the bootstrap method.

The asymptotic behavior of these methods in Shao
and Tu (1995) Ch 7.
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4 Linear Estimartors
il

Linear unbiased estimators § = WY, with r x p matrix W,
WX =1,Var(§) =WEWL fW = (XTQX)"1X1Q,

o = (XTQX) 1 X1Qy,

p x p diagonal matrix Q, Q “approximates” X1, If Q = ¥71,
then Var(d) = (XTQX)~t, the commonly used estimator
(XTQX)~1 typically underestimates Var ().

To adjust for this bias and to derive a conservative
confidence ellipsoid, suggest

Var(s) = [YX(I - XW)L'S(I - XW)Y(XTQX)™ .

The non-negative definite p x p matrix S defines the
quadratic form in the residuals Y — XWY.
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ﬁ Confidence Ellipsoid

When r =1,

S = (XTQX)diag ((WWT)didg([ _ XW)—l), this
estimator coincides with Horn, Horn and Duncan
(1975) method.

A confidence ellipsoid for g based on 4,

—1

(6 — B Var(s) (6—f) <t

Want to control

— —1

sup Ps ((5 — ) Var(d) (6 -75) > t2> .
>
This supremumis 1 for 0 < ¢t < t(X, W, S).
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Coverage Probability and Volume

:

Our goal is o determine the (scale-invariant)
coverage probabillity of this ellipsoid for any
>

Have to look af large t.

Issues:

» What ¢t guarantees a (large) confidence
coefficient?

» What X is the least favorable (minimizes
the coverage probability)?

» How 1o choose S 10 minimize the volume?
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Moments of Quadratic Forms

Z1, ..., %y, e independent standard normal
variables, A1, ..., A\, fixed positive numbers,

)\1,...,)\r—>0,
(Zz 1>\ZQ> k 7“—|—1>\ Z/%)

O )
['(p/2)
e N2 (- 7+ 2)/2)

- 7 (p—7)/2
H(p—r)/2(>\1; Cee )\r) — / Z )\szz dw.
Sr ; |
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ﬁ lails of the Distribution of the Ratio

When \,=t2i=1,....r, \x=1k=r+1,...,p the
known result for the tail probabillities of F,.,_,., t — oo,

2 F(p/2)
DUl = 0 =00 ™ ST (o — 1+ 2) /2

(Z)\ 72 >t Z )\ka>

k=r-+1

~ P ([H(pr)/2()\17 Cey )\T)P/(p_r Z: 1 Zi2 > t2>

OYSTREE )‘p)l/(p_r) k r4+1 ZQ

—_p (T[H(pr)ﬂ()\l, ... 7)\74)]2/(29—?“)

Erpr 2 t2> .
(p— 1) Npgq -+ Ap) Y/ (=7) P
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s Dirichlet Averages
T

When approximating the tail probabilities of the rafio of
two quadratic forms, the \;’s in the numerator are 1o be
replaced by their spherical average

[Hpry2(A1, .., A0)]2 @77, the At 's in the denominator by
their geometric mean. (Okamoto inequality implies
conservative approximation.)

The function H, a particular case of Dirichlet averages

H ()\1,... /{Z)\kuk} d,ub u,

iINntegration over a unif simplex in R", u;, Dirichlet distribution,
parameter b = (1/2,...,1/2). Carlson (1977): a number of
useful formulas and fransformations for Dirichlet averages.

Andrew Rukhin, NIST, UMBC - p.12/28



ﬁ Main Result

Let 6 = WY be alinear unbiased estimator of 5,

= N(XTQXO)VAXTS I X)) (XTQX)V?), i=1,...,r

t—00

i s (0 9)"Var(s) (6 - 9) = )

_ Hp—ryjo(pin, - -5 )T (p/2)
T det(XTSLXWS—TWT) 172 det(DS) V20 (r/2)T ((p — r + 2)/2)

rFp
= lim t» " P (—p > t%) ,

t—o00 p—?“

B 11/ (p—r
det(XTE I XWS™IWT) det(X.9) )

ng_r)/g(ﬂla s mur)

Andrew Rukhin, NIST, UMBC - p.13/28



Conservative Choice

:

Our confidence ellipsoid has the approximate
confidence coefficient (1 — «) for fixed X, when
' 71/ (=)
t2 _ TFr,p—r(Oé) H(2p—r)/2(:u17 s nur) g
p—r det(XTEX-LXWS—IWT) det(XS5)

As Y IS unknown, a conservative procedure
corresponds to

42 _ rFp—r(Q)
" (p—7)[det(WS—1WT) det(S)]/ (-7
i 7 1/(p—=7)
ng_r)/g(ﬂh"'nur) g
X sup
y | det(XTX-1X) det (D)
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# Example: r =1

" For large t the iInfimum of the coverage probability is
attained at F- distribution.
Whenr =1,

T (p—1)/2
Hiyonyalp) = no 2 = (2 9% .
(p—r)/2\M H XTyY -1y

For a given value of det(X) = [[; o7, the minimum of
XTy'X =3 X2 0,7 Is aftained when o7 o X7,

XTQX XTQX

S (XTSI X )P/ det(x)/e-D — pp/e- D (T X2) /-1

2 _ Fip-1(a) (XTQX)
" (p— Dpp/ - VW S-IWT det(S)|VE-U(TT} X?l)l/(p—lf
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Conservative t-infervals

With T,,_, denoting a f-distributed random variable with
p — 1 degrees of freedom,

sup lim "~ Py, ((5 — B Var(d) (6—8) > t2>

» t—o00

_ (XTQX)P~'T(p/2)
- pP(WSTIWT) det(S)L(1/2)T((p +1)/2) [T] X3

= lim P~ 1P (Tg_l > t%(p — 1)k),
PPW ST det(S) [I2 X2 *
XTQX ‘
Rukhin (200/7) Conservative confidence inftervals
Statist&Probab. Lett. 77, 1312-21.

K =
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Maximization Problem

A=QV2X(XTQX) 12, sothat ATA = 1.

Define
G(A) =
o [Hlnya Qu(ATETA) ), A((ATS 7 4) ) ]
gp det(ATX1A) det(X)
H?, (M(ATSTMA), L A (ATETTA)) |
— Sup P > 1.
N det(Z)

Conservative choice

rFyp o (a)G(A) det(Q) Hip=r)

2 __
fo= p—r det( XTQXWS—IWT) det(S)
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4 Solution Space
il

Any possible maximizer
Y = diag(AFA"D),

F'is a matrix polynomial in A*¥X"1A of degree r — 1
(scalar coefficients depend only on the eigenvalues
of ATY71A)

diag(¥) is in the subspace spanned by the vectors
with coordinates a;a.,, 1 <1 < k <r

diag(®) in the column space of the Schur square
A©A.

The solution space has dimension at most r(r + 1) /2, its
orthogonal complement, {z : A (diag =) A = 0}.

Andrew Rukhin, NIST, UMBC - p.18/28



ﬁ Opftimization Sub-Problems

Our maximization problem can be split in two parts,
the first consisting of the minimization of

H eJTAODOTATeJ
7

over all orthogonal matrices O for a fixed diagonadl
matrix D =diag (A,...,\.). A = \(ATES71A).
The second sub-problem is maximization in \; of

Hzp/g()\la SRR )\’I“)
ming [[, e AODOT ATe,
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4 Example: r = 2
" When r = 2, fo evaluafte G(A) one needs
Hp9y/2(A1, A2) = ()\1)\2)(29_1)/2]‘[—19/2()\17 Az).

Practical to calculate the ratio,

Hyny1(A1; A2)

R (A1, A2) = )
o de) = O h)
(2m + 1)(A1 + A2) MA1A2
mt1(A1; A2) = B |
R +1< 1 2) 2(m+1) (m+1)Rm()\1,>\2)

Ri(A\, A2) = (A1 + A2) /2, (when p/2 is a semi-integer, use
the initial value, Ry 5(A1, A2) = Hija(A1, Xa)/H_1/2(A1, A2).
A= (aji)ai: 1727] — 17°°°7p
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Example Confinued

Minimize,
H e;‘FAODOTATej
7

_ 9p H(agl n a?2) (h1cos®(¢j — @) + hasin®(¢; — ¢))

J

= (h1 + h2)” H(%Q'l + a?2) H (1+ pcos2(¢; — ),

J J
with tan ¢; = aja/aj1, p = P—=2, over 2 x 2 orthogonal
maftrices

O— (COS ¢ —sin gb)
sing  Ccos @
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4 Interpretation
i

Statistical interpretation is maximum likelihnood
estimation of the rotation parameter 1,

arg m@bmz log(1 + pcos(v; —v)),

J

densities

(2m) 7'/ 1 = p?[1 — peos(- — )],

These densities are popular models for wind
directions, the distribution of the polar angle in a
pivariate normal vector.
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Solution

op/(p—2)
— /DL (a2) + a2,) VD)

S 21/ (p—2) [H(p_2)/2(x, 1)]2/(19—2) |
z:0<2<1 [R5 (7, 1)]P/(P=2) [min, Hj (14 pcos2(¢pj — @)/ P=2)

Whenz — 0,p — 1,
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ﬁ Gold Viapor Pressure Again

C((p — 1)/2)/

G(A) = (p — 1)e-D/-2 71/ -2 (p/2)]2/?-2)
1
" [1;(a3;, + a3y)]H/ =2 ming(] [, sin®(¢; — ¢y, ) |2/ (P—2)
p = 5.

In The interlaboratory studies of gold vapor pressure
Gopt = 2.19, 00 = 1, A =0, G(A) = 9.23, t§ = 0.1495.

MATLAB does not work in this problem!
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Cconfidence Ellipsoid for Gold Va-
por Pressure Study

-4.2611

-4.2611 -

-4.2611 -

-4.2611 -

-4.2611

slope

-4.2611 -

-4.2611

-4.2612 -

_42612 | | | | | | | |
14.4026 14.4027 14.4027 14.4028 14.4028 14.4029 14.403 14.403 14.4031 14.4031

intecept

Figure 1. Confidence ellipsoid for g in the gold vapor
pressure study Ancrew Rukhin, NIST, UMBC - p.25/28



Volume of the Confidence Set

:

Under error covariance matrix >y, the expected
volume

A — tTﬂ'T/QE(ZTz(l)/Q(] . XW)TS(] . XW)25/2Z)T/2
- T((r+2)/2)y/det(XTQX) |

The rank of 0/%(I — XW)TS(I — XW)x/?isp —r,

HT/2(7717 <o 77729)
[det(.S) det(WS—1WT)
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4 Optimal S
il

For a fixed (), can determine a matrix S, which
minimizes the expected volume, Q—1/25Q~1/2 is the
generalized inverse of QY2(1 — XW)X(I — XW)TQY?2.

rﬂmxwamq“z (27m)"/?T(p/2)

mmA:[ p—r T((p— 1) /2T((r +2)/2)

S
E o e (TS QIT)] /)]
Vdet(XTQX) |

In practice, the matrix X, is unknown, but Q! @
suitable surrogate.
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Final Formulas

f Yo =Q 1 thenS=QUI - XW),

min A =
S
rFr,pr<a>G<A>]*/2 (2m)"/*T (p/2) |
p—r Vaet(XTQX)T((p — r)/2)0((r +2)/2)

For this S with ¥y = Q1,

o TErp—r(a)
= ! A
tO p—r G( )7
Inferpret G(A) as the adjustment factor (G(A) > 1) fo the
percentile of F,. ,_, distrioution needed to obfain a conser-

vafive (1 — «) confidence region.
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